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Liveness Properties

 Guarantee Properties
“something good eventually happens at least once”

* Example: Program Termination

 Recurrence Properties
“something good eventually happens infinitely often”

 Example: Starvation Freedom

Y ohar Manna
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Guarantee Properties

“something good eventually happens at least once”

AF ¢
p::=eX0 | Z:eXO | opA@ | @V re s

Example:

1X = [-00, +00] AF (x = 3) is satisfied for % e {(l,p) e X | px) <3}

while 2(x > 0) do
X «— X+ 1
od4
while 5(0 > 0) do
if 6(x < 10) do
X — X+ 1
else
8X « -X

od?
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Guarantee Semantics

% € p=Fyllo €| ok g}

0 cES
F[S1f def Ao.q sup{f(c)+1|(c,6)ET} 6&& SAOCE p?ef(dom(f))
undefined otherwise
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Guarantee Semantics

% € p=Fyllo €| ok g}
0 cEeS

F[S1f def Ao.q sup{f(c)+1|(c,6)ET} 6&& SAOCE p?ef(dom(f))
undefined otherwise

Theorem

A program satisfies a guarantee property AF ¢ for traces starting
from a set of initial states . if and only if ¥ C dom(%g)
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Abstract Guarantee Semantics

For each program instruction stat, we define 9?4”#[[stat]] A - A

R X — ellt B RESET( [ (ASSIGNA[X « €]l

. FYHf 7 e 4 0 then 5]t ' RESET([](X)

where X €' FILTER [[e b4 O(#*[[s111) v FILTER ][ b 0])7)

#¢*[while “ e >0 do s done]lr ' rp*F¢*

where F?*(x) €' RESET{[[](X)

X L FILTER,[[e b OT(Z 7510 v, FILTER e 4 OT)(1))

def
« R[5y 5,0t = R s 1R s,]0)
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Abstract Guarantee Semantics

Int : x, y

while *(x > 0) do
2 1
x:=x+1

od X =x+1 lXZO x < 0

while *( true ) do 9
if *(x<10)
false
5X =x 4+ 1 /\
else 3 7

6. . X =x-+1
true X = —X

O7

d 4
Property x <10 m
6

AF (x = 3) 5

)




Abstract Guarantee Semantics

Int: x, y
while “(x > 0) do . 50 N
X =x+1
od x =x+1 lXZO x < 0 g
while “( true ) do 2 0 —— S
K 0 10
If ( x < 10 ) K
',' false
X =x+1 "/\
else 3
o = 1
X .= —X * X true X 1= —X

x < 10 m
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Abstrag-*f+—-==atee Semantics

50
Int : x, y N R
. 0 s > X *
while “(x > 0) ! o 41 -
x:=x+1
od X:X—|—1< lXZO x <0
while “( true ) do 9 0 X
_ 0 10
if “( x <10) ,
o false
x:=x+1 "/\
else 3
L = x+1
X.=—X * " true X 1= —X

od
Property x <10 m

AF (x = 3)
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Abstra~* ~—~~~1tee Semantics

50
EI
Int : x, y N
E 1 0 = > X \
while “(x > 0) i ; 41 . N -
2
X =x+1
od X:=x-+1 lXZO x <0 Ny
while ( true ) do 2 0 —— > X
. p 0 10
if “( x <10) ' J
: 50 N Re false
X '— X _I_ 1 ", ’I/_\
else 3 7
~
Ox i= —x 0 = > X / ltrue X = —X
od? 0 10
4
— / x < 10 m
AF (x =3) 5 6
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tee Semantics

Abstr

50
Int: x, y KX
g 1 0 x ‘~ AN i
while “(x > 0) 0 41 . \\\ _
2
X =x-+1
od x:=x+1 leO x < 0 Ny
while ( true ) do 9 0 ——== > X
4 < K 0 10
f ( x < 10 ) T ’ L
50 N S false
5X = X + ]_ .',' ’//_\

¢

else 3 7
~
: 0 ‘ > X / ltrue X 1= —X
4
/ x < 10 m

5 6
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Abstra=t+C—~==atee Semantics

50

Int : x, y N

. S 0 'f_. S X *
while “(x > 0) ! . 41 -

x =x+1
od x:=x-+1 leO x < 0
while “( true ) do 9 0 X

b 0 10
if “( x <10) T ) R
50 . L false
X =x+1

vl }' /\
else 3
~
X .= —X 0 —a-e > X / ltrue X = —X
od
Property /ﬂ;?() m

AF (x = 3)




Abstrag-+C—~==atee Semantics

50

Int : x, y N
while *(x > 0)| © P ? X
0 10
x:=x+1
od Xx:=x-+1

50

x <0

while “( true ) do

A
1
lx >0
2
f4(x<10) 1 f
else
~
X = —X 0 ..T'. \ / true X '—m —X

50

X =x+1
0 10,

X
od
[ETERRTIIN
AF (x =3)
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Abstra=* tee Semantics

50 the analysis gives x < 3 as
sufficient precondition
int: x, y N ..
hile 1(x > 0)| 0+ 23 T
2. .
x:=x+1
od x:=x-+1 lXZO x <0 2§
while *( true ) do 0 —— > X
o K 0 10
if “( x<10) ,
. s false
x:=x+1 "'/\
else 3
6, . = 1
A= A S true X 1= —X
od’
Property x < 10 m
AF (x =3)




Abstract Guarantee Semantics

Definition

The abstract guaranteee semantics %g#[[statf e d
of a program stat’ is:

R [stat’ | L' B [statl(RESET [ |(LEAF: 1, )

where %?[[stat]] . o — A is the abstract guarantee semantics
of each program instruction stat

Corollary (Soundness)

A program stat’ satisfies a guarantee property AF ¢ for traces starting
from a set of initial states .¥ if ¥ C dom(yA(%‘é#[[statf D)
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Recurrence Properties

“something good eventually happens infinitely often”

AG AF ¢
p::=eX0 | Z:eXO | opA@ | @V re s

Example:

. L def
Ix < [-0o, +00] AGAF (x = 3) is satisfied for .7 ="' 1(1,p) €2 | p(x) < 0}

while 2(x > 0) do
X «— X+ 1
od4
while 5(0 > 0) do
if 6(x < 10) do
X — X+ 1
else
8X « -X

od?
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Recurrence Semantics

def

RY = gfp{_g;f((p;5 F
FR (F)o d:ef (o) o E p?ef(dom( 1)

undefined otherwise




Recurrence Semantics

def o

FR(f)O' def {f(a) o€ p?ef(dom(f))

undefined otherwise

<5 <5

A program satisfies a recurrence property AG AF ¢ for traces starting
from a set of initial states . if and only if ¥ C dom(@;’;)

Theorem
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Abstract Recurrence Semantics

For each program instruction stat, we define 9?4”#[[stat]] A - A

A RESET/[1) | (ASSIGNA[LX < ]l

%z#ﬂfX — e]|t

. FO*[Hf 7 e 1 0 then sl B RESET[](X)

where X €' FILTER [[e b4 O(#*[[s111) Y FILTER ][ b 0])7)

9?4”#[[whlle e X0 do s done]]t = gpr(Z)F FoF
def

where G = %ff[[whlle e X 0 do s done]
Fot(x) € RESETA [0 1(X)
def

X = FILTER[le X ON(%#% [s]x) Y, FILTER,[[e 2 O1)(1))

def
R sy 0t = R s (B2 s,]10)
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Abstract Recurrence Semantics

Int : x, y

while *(x > 0) do
2 1
x:=x+1

od X =x+1 lXZO x < 0

while *( true ) do 9
if *(x<10)
false
5X =x 4+ 1 /\
else 3 7

6. . X =x-+1
true X = —X

O7

d 4
Property x <10 m
6

AGAF (x = 3) 5
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Abstract Recurrence Semantics

Int: x, y
while “(x > 0) do 50 | L
1 N
X =x+1
od x =x+1 lXZO x < 0 g
while “( true ) do 2 0 —— X
_ R 0 10
if "( x <10) S’
',' false
X =x+1 "/\
else 3
o = 1
X = —X x X true X = —X

od
Property x <10 m

AGAF (x = 3)
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Abstrg=t+P--1uasance Semantics

50
Int : x, y N AR
: 0 > X ¥
while “(x > 0) ! o 41 -
x:=x+1
od X:X—|—1< lXZO x <0
while “( true ) do 9 0 X
_ 0 10
if “( x <10) ,
o false
x:=x+1 "/\
else 3
L = x+1
X.=—X * " true X 1= —X

od
Property x <10 m

AGAF (x = 3)
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Abstrg~* P~-~—-ence Semantics

Int: x, y
: 0 > X
while *(x > 0) i 0 ‘1 50
X =x-+1
od x:=x-+1 lXZO x <0
while “( true ) do 2 0 7
p 0 10
if “( x <10 ) : J
50 . Re false
X '— X _|_ 1 .,' "/\
else 3
~
X .= —X 0 > X ltru:\ —X
0 10
od
Property /ﬂ?l() ;—N
AGAF (x = 3)
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Abstr nce Semantics

50

Int: x, y X
. ]_ 0 X AN |
while “(x > 0) 0 41 . \\\ _
2
X =x-+1
od x:=x+1 leO x < 0 Ny
while ( true ) do 9 0 ——== > X
< K 0 10
( X < 10 ) T l "
50 . ;. false

5X =x+1 '/‘\

else [
N
b, —
T 0 > X true X 1= —X

Od7 0
//\ EEIN
AGAF (x = 3) 6
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Abstrg-t+D--uxance Semantics

50

Int : x, y N

: 0 > X ¥
while “(x > 0) ! . 41 "

x =x+1
od x:=x-+1 leO x < 0
while “( true ) do 9 0 X

b 0 10
if “( x <10) T : R
50 . L false
X =x+1

u' }' /\
else 3
~
X .= —X 0 > X / ltrue X = —X
od
Property /ﬂ;?() m

AGAF (x = 3)
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Abstra=* nce Semantics

50 the analysis gives x < 0 as
sufficient precondition
int: x, y N "
| 1 > 0 S x s‘A AN
while “(x > 0) ! o X o N
2, .
x:=x+1
od x:=x-+1 lXZO x <0 2§
while ( true ) do 0 —— 2 %8
4 R 0 10
if “( x<10) ,
. o false
x:=x+1 "/\
else 3
6, . = 1
A o= T true X = —X
od’
Property x <10 m
AGAF (x = 3)
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Abstract Recurrence Semantics

Definition

The abstract recurrence semantics %g#[[statf e o
of a program stat’ is:

%‘Ifé#[[statf 1 def %;’g#[[stat]](LEAF: 1)

where %z#[[stat]]: g — o is the abstract recurrence semantics
of each program instruction stat

Corollary (Soundness)

A program stat’ satisfies a recurrence property AG AF ¢ for traces
starting from a set of initial states . if ¥ C dom(yA(%}‘; [stat’]))
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banal Changes according to feedback in pull-request: 5 years ago termination abstract-interpretation

liveness
cfgfrontend - added loop detection to CFG based analysis 5 years ago

domains no message 4 years ago O] Readme
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frontend - added loop detection to CFG based analysis 5 years ago

& 1 watching
main added time measurements to CTL analysis 5 years ago
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tests more testcases with nestings of E/A 4 years ago

utils Moved forward analysis code to distinct module Forwardlterator and 5 years ago Releases
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.merlin Renamed 'newfrontend' directory to 'cfgfrontend' 5 years ago

.ocamlinit added banal abstract domain source code 5 years ago Packages

Makefile - added loop detection to CFG based analysis 5 years ago No packages published

README.md - added loop detection to CFG based analysis 5 years ago

pretty.py Added CTL testcases 5 years ago Languages
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nrettv cfa.nv Imnlemented CEG based forward analvsis 5 vears aao

Lesson 6 Analysis of Liveness and CTL Properties Caterina Urban



Bibliography

[Urban15] Caterina Urban. Static Analysis by Abstract Interpretation of
Functional Temporal Properties of Programs. PhD Thesis, Ecole Normale

Supeérieure, 2015.

[Urban17] Caterina Urban, Antoine Miné. Inference of Ranking Functions for
Proving Temporal Properties by Abstract Interpretation. In COMLAN, 2017.

Caterina Urban

_ Analysis of Liveness and CTL Properties



