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Within the language of propositional formulae built on implication and a finite number of variablesk, we analyze
the set of formulae which are classical tautologies but not intuitionistic (we call such formulae - Peirce’s formulae).
We construct the large family of so called simple Peirce’s formulae, whose sequence of densities for differentk is
asymptotically equivalent to the sequence1

2k2 . We prove that the densities of the sets of remaining Peirce’s formulae
are asymptotically bounded from above byc

k3 for some constantc ∈ R. The result justifies the statement that in the
considered language almost all Peirce’s formulae are simple. The result gives a partial answer to the question stated
in the recent paper by H. Fournier, D. Gardy, A. Genitrini andM. Zaionc - although we have not proved the existence
of the densities for Peirce’s formulae, our result gives lower and upper bound for it (if it exists) and both bounds are
asymptotically equivalent to1

2k2 .
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1 Introduction
Intuitionistic logic was developed in the beginning of the XX-th century, in search for a basis for construc-
tive mathematics. Apart from philosophical origins, intuitionistic logic emerged independently in many
different fields of mathematics. One of the most interestingexamples is the Curry-Howard isomorphism,
which relates intuitionistic proofs to programs in lambda calculus. The intuitionistic logic is known to
be a proper subset of a classical one. An interesting formulawhich witnesses this fact is the Peirce’s law
((p → q) → p) → p which cannot be proved constructively (it needs some form ofthe law of excluded
middle in the proof). Since implication turned out to be the most interesting connector in the intuitionistic
logic we focus on the language of formulae which does not allow other connectors. One of the first results
on the quantitative comparison between implicational fragments of both logics was obtained in the paper
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languages, cooperation between Jagiellonian University of Krakow, L’ École Normale Supérieure de Lyon and Université de
Versailles Saint-Quentin, contract number 7087/R07/R08
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of M. Moczurad, J. Tyszkiewicz and M. Zaionc [MTZ00]. They defined a family ofsimple tautologies
which are intuitionistic tautologies with some specific structure. The conjecture stated in [MTZ00], that
almost all classical tautologies are simple, was recently proved by H. Fournier, D. Gardy, A. Genitrini
and M. Zaionc in [FGGZ07]. This surprising result can be reformulated asalmost all classical tautolo-
gies are intuitionistic. In the present paper we extend one of the results from [FGGZ07] by estimating
the density of formulae which are classical tautologies butnot intuitionistic (we call them Peirce’s formu-
lae). This work is also a continuation of some studies on Boolean formulas. Most of them are dealing
with and/or formulas [LS97, CFGG04, Koz08]. All are dealing with the probability and complexity of a
Boolean function. But the last one, moreover describes in details the inside structure of allmost all for-
mulas computing a given function. In our work we give the inside details of a formula too, but the way of
investigation is different.

1.1 Main results
Let V = {x1, x2, x3, . . . } be a countable set of variables. LetTk be the set of implicational formulaet
such that all the variables used int belongs to the setVk = {x1, . . . , xk}. LetClk ⊂ Tk be the set of all
Classical tautologiesandIntk ⊂ Tk be the set of allIntuitionistic tautologies. For any setA ⊂ Tk by
A(n) we denote the number of elements of the setA of sizen. We prove that:

lim inf
n→∞

(Clk \ Intk)(n)

Tk(n)
∼k→∞ lim sup

n→∞

(Clk \ Intk)(n)

Tk(n)
∼k→∞

1

2k2
.

Our proof is based on the construction of families of formulae whose union has density1 − O(1/k3).
These families are easily defined byfamily schemes(see e.g. Fig. 2). Similar approach was taken in
[FGGZ07]. However, to estimate the density of Peirce’s formulae we need to consider another, more
detailed, partition of the set of all formulae. Also, the density of each presented family must be calculated
more precisely, since we are interested in the order of1/k2. (The order1/k is completely consumed by
the simple tautologies.)

2 Basic facts
In a straightforward way we identify implicational formulae fromTk with rooted binary planar trees with
leaves labelled by the variables fromVk and the inner nodes by→. For a formula (tree)ϕ ∈ Tk, the goal
of ϕ (denoted byr(ϕ)) is the label of its rightmost leaf. For a set or sequence of treesS we denote by
r(S) the set of all goals of trees fromS. The set of premises of a formula of the kindϕ → ψ is the set
of premises ofψ enlarged by the elementϕ, formula which is a leaf has no premises. For all considered
types of trees the size of a tree is the number of its leaves.

2.1 Generating functions
Generating functions and results of singularity analysis for algebraic functions are important tools for our
development. The exhaustive treatment of this subject can be found in [FS08]. The generating function
for some set of treesA is denoted bygA(z) (formally it is the generating function for the sequence
(A(n))n∈N).

Easy construction shows thatfk(z) = (1 −
√

1 − 4kz)/2 is the generating function forTk. For any
distinguished subset of variablesD with cardinalityd < k the generating function for all the formulae
whose goal is not labelled with a variable fromD is bdk(z) = k−d

k
fk(z).
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2.2 Tree families

Definition 1 A family scheme is a finite planar rooted unary-binary tree whose:

• leaves are labelled by the elements of some countable set of scheme variables (we use Greek letters),

• edges are labelled by eitherR (we call these regular edges) orS (scheme edges)

We demand additionally that all the edges which go to the leftfrom some node are labelled withR and
all the edges going down from unary nodes are scheme edges. Wedo not distinguish family schemes
which can be transformed one into another (and back) by a bijective renaming of the scheme variables. In
the pictures regular edges are represented by solid lines, scheme edges by dashed lines. We also usually
assign names to the scheme edges (see e.g. Fig. 3).

For a family schemeT let s(T ), d(T ) denote respectively the number of scheme edges inT and the
number of different labels assigned to the leaves ofT . The number of repetitionsrep(T ) in a family
schemeT is the total number of its leaves diminished byd(T ) (e.g.((p → q) → p) → p has 2 repetitions).
We writes, d, rep instead ofs(T ), d(T ), rep(T ) if the family scheme is clear from the context. As usual,
the size of a schemeT is the number of its leaves (we denote it by|T |).

For a family schemeT an admissible substitution is any element of the set((Tk)∗)s(T )×Vd(T ). LetT be
a family scheme,σ = ((s1, . . . , sa), (v1, . . . vb)) be an admissible substitution forT , let (e1, . . . , ea) and
(l1, . . . , lb) be the lists of scheme edges ofT and scheme variables occurring inT both listed according to
some fixed tree traversal order (lets say DFS). The application of the substitutionσ to the family scheme
T proceeds as follows:

• each leaf labelled withli is relabelled tovi

• each scheme edgeei is locally expanded by the sequencesi = (t1, . . . , tki
) as depicted below:

A

B

t1
tki

B

t1
tki

BA B

Fig. 1: scheme edge substitution.

The treatment of the substitution with sequences is straightforward. If the substituting sequence is empty,
the scheme edge whose parent is a binary node become a regularedge. In case when the parent of the
edge is unary, and the substituting sequence is empty the parent node of the scheme edge is replaced by
the child node. Obviously, the result of an application of a substitution is a formula.

Definition 2 The substitution((s1, . . . , sa), (v1, . . . vb)) is not properif there exists a tree in some se-
quencesi whose goalr(t) equals somevj or there exist differenti, j ≤ b such thatvi = vj . Otherwise,
the substitution isproper.
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The family of trees defined by the family schemeT (denoted byFT
k ) consists of all the trees which

can be constructed fromT by the application of someproper substitution. ByF̂T
k we denote the set

of formulae which can be constructed fromT by any substitution (not necessarily proper). If there is a

family schemeT such thatFT
k ⊂ Hk ⊂ F̂T

k we say that the familyHk correspondsto the schemeT .

2.3 Densities
For any set of treesA ⊂ Tk we say thatA has densityµk(A) ∈ R if

µk(A) = lim
n→∞

A(n)

Tk(n)
.

It is easy to observe that there are sets whose density does not exist. However, the following limits always
exist

µ−
k (A) = lim inf

n→∞

A(n)

Tk(n)
and µ+

k (A) = lim sup
n→∞

A(n)

Tk(n)
.

We cite below a technical Lemma which is a consequence of the Theorem VII.8 from [FS08]. Gener-
ating functions of all families of trees we use, have the assumed property.

Lemma 3 Letf(z), g(z) be generating functions having both a unique dominating singularity of square

root type inρ ∈ R+. Then, the limitlimn→∞
[zn]f(z)
[zn]g(z) exists and equalslimz→ρ−

f ′(z)
g′(z) .

We use this lemma to estimate densities of families of trees defined by some family schemes.

Lemma 4 For every family schemeT andk ∈ N, the densityµk(FT
k ) exists and

µk(FT
k ) =

s(T )

22rep(T )+2d(T )−s(T )−1 · krep(T )
+O

(
1

krep(T )+1

)
.

Proof: Let us fixk ∈ N. We have one to one correspondence between the proper substitutions admissible
for T and the elements ofFT

k . Let us define the size of a substitution((s1, . . . , ss(T )), (v1, . . . vd(T )) as a
sum of the sizes of all trees from the sequencess1, . . . , ss(T ). It is easy to see that the size of the formula
corresponding to the substitution equals the size of the substitution increased by the size of the scheme
T . The generating function for the formulae whose goal does not contain any of the variable occurring
in (v1, . . . vb) is easily seen to bebd(T )

k (z) = k−d(T )
k

fk(z). Consequently, the generating function for the

sequences of such trees is(1 − b
d(T )
k (z))−1. Since we needs(T ) of such sequences and the substitution

is proper the generating function forFT
k is

(
1 − k − d(T )

k
fk(z)

)−s(T )

· kd(T ) · z|T |,

wherekd(T ) = k(k− 1) . . . (k− d(T )+ 1). Fors(T ) > 0 andd(T ) < k (the remaining cases are trivial)
the function is easily seen to have unique dominating singularity of the square root type in1

4k
(in the same

point thatfk(z)). The application of the Lemma 3 yields

µk(FT
k ) =

kd(T ) · s(T ) ·
(
1 − k−d(T )

2k

)−s(T )−1

· k−d(T )
k

(4k)|T |
=
kd(T ) · s(T ) · 2s(T )+1

(4k)|T |
+O(

kd(T )−1

k|T |
).
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This estimation together with the fact that|T | = d(T ) + rep(T ) gives the estimation claimed in the
Lemma. 2

By a similar reasoning we get the following Lemma.

Lemma 5 For every family schemeT , we have:

µ+
k (F̂T

k ) = µk(FT
k ) +O(

1

krep(T )+1
). (1)

Proof: The number of elements of̂FT
k of sizen is not greater than the number of all substitutions admis-

sible forT of sizen − |T |. The generating function for these substitutions is(1 − fk(z))
−s(T ) · kd(T ),

hence the generating function for the familŷFT
k is coordinatewise not greater than the function

hk(z) = (1 − fk(z))−s(T ) · kd(T ) · z|T |.

(i.e. for everyn ∈ N we have[zn]hk(z) ≥ F̂T
k (n)). Application of the Lemma 3 gives

µ+
k (F̂T

k ) ≤ lim
n→∞

[zn]hk(z)

[zn]fk(z)
=

s(T )

22rep(T )+2d(T )−s(T )−1 · krep(T )
+O

(
1

krep(T )+1

)
.

The last equation together with Lemma 4 gives (1). 2

All considered families corresponding to some family scheme have densities. In most cases we omit
the proofs of the existence, which are typical but needs a lotof calculations.

2.4 Intuitionistic logic
Within this section we present a simple characterization ofthe propositional intuitionistic logic. The proof
of its equivalence with other definitions and far more general view of the subject can be found in [SU98].

Let τ be the set of open subset ofR with respect to Euclidean topology. The functionsv : Vk → τ are
called valuations inτ . We can extend every valuationv : Vk → τ to the set of all the formulae by the
following rule:

v[ϕ→ ψ] := interior( (R \ v(ϕ)) ∪ v(ψ) ).

The following theorem belongs to folklore (we treat this theorem as a definition for the intuitionistic
tautologies):

Theorem 6 A formulaϕ ∈ Tk is an intuitionistic tautologyif and only if for every valuationv : Vk → τ
we havev[ϕ] = R.

It is easy to derive from the statement above that all the intuitionistic tautologies are classical. The
converse is not true. To see it, let us analyze the formula((p → q) → p) → p known as Peirce’s law.
Simple check shows that it is a classical tautology. To show that it is not intuitionistic one, let us consider
a valuationv : Vk → τ such thatv[p] = R \ {0} andv[q] = ∅. Then we get

v[((p→ q) → p) → p] = R \ {0}.

Such formulae are the main subject of our interest. We denoteby Peircek the set of formulae fromTk

which are classical but not intuitionistic tautologies, wecall them Peirce’s formulae.
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3 Densities of Peirce’s formulae
To estimate the density of Peirce’s formulae we need to consider more detailed partitions of the sets of all
formulae that the one considered in [FGGZ07]. We need also more precise estimations for the densities
of considered families, since the density of Peirce’s formulae is at most of the orderk−2. (According
to the results of [FGGZ07] the orderk−1 is completely consumed by the simple tautologies). A simple
tautology is a formula in which at least one premise is a leaf labelled by the same variable that the goal
of the whole formula. Simple tautologies are easily seen to be intuitionistic tautologies (see [FGGZ07]).
Note also that if all the goals of the premises of some formulaare labelled by different variables than the
goal of the formula, then the formula cannot be a classical tautology.

We present several families with estimations of their densities. In the end we use a quantitative argument
to show that the set of formulae not belonging to the considered families has low density (i.e. of the order
k−3). Therefore we need to consider also families which does notcontain any Peirce’s formulae.

We start with the family of classical tautologies which are not simple tautologies and which have at
least two premises with the same goal as the whole tree. This family was also considered in [FGGZ07].
In the Lemma 7 we give an alternative simple proof that the density of this family isO(1/k3). Then we
analyze the family of non simple tautologies with only one premiseA such thatA has the same goal as
the whole tree andA has at least two premises. We prove in the Lemma 8 that the density of this set is
O(1/k3). In the last step we consider trees as above but withA having exactly one premise. We show how
to split this kind of trees into six disjoint sets with high densities. Finally, we use a quantitative argument
to prove in Theorem 10 that the density of Peirce’s formulae is1/(2k2)+O(1/k3). One of the considered
set is a family containing only Peirce’s formulae (we call them simple Peirce’s formulae) and the set of
formulae which have not been considered has density of the orderk−3.

Lemma 7 Let Gk be the set of tautologies, but non simple tautologiest ∈ Tk for which at least two
premises have goals equal tor(t). We haveµ+

k (Gk) = O(1/k3).

Proof: Let Hk be the set of formulaet ∈ Tk which are not simple tautologies and which have at least
two premises with goal equal tor(t). LetT be the family scheme depicted in Fig. 2. It is easy to see that

FT
k ⊂ Hk ⊂ F̂T

k and that no element ofFT
k is a tautology (putα = β = γ = 0 and all the other variables

to 1). From the Lemma 4 we know thatµk(FT
k ) = 7

4k2 +O(1/k3). We know thatGk ⊂ Hk \ FT
k . From

the Lemma 5 we getµ+
k (Hk \ FT

k ) = O(1/k3), which proves the Lemma. 2

Let Sk be the family of trees fromTk such that each treet ∈ Sk satisfies the following conditions:

• t is not a simple tautology, i.e. no premise oft is a leaf labelled withr(t),

• t has exactly one premise, sayA, such thatr(A) = r(t) andA has at least two premises.

Lemma 8 LetG2
k be the set of tautologies belonging toSk. We haveµ+

k (G2
k) = O(1/k3).

Proof: FamilySk can be constructed from the scheme in Fig. 3 by substitutionsin which no tree from the
sequences substituted forS1, S2 has the goal labelled with the variable assigned toα.

We show that densities of tautologies fromSk areO(1/k3), by constructing a large subfamily of non
tautologies. First, we estimate the density ofSk. The generating function forSk can be easily found and
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α

α

α

β

γ

Fig. 2: A tree with at least two premises with a goalα.

S1

S2

S3

α

α
β

γ

S4

S5

α /∈ r(S1 ∪ S2)

Fig. 3: The scheme corresponding to the familySk.

it equalsgSk
(z) = k3z4(1 − b1k(z))−2(1 − fk(z))−3. Therefore, we get

µk(Sk) =
5

4k
− 7

2k2
+O(1/k3). (2)

We use the scheme from Fig. 3 to define four disjoint subfamilies of non tautologies by imposing
restrictions on the allowed substitutions. For a substitution ((S1, S2, S3, S4, S5), (α, β, γ)) we consider
the following cases (we abuse the notation using the same names for the scheme variables (resp. scheme
edges) and variables (resp. sequences) assigned to them by the substitution):

(a) β = α, γ 6= α, α, γ /∈ r(S1) ∪ . . . ∪ r(S5),

(b) β 6= α, β /∈ r(S1) ∪ r(S2) ∪ r(S4), α /∈ r(S1) ∪ r(S2) (no restrictions forγ),

(c) β 6= α, β occurs exactly once among the goals of trees fromS1, S2, S4, β /∈ r(S3) ∪ r(S5), α, γ /∈
r(S1) ∪ . . . ∪ r(S5),

(d) β 6= α, α occurs exactly once among the goals of trees fromS4, α /∈ r(S1)∪ r(S2)∪ r(S3)∪ r(S5),
γ /∈ r(S1) ∪ . . . ∪ r(S5).

We denote bySa
k ,Sb

k,Sc
k,Sd

k the families of trees fromTk constructed from the scheme from Fig. 3 and
substitutions fulfilling corresponding condition (a), (b), (c), (d). Each of the above sets contains only non
tautologies. To falsify the elements of the familiesSa

k ,Sc
k,Sd

k , valuateα andγ to 0 and all the other
variables to 1. For the familySb

k it suffices to putβ = α = 0 and all the other variables to 1.
The familySa

k is easily seen to be defined by some family schemeTa with parameterss = 5, d = 2
andrep = 2 (substituteβ with α in the scheme from Fig. 3). By the Lemma 4 the density ofSa

k is

5

4k2
+O(1/k3). (3)

For the familySb
k we need more accurate estimation. The generating function for Sb

k is

gSb

k

(z) = k2(k − 1)z4 1

(1 − b2k(z))3
1

(1 − fk(z))2
.
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Thus, the density ofSb
k is

5

4k
− 47

4k2
+O(1/k3). (4)

The familySc
k is a disjoint union of three families corresponding to the schemes depicted in Fig. 4.

Formally, letTc1, Tc2, Tc3 be the family schemes depicted in Fig. 4, then it is easy to seethat

(
FTc1

k ∪ FTc2

k ∪ FTc3

k

)
⊂ Sc

k ⊂
(

̂FTc1

k ∪ ̂FTc2

k ∪ ̂FTc3

k

)
.

Each of this family schemes has parameterss = 7, d = 3, rep = 2. By the Lemma 4 and the Lemma 5
we get that

µk(Sc
k) = 3 · 7

4k2
+O(1/k3). (5)

α

α
β

γ

α

αβ

γ

α

α
β

γ

β

β

β

Fig. 4: Scheme for trees in case (c).

The last case – (d) corresponds to the schemeTd from Fig. 5. We haveFTd

k ⊂ Sd
k ⊂ F̂Td

k . The family
scheme has parameterss = 7, d = 3, rep = 2, hence, by the Lemma 4 and the Lemma 5, we get

µk(Sd
k ) =

7

4k2
+O(1/k3). (6)

If we compare the density ofSk with the density ofSa
k ∪ Sb

k ∪ Sc
k ∪ Sd

k we get

5

4k
− 7

2k2
− 5

4k2
− 5

4k
+

47

4k2
− 3 · 7

4k2
− 7

4k2
+O(1/k3) = O(1/k3).

Since no tautology fromSk belongs toSa
k ∪ Sb

k ∪ Sc
k ∪ Sd

k , we haveµ+
k (G2

k) = O(1/k3). 2

From now on we are going to consider treest with exactly one premiseA with r(t) = r(A) and for
which the premiseA has only one premise. Such a family of trees, denoted byT 11

k , corresponds to the
schemeT11 presented in Fig. 6.
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α

α
β

γα

Fig. 5: Scheme for trees in case (d).

S1

S2

α αβ
S3

Fig. 6: Scheme corresponding to the familyT 11

k .

The generating function forT 11
k is gT 11

k

(z) = k2z3(1− b1k(z))−2(1− fk(z))−1, thus its density equals

µk(T 11
k ) =

3

4k
− 5

2k2
+O(1/k3). (7)

We divide the familyT 11
k into six disjoint subfamilies with large densities. One of these subfamilies,

denoted byPk, will contain only Peirce’s formulae, we call the elements of Pk simple Peirce’s formulae.
The subfamilies, mentioned above, arise by putting some restrictions for the substitutions allowed for

the schemeT11. For a substitution((S1, S2, S3), (α, β)) (again we abuse the notation) we consider the
following four cases:

(a) β = α, α /∈ r(S1) ∪ r(S2) ∪ r(S3),

(b) β 6= α, α, β /∈ r(S1) ∪ r(S2) ∪ r(S3),

(c) β 6= α, β /∈ r(S1) ∪ r(S2) ∪ r(S3), α occurs exactly once among the goals of trees fromS3,
α /∈ r(S1) ∪ r(S2),

(d) β 6= α, α /∈ r(S1) ∪ r(S2) ∪ r(S3) andβ occurs exactly once among the goals of the trees from
S1, S2, S3.

We denote byNT a
k the set of formulae fromTk which can be constructed fromT11 by substitutions

fulfilling the condition (a) (the setNT b
k is defined analogously).

LetTa be the scheme from Fig. 6 with scheme variableβ replaced byα. We haveNT a
k = FTa

k , hence,
by the Lemma 4, the density ofNT a

k is

µk(NT a
k) =

3

4k2
+O(1/k3). (8)

The formulae fromNT a
k are easily seen not to be tautologies (valuateα to 0 and all the other variables to

1).
The formulae fromNT b

k are also non tautologies (to falsify them putα = β = 0 and all the other
variables to1). We need more accurate estimation for the densitiesµk(NT b

k) then the one provided by
the Lemma 4. The generating function forNT b

k is gNT b

k

(z) = k(k − 1)z3(1 − b2k(z))−3. With simple
computations we get

µk(NT b
k) =

3

4k
− 33

4k2
+O(1/k3). (9)
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The family of formulae which can be constructed from the schemeT11 by the substitutions fulfilling
the condition (c) is divided into two sets. In every such formula t there is only one treeA in S3 such
thatr(A) = α. The first family,Pk, (see its corresponding scheme in Fig. 7) is defined by substitutions
for which the subformulaA is just a variableα. The second one,NT c

k, (see Fig. 7) is defined by the
remaining substitutions fulfilling the condition (c).

S1

S2

α αβ

S31

S1

S2

α αβ

S31

α

α

S32S32

Fig. 7: Scheme of the familyPk (left one) and the familyNT
c

k (right one).

The setPk turns out to consist of Peirce’s formulae. Indeed, it suffices to consider only valuations for
the variableα to see that every formula fromPk is a classical tautology. To see that eacht ∈ Pk is not
an intuitionistic tautology check the following valuationin τ , let v[α] = R \ {0}, v[β] = ∅ andv[z] = R

for all other variables. It givesv[t] = R \ {0}. Trees from the second setNT c
k are non tautologies (put

α = β = 0 and all the other variables to1). By the Lemma 4 we have

µk(Pk) =
1

2k2
+O(1/k3). (10)

Let Tc be the scheme on the right in Fig. 7. We haveFTc

k ⊂ NT c
k ⊂ F̂Tc

k , therefore by Lemma 4 and
5 we get

µk(NT c
k) =

3

4k2
+O(1/k3). (11)

For the case (d) we also consider two sets of trees. The first one,IT k, is defined by the substitutions
fulfilling the condition (d) for which the unique tree fromS1, S2, S3 with a goal labelled byβ is a leaf
(see its schemes in Fig. 8). The second one,NT d

k, is defined by the remaining substitutions fulfilling the
condition (d) (see its corresponding schemes in Fig. 9). Trees inNT d

k are not tautologies (putα = β =
γ = 0 and all the other variables to1). On the other hand, each tree inIT k is an intuitionistic tautology.
We prove this fact in the Lemma 9.

The same reasoning as in the previous cases (involving application of Lemma 4 and Lemma 5) yields:

µk(IT k) = 3 · 1

2k2
+O(1/k3), (12)

µk(NT d
k) = 3 · 3

4k2
+O(1/k3). (13)

Lemma 9 Each tree from the setIT k is an intuitionistic tautology.

Proof: The setIT k is a disjoint union of three families defined by the family schemes depicted in Fig. 8.
Let IT 1

k, IT 2
k, IT 3

k denote the families corresponding to the consecutive schemes from the picture.
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S1

S2

α αβ

S31

β

S11

S2

α αβ

S3

β
S1

S21

α αβ

S3
β

S32

S12

S22

Fig. 8: Scheme of the familyIT k.

S1

S2

α αβ

S31

β

S12

S2

α αβ
S3

β

γ

γ

S1

S22

β αγ

S3
α

β

S32

S11

S21

Fig. 9: Scheme of the familyNT
d

k.

Let t ∈ IT 1
k. There is a premiseA in t whose goal is labelled by the same variable thatr(T ) and

whose only premise is a simple tautology. It means that each valuation inτ valuates this premise toR.
But then, for every valuation inτ , the premiseA is valuated tov[r(T )]. LetA → B be the subformula
of t corresponding to the parent ofA. Note that the valuation of implication is increasing with respect
to the second argument (i.e.v[φ → ψ] ⊃ v[ψ]). For every valuationv in τ we getv[B] ⊃ v[r(T )] and
sincev[A] = v[r(t)] we getv[A → B] = R. This value is then propagated to the root of the tree (by the
increasing property), which means thatv[t] = R.

It is easy to check that for every valuationv in τ we havev[α → (β → γ)] = v[β → (α → γ)].
Therefore it is enough to show that the elements ofIT 3

k are not intuitionistic tautologies. Suppose that
t ∈ IT 3

k and letA → B be the subformula oft such thatA is the premise oft with r(A) = r(t). Then,
for every valuationv we havev[B] ⊃ interior(R \ v(β)∪ v(α)) andv[A] ⊂ interior(R \ v(β)∪ v(α)).
It gives v[A] ⊂ v[B], but thenv[A → B] = R and (again by the monotonicity of the valuation of
implication) we getv[t] = R. 2

Theorem 10 For everyk ∈ N letPeircek denote the set of formulae fromTk which are classical but not
intuitionistic tautologies. Then we have

µ+
k (Peircek) ∼k µ

−
k (Peircek) =

1

2k2
+O(1/k3).

Proof: Each formulat ∈ Peircek is a tautology. Therefore it must have at least one premise with goal
equal to the goal oft. Moreover, sincet is not an intuitionistic tautology, it cannot be a simple tautology,
i.e. it has no premise equal to its goal.
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We have already found a large set of Peirce’s formulae – the family Pk (see Fig. 7). We know (see
the equation (10)) that1/(2k2) + O(1/k3) = µ(Pk) 6 µ−

k (Peircek). To find the upper bound for the
densityµ+

k (Peircek) we show that the density of the setPeircek \ Pk is relatively small.
Let Peirce1k be the set of all the formulaet ∈ Peircek which have exactly one premiseA with

r(A) = r(t) and letPeirce2k denote the set of allt ∈ Peircek which have at least two premisesA and
B such thatr(A) = r(B) = r(t). Obviously,Peircek = Peirce1k ∪ Peirce2k and by the Lemma 7 the
density ofPeirce2k is small – we haveµ+

k (Peirce2k) = O(1/k3).
The setPeirce1k can be split further into two subsets. LetPeirce11k denote the set of allt ∈ Peirce1k

with only one premiseA such thatr(A) = r(t) andA has exactly one premise. LetPeirce12k = Peirce1k\
Peirce11k (in the elements ofPeirce12k the subformulaA has at least two premises.) By the Lemma 8 the
densityµ+

k (Peirce12k ) isO(1/k3).
To estimate the density ofPeirce11k we need to consider all the treest ∈ Tk with only one premiseA

such thatr(A) = r(t), A 6= r(t) (it cannot be a simple tautology) andA has exactly one premise. Such a
family is denoted byT 11

k (see Fig. 6). As we know,T 11
k can be split into several subsets (see Fig. 7, 8

and 9) andT 11
k = NT a

k ∪ NT b
k ∪ NT c

k ∪ NT d
k ∪ Pk ∪ IT k ∪Restk. No setNT i

k (for i = a, b, c, d)
contains a tautology,Pk consists of Peirce’s formulae, each formula inIT k is an intuitionistic tautology
(see the scheme in Fig. 8 and the Lemma 9) andRestk denotes the set of remaining trees. Therefore we
can write that

Peirce11k ⊆ Pk ∪Restk.
Sinceµk(Restk) = µk(T 11

k )−µk(NT a
k)−µ(NT b

k)−µ(NT c
k)−µ(NT d

k)−µ(Pk)−µ(IT k), using
the equations (7), (8), (9), (10), (11), (12) and (13), we findthatµ(Rest) = O(1/k3).

Finally, we can estimate the density of all Peirce’s formulae. We know that

Peircek ⊆ Pk ∪Restk ∪ Peirce12k ∪ Peirce2k

and the densities ofRestk, Peirce12k andPeirce2k are small, i.e. each density isO(1/k3). It gives
µ+

k (Peircek) = 1/(2k2) +O(1/k3). 2

4 Final remarks
Although we did not address directly the problem of the existence of the densities of Peirce’s formulae,
the presented technique can be used to obtain better upper and lower bounds, by the systematic analysis
of more detailed partitions.

The intuitionistic logic can be also defined as the set of formulae which are true in every finite Kripke
structure. Therefore, a formula is not an intuitionistic tautology, if it can be falsified in some finite Kripke
structure. Interestingly, the familyPk we considered, consists of classical tautologies which canbe fal-
sified in the Kripke structure of size 2. It is a minimal size for which the difference between classical
and intuitionistic logics can be observed. We know also thatthe family of formulae which needs Kripke
structure of the size 3 to be falsified, has density of the order at mostk−3. It is not hard to prove (using
Drmota-Lalley-Woods theorem, see [FS08]) that for everyk,m ∈ N the set of formulae fromTk which
can be falsified in some Kripke structure of the sizem has a density. It is interesting to estimate the density
of Peirce’s formulae which needs a structure of sizem to be falsified. It seems also that this approach can
be used to prove the existence of density of all Peirce’s formulae.
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