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Question 1: S[T]

(X, 7) is a transition system.

The partial finite traces generated by 7 are:
Tl € {(00,...,00) € T |Vi < n: (07, 0i41) € 7}
The smallest transition system that generates T is:
S[T] € {(0,0") € 22|
A(og,...,on) ETANIi<no=ociANd' =0j11}

(S[T] is the set of transitions appearing within any trace in T)
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Question 2: Galois connection

Recall that:
T < {(00,...,00) €SH|Vi < n:(0j,0141) €7}
S[T] <f {(0,0") € £2|3(00,...,0n) ETAi<nmo=o0;ANd' =0i41}

We have (P(Z+),C) % (P(X x X),C).

proof:
S[T]cr
< V(o,0’) € S[T]:(0,0") €T
< VY(o,0’):(3(00,...,on) ETAIi<no=oc;ANo' =0i41) = (o,0')ET
< VY(o0,...,0n) € TAi<n:(oj,0i41) €T
< V(o0,...,0n) € T:(Vi < n:(0j,0i11) € T)
<= VY(00,...,0n) € T:(00,...,00) € T[7]
= T CTI]

As a consequence VT: T C (T oS)[T] and V7: (So T)[r] C 7.

In fact, we have a Galois embedding: V7: (S o 7T)[7] = 7.

proof: S is onto as V7: S[r] = T.
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Question 3: Approximation

Recall that:
TI7] &ef {(00,...,00) EXT|Vi< n:(0;,0141) €T}
S[T] def {(o,0") € 22| 3(00,...,0n) ETAi<nmo=o0;ANd' =0i11}

o T Y {a, aa} is not generated by any transition system

o S[T]={(a,a)}
which generates: (T oS)[T] = at 2 T

(if a transition appears once in T, it can appear any number of times in (7 o S)[T])
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Question 4: Exactness conditions

Recall that:
Tl {00, om) € TF Vi < i (0,0511) € 7}

def

S[T] € {(o,0") € £2|3(00,...,0n) ETAi<nmo=o0;ANo' =0i41}
Necessary and sufficient conditions for (7 o S)[T] =T

@ Assume that T = T[r] for some T, then
o Y(og,...,04) € T:(00,...,0n—1) €T
Y(og,...,0n) € T:(01,...,00) €T
Y(oo,-..,0n) € T, (0n,--y0m) € T:(00,.-.,0m) €T
SCT
= T is closed by prefix, suffix and junction, and X C T

@ Assume that T is closed by prefix, suffix, junction and X C T
o by prefix and suffix: ¥(oo,...,0,) € T:Vi < n:(oj,0i41) € T
i, S[T]C T;as S[T] C X2 we get S[T] C T NX2
e by junction: Vi < n:(0;,0i41) € T = (00,...,00) € T
together with ¥ C T, we get T[T N2 C T
= (ToS)[T]C T, hence (ToS)[T]=T
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Question 5: Galois connection

SeolT] & {(0,0") € 22 |
Ioo,...,on) ETNET:Fi<mo=o0;Ad' =0i11V
3(0’0,...)6 Tﬁzw:ﬂi:U:J,‘/\U/:O',ur]_}

Toolr] % TIr1 U { (00, ...) € =% |Vi: (01,0/41) € T}

Too

We have (P(X*), Q) <S:> (P(X x X),Q).
proof:  very similar to question 2

Sw[T]C T

Y(o,0") € Seo[T]: (0,0") €T

Y(oo,...,00) € TNE Vi < n:(0;,0141) €T
AVY(oo,...) € TNXY:Vi:(0j,0i11) €T
Y(o0,...,00) € TNEV:(00,...,0n) € T[7]
AY(og,...) € TNX¥: (00,...) € T[]

TN CTITIATNEY CTlr]

TC Tl

1t 111

We also have a Galois embedding.
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Question 6: Approximation

Recall that:
Toolrl € T U{ (00, ...) € £ |Vi: (0j,0111) € 7}
SoolT] < {(0,0) € 22 |

Hoo,...,on) ETNET:Fi<nmo=o0;Ad' =0i11V
I(o0,...) ETNX®:Fitoa=0; Ao’ =041}

Consider T = at (with & = {a}).
T is closed by prefix, suffix and junction, and ¥ C T.

We have Soo[T] = {(a, a)}.
But then, (7o 0 Soo)[T] =a>® D at =T.

(7o © So adds infinite traces to sets of finite traces)
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Question 7: Exactness conditions

Necessary and sufficient conditions for (7o 0 Soo)[T] =T
@ T must be closed by prefix, suffix, junction and contain X

@ and T must be closed by limit:
given (o9,...) € X¥, Vn:(0g,...,00) € T = (00,...) € T

proof:

V7: Too[T] is closed by limit, so, it is a necessary condition.

Assume now that T is closed by prefix, suffix, junction and contain X, then, by
question 4: (Too 0 Soo)[T]NET =T NXT.

We denote by lim : P(X>°) — P(X°°) the closure by limit.

Note that (Too 0 Soo)[T] = lim((Teo © Soo)[T] N ET).

By hypothesis, lim(T) = T; by monotonicity of lim, lim(T NX*) C lim(T), hence
lim(TNTH) C T.

In general, the equality does not hold (T may have infinite traces that are not limits of
finite ones); however, as T is closed by prefix, T N >+ contains all finite prefixes of
traces in TN XY, hence lim(TNXT)=T.

Hence, (Too 0 So)[T] = T.
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Note: Hierarchy of semantics

(partial finite traces)

(partial traces)

(maximal traces)

BS
Qjo
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OC*T SOO
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ad

Moo

(big-step semantics)

(transition systems)

(denotational semantics)

Transition systems are (relational) abstractions of traces semantics.
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