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• Guarantee Properties 
“something good eventually happens at least once”


• Example: Program Termination


• Recurrence Properties  
“something good eventually happens infinitely often”


• Example: Starvation Freedom

Liveness Properties

Amir PnueliZohar Manna
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Guarantee Properties
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Guarantee Properties

φ ::= e ⋈ 0 ∣ ℓ : e ⋈ 0 ∣ φ ∧ φ | φ ∨ φ ℓ ∈ ℒ

“something good eventually happens at least once”

1x  [- , + ] 
0while 2(x  0) do 
        3x  x + 1  
od4 
0while 5(0  0) do 
        if 6(x  10) do 
                7x  x + 1 
        else  
                8x  -x 
od9

← ∞ ∞
≥

←

≥
≤

←

←

Example:
 is satisfied for +, (x = 3) ℐ def= {(1,ρ) ∈ Σ ∣ ρ(x) ≤ 3}

+, φ
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Guarantee Semantics

ℛφ

G
def= lfp⪯ FG[{σ ∈ Σ ∣ σ ⊧ φ}]

FG[S] f def= λσ .
0 σ ∈ S
sup{f(σ′ ) + 1 ∣ (σ, σ′ ) ∈ τ} σ ∉ S ∧ σ ∈ ∼

preτ(dom( f ))
undefined otherwise

Caterina Urban

Termination Analysis

Lesson 12

Definite Termination Semantics

35




ℛM
def= αM("M) = lfp⪯FM

FM( f )σ def=
0

σ ∈ ℬ
sup{f(σ′ ) + 1 ∣ (σ, σ′ ) ∈ τ} σ ∈ ∼preτ(dom( f ))

undefined
otherwise

0 

0 

✔
✘A program must terminate for traces starting from a 

set of initial states  if and only if  
ℐ

ℐ ⊆ dom(ℛM)

Theorem

0 

1 
0 

0 
1 

0 

2 0 
1 

0 

2 

f1 ⪯ f2 def= dom( f1) ⊆ dom( f2) ∧ ∀x ∈ dom( f1) : f1(x) ≤ f2(x)computational order
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Guarantee Semantics

ℛφ

G
def= lfp⪯ FG[{σ ∈ Σ ∣ σ ⊧ φ}]

FG[S] f def= λσ .
0 σ ∈ S
sup{f(σ′ ) + 1 ∣ (σ, σ′ ) ∈ τ} σ ∉ S ∧ σ ∈ ∼

preτ(dom( f ))
undefined otherwise

0 

0 

0 ✔

A program satisfies a guarantee property  for traces starting  
from a set of initial states  if and only if  

+, φ
ℐ ℐ ⊆ dom(ℛφ

G)

Theorem

0 

0 
1 

2 

0 

0 
1 

2 

0 

0 
1 
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Abstract Guarantee Semantics

Caterina Urban

Termination Analysis

Lesson 12

Programs and executions

Language syntax¸stat ¸
::= ¸X

Ω exp ¸

(assignment)

| ¸if exp ÛÙ 0 then ¸stat ¸

(conditional)

| ¸while ¸exp ÛÙ 0 do ¸stat ¸ done ¸

(loop)

| ¸stat; ¸stat ¸

(sequence)

exp
::= X

(variable)

|
≠exp

(negation)

| exp ù exp

(binary operation)

| c

(constant c œ Z)

| [c, c Õ]

(random input, c, c Õ œ Z fi { ±Œ })

Simple structured, numeric language

X
œ V, where V is a finite set of program variables

¸ œ L, where L is a finite set of control points

numeric expressions: ÛÙ
œ {=, Æ, . . .}, ù œ { +, ≠, ◊, / }

random inputs: X
Ω [c, c Õ]

model environment, parametric programs, unknown functions, . . .

Course 2

Program Semantics and Properties

Antoine Miné

p. 3 / 99

84

Abstract Definite Termination SemanticsFor each program instruction , we define 


a transformer 
:
•


•

 



•

 

where 




•

!"#"ℛ#
M[[!"#"]] : % → %ℛ#

M[[ℓX ← e]]t def= ⟵)**+,-A[[X ← e]]tℛ#
M[[if .ℓe ⋈ 0 then s]]t def=/+0123A[[e ⋈ 0]](ℛ#

M[[s]]t) ⋎T /+0123A[[e /⋈ 0]]t
ℛ#

M[[while .ℓe ⋈ 0 do s done]]t def= lfp#F #
M

F #
M(x) def= /+0123A[[e ⋈ 0]](ℛ#

M[[s]]x) ⋎T /+0123A[[e /⋈ 0]](t)

ℛ#
M[[s1; s2]]t def= ℛ#

M[[s1]](ℛ#
M[[s2]]t)

For each program instruction , we define :


• 


6787 ℛφ#
G [[6787]] : 9 → 9

ℛφ#
G [[ℓX ← e]]t def= ;<=<>G

A[[φ]]( ⟵+==@ABA[[X ← e]]t)
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Abstract Guarantee Semantics
For each program instruction , we define :


• 


•  
where 


•  
where  




•

6787 ℛφ#
G [[6787]] : 9 → 9

ℛφ#
G [[ℓX ← e]]t def= ;<=<>G

A[[φ]]( ⟵+==@ABA[[X ← e]]t)

ℛφ#
G [[if .ℓ e ⋈ 0 then s]]t def= ;<=<>G

A[[φ]](X)
X def= ,@C><;A[[e ⋈ 0]](ℛφ#

G [[s]]t) ⋎T ,@C><;A[[e /⋈ 0]]t)

ℛφ#
G [[while .ℓ e ⋈ 0 do s done]]t def= lfp#Fφ#

G
Fφ#

G (x) def= ;<=<>G
A[[φ]](X)

X def= ,@C><;A[[e ⋈ 0]](ℛφ#
G [[s]]x) ⋎T ,@C><;A[[e /⋈ 0]](t))

ℛφ#
G [[s1; s2]]t

def= ℛφ#
G [[s1]](ℛφ#

G [[s2]]t)
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Abstract Guarantee Semantics

7

1

2

3

4

5 6

7

x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while 1(x � 0) do
2x := x + 1

od

while 3( true ) do

if 4( x  10 )
5x := x + 1

else
6x := �x

od7

+, (x = 3)
Property
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Abstract Guarantee Semantics

8

Example

int : x , y

while 1(x � 0) do
2x := x + 1

od

while 3( true ) do
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5x := x + 1

else
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od7

1
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3

4

5 6

7

x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0

+, (x = 3)
Property
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Abstract Guarantee Semantics
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Abstract Guarantee Semantics
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Abstract Guarantee Semantics
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Abstract Guarantee Semantics
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Abstract Guarantee Semantics

11
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Abstract Guarantee Semantics

12
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Abstract Guarantee Semantics

12
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Abstract Guarantee Semantics
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Abstract Guarantee Semantics
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Abstract Guarantee Semantics

15
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Abstract Guarantee Semantics

16
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Abstract Guarantee Semantics

16

Example

int : x , y

while 1(x � 0) do
2x := x + 1

od

while 3( true ) do

if 4( x  10 )
5x := x + 1

else
6x := �x

od7

1
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x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50
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x

0 10

50

0

the analysis gives x  3 as
su�cient precondition

+, (x = 3)
Property
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Abstract Guarantee Semantics

A program  satisfies a guarantee property  for traces starting 
from a set of initial states  if 

6787ℓ +, φ
ℐ ℐ ⊆ dom(γA(ℛφ#

G [[6787ℓ]]))

Corollary (Soundness)

The abstract guaranteee semantics   
of a program  is:





where  is the abstract guarantee semantics  
of each program instruction 

ℛφ#
G [[6787ℓ]] ∈ 9

6787ℓ

ℛφ#
G [[6787ℓ]] def= ℛφ#

G [[6787]](;<=<>G
A[[φ]](C<+, : ⊥F ))

ℛφ#
G [[6787]] : 9 → 9

6787

Definition

17
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Recurrence Properties
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Recurrence Properties

φ ::= e ⋈ 0 ∣ ℓ : e ⋈ 0 ∣ φ ∧ φ | φ ∨ φ ℓ ∈ ℒ

1x  [- , + ] 
0while 2(x  0) do 
        3x  x + 1  
od4 
0while 5(0  0) do 
        if 6(x  10) do 
                7x  x + 1 
        else  
                8x  -x 
od9

← ∞ ∞
≥

←

≥
≤

←

←

Example:
 is satisfied for +A +, (x = 3) ℐ def= {(1,ρ) ∈ Σ ∣ ρ(x) < 0}

+A +, φ

“something good eventually happens infinitely often”
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Recurrence Semantics

ℛφ

R
def= gfpℛφ

G

⪯ FR

FR( f )σ def= {f(s) σ ∈ ∼
preτ(dom( f ))

undefined otherwise

Caterina Urban

Termination Analysis

Lesson 12

Definite Termination Semantics

35




ℛM
def= αM("M) = lfp⪯ FM

FM( f )σ def=
0

σ ∈ ℬ

sup{f(σ′ ) + 1 ∣ (σ, σ′ ) ∈ τ} σ ∈
∼

preτ(dom( f ))

undefined
otherwise

0 

0 ✔
✘

A program must terminate for traces starting from a 

set of initial states  if and only if  
ℐ

ℐ ⊆ dom(ℛM)
Theorem

0 

1 

0 

0 

1 

0 
2 

0 

1 

0 
2 

f1 ⪯ f2
def= dom( f1) ⊆ dom( f2) ∧ ∀x ∈ dom( f1) : f1(x) ≤ f2(x)

computational order

Caterina Urban

Analysis of Liveness and CTL Properties

Lesson 13

5

Guarantee Semantics



ℛφ
G

def= lfp⪯FG[{σ ∈ Σ ∣ σ ⊧ φ}]
FG[S] f def= λσ .

0

σ ∈ S
sup{f(σ′ ) + 1 ∣ (σ, σ′ ) ∈ τ} σ ∉ S ∧ σ ∈ ∼preτ(dom( f ))

undefined
otherwise

0 

0 

0 

✔
A program satisfies a guarantee property  for traces starting  

from a set of initial states  if and only if  
+, φℐ

ℐ ⊆ dom(ℛφ
G)

Theorem

0 

0 
1 

2 

0 

0 

1 

2 

0 

0 

1 
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Recurrence Semantics

A program satisfies a recurrence property  for traces starting  
from a set of initial states  if and only if  

+A +, φ
ℐ ℐ ⊆ dom(ℛφ

R)

Theorem


ℛφ
R

def= gfpℛφ
G

⪯ FR

FR( f )σ def= {f(s) σ ∈ ∼
preτ(dom( f ))

undefined otherwise

0 

0 

0 

1 
2 ✔

0 

0 

1 
2 

0 
1 

0 
1 
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Abstract Recurrence Semantics
For each program instruction , we define :


• 


•  
where 


•  
where  

 



•

6787 ℛφ#
G [[6787]] : 9 → 9

ℛφ#
R [[ℓX ← e]]t def= ;<=<>R

A[[φ]]( ⟵+==@ABA[[X ← e]]t)

ℛφ#
R [[if .ℓ e ⋈ 0 then s]]t def= ;<=<>R

A[[φ]](X)
X def= ,@C><;A[[e ⋈ 0]](ℛφ#

G [[s]]t) ⋎T ,@C><;A[[e /⋈ 0]]t)

ℛφ#
R [[while .ℓ e ⋈ 0 do s done]]t def= gfp#

G(t)F
φ#
R

G def= ℛφ#
G [[while .ℓ e ⋈ 0 do s done]]

Fφ#
R (x) def= ;<=<>R

A[[φ]](X)
X def= ,@C><;A[[e ⋈ 0]](ℛφ#

R [[s]]x) ⋎T ,@C><;A[[e /⋈ 0]](t))

ℛφ#
R [[s1; s2]]t

def= ℛφ#
R [[s1]](ℛφ#

R [[s2]]t)
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1

2

3

4

5 6

7

x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

Example

int : x , y

while 1(x � 0) do
2x := x + 1

od

while 3( true ) do

if 4( x  10 )
5x := x + 1

else
6x := �x

od7

!"!# (x = 3)
Property

Abstract Recurrence Semantics
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Abstract Recurrence Semantics



Caterina UrbanAnalysis of Liveness and CTL PropertiesLesson 13

Abstract Recurrence Semantics

24
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Abstract Recurrence Semantics
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Abstract Recurrence Semantics
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Abstract Recurrence Semantics

27

Example

int : x , y

while 1(x � 0) do
2x := x + 1

od

while 3( true ) do

if 4( x  10 )
5x := x + 1

else
6x := �x

od7

1

2

3

4

5 6

7

x < 0x � 0x := x+ 1

false

true

x  10 x > 10

x := x + 1
x := �xx

0 10

50

0

x

0 10

50

0

x

0 10

50

0

!"!# (x = 3)
Property



Caterina UrbanAnalysis of Liveness and CTL PropertiesLesson 13

Abstract Recurrence Semantics
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Abstract Recurrence Semantics

A program  satisfies a recurrence property  for traces 
starting from a set of initial states  if 

6787ℓ +A +, φ
ℐ ℐ ⊆ dom(γA(ℛφ#

R [[6787ℓ]]))

Corollary (Soundness)

The abstract recurrence semantics   
of a program  is:





where  is the abstract recurrence semantics  
of each program instruction 

ℛφ#
R [[6787ℓ]] ∈ 9

6787ℓ

ℛφ#
R [[6787ℓ]] def= ℛφ#

R [[6787]](C<+, : ⊥F )

ℛφ#
R [[6787]] : 9 → 9

6787

Definition
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