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So far, we have focused on using static analysis to avoid software failures

Formal Verification: Motivation

How can we avoid such failures?

m Choose a safe programming language.
C (low level) / Ada, Java, OCaml (high level)

yet, Ariane 5 software is written in Ada

m Carefully design the software.

many software development methods exist

yet, critical embedded software follow strict development processes

m Test the software extensively.

yet, the erroneous code was well tested... on Ariane 4

— not sufficient!

We should use formal methods.

provide rigorous, mathematical insurance of correctness
may not prove everything, but give a precise notion of what is proved

This case triggered the first large scale static code analysis

PolySpace Verifier, using abstract interpretation

Course 0 Introduction Antoine Miné

that is, for proving Safety PrO pertieS
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Safety vs Liveness Properties

Safety Properties

‘something bad
never happens”

Leslie”Lar-?_'r]port \ /
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Liveness Properties

 Guarantee Properties
“something good eventually happens at least once”

 Example: Program Termination

* Recurrence Properties
“*something good eventually happens infinitely often”

Example: Starvation Freedom

*/ohar Manna
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Program lTermination
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unr :
The Zune Bug s}e:fex?:lve
31 December 2008 oco mumseommns +( 2

= C [ techcrunch.com/2008/12/31/zune-bug-explained-in-detail / oy @@ =

Zune bug explained in detail

e 00 . EH30GB Zunes all over the v % \ 2008 by Devin Coldewey
> 4 -

= € [ techcrunch.com/2008/12/31/all-zuff ™= @I 0 | M Tweet |2 -

News TCTV Events Earlier today, the sound of thousands of Zune owners crying out in terror made ripples across
the blogosphere. The response from Microsoft is to wait until tomorrow and all will be well.
LSRN AGRE T =L T 93N B LGS You're probably wondering, what kind of bug fixes itself?

= 5 A

3oGB 2unes all over

>d Dec 31, 2008 by Matt Burns (@mjburnsy)

- CEEEES ¢+ e -

Well, I've got the code here and it's very simple, really; if you've taken an introductory

programming class, you'll see the error right away.

year = ORIGINYEAR; /* = 1980 */

while (days > 365)
{

] if (IsLeapYear(year))
It seems that a random bug is affecting a bunch {

a bunch of Zune 30s just stopped working. No o
might have a gadget Y2K going on here. Fan bog
same mantra saying that at 2:00 AM this mornin
fully reboot. We're sure Microsoft will get floode }

lines open up for the last time in 2008. More as ¥ }
else

{

if (days > 366)
{

days -= 366;
year += 1;

Update 2: The solution is ... kind of weak: let you
you wake up tomorrow and charge it.

days -= 365;

year += 1;

}
You can see the details here, but the important bit is that today, the day count is 366. As yoUREN T
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enig.
Apache HTTP Server ok SrVice

Versions <2.3.3

00 B ﬁ] 7 & @ 0 7 cve.mitre.org & ﬂ'] =l >>l_|_
> - NVD
ﬁ Go to for:
9 ‘\ f CVSS Scores
A\ 9\ = CPE Info
\J ‘ = ,0 Advanced Search

Common Vulnerabilities and Exposures

Search CVE List Download CVE Data Feeds Request CVE IDs Update a

CVE Entry

TOTAL CVE Entries: 97475
HOME > CVE > CVE-2009-1890

Printer-Friendly View

CVE-ID :
CVE-2009-1890 Learn more at National Vulnerability Database (NVD)

e CVSS Severity Rating e Fix Information e Vulnerable Software Versions « SCAP
Mappings ¢ CPE Information

‘Description

The stream_regbody_cl function in mod_proxy_http.c in the mod_proxy module in the Apache HTTP Servgr
before 2.3.3, when a reverse proxy is configured, does not properly handle an amount of streamed data
that exceeds the Content-Length value, which allows remote attackers to cause a denial of service (CPU
consumption) via crafted requests.

'References
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Azure Storage Service intey T Vice
19 November 2014

@ © @ 2% update on Azure Storage Ser X || o

= C | & Secure | https://azure.microsoft.com/en-us/blog/update-on-azure-st.. w| O @ @.‘

Blog > Announcements

Update on Azure Storage Service Interruption

‘ Jason Zander
Corporate Vice President, Microsoft Azure Team

Update: 11/22/2014, 12:41 PM PST Since Wednesday, we have been working to help a subset of customers
take final steps to fully recover from Tuesday's storage service interruption. The incident has now been
resolved and we are seeing normal activity in the system. You can find updates on the status dashboard:
https://azure.microsoft.com/en-us/status. If you feel you are still having issues due to the incident, please
contact azcommsm@microsoft.com, and we will be happy to assist, whether you have a support contract or
not. Thank you all again for your feedback regarding communications around this incident. We are actively
working to incorporate that feedback into our planning going forward. Wednesday, November, 19, 2014 As
part of a performance update to Azure Storage, an issue was discovered that resulted in reduced capacity
across services utilizing Azure Storage, including Virtual Machines, Visual Studio Online, Websites, Search and
other Microsoft services. Prior to applying the performance update, it had been tested over several weeks in a
subset of our customer-facing storage service for Azure Tables. We typically call this “flighting,” as we work to
identify issues before we broadly deploy any updates. The flighting test demonstrated a notable performance
improvement and we proceeded to deploy the update across the storage service. During the rollout we
discoveggd an issue that resulted in storage blob front ends going into an infinite loop, whickphad gone

undetected during flighting. The net result was an inability for the front ends to take on further traffic, which
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Potential and Definite Termination

A program with trace semantics A program with trace semantics

M € P(X>°) may terminate M € P(X>°) must terminate
if and only if / N 2* # & if and only if / C 2*

Finite traces

Finite trace: finite sequence of elements from %

B €. empty trace (unique)
m o: trace of length 1 (assimilated to a state)

m 0g,...,0,_1: trace of length n

m 2": the set of traces of length n
mysn = Ui<n Y ': the set of traces of length at most n

moyt = Uien X' the set of finite traces

Note: we assimilate
m a set of states S C X with a set of traces of length 1
m a relation R C 2 x X with a set of traces of length 2

so, Z,F, 7 € P(X")

In absence of non-determinism, potential and definite termination coincide

Caterina Urban
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Definite Termination

Ranking Functions

Alan Turing Robert WaFloyd 4
Definition

Given a transition system (X, 7), a ranking function is a partial function

f: 2 = W from the set of program states X into a well-ordered set (7, < )
whose value strictly decreases through transitions between states, that is,

Vo,0' € dom(f): (0,0') € t = f(o') < f(0)

The best known well-ordered sets are naturals (N, < ) and ordinals (O, <)

Caterina Urban
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Ranking Functions

Example

IX <« [-00, +O0]
while 2(1 - x < 0) do
X «— x -1

od4

Caterina Urban
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Ranking Functions

Example (continue)

IX <« [-00, +O0]
while 2(1 - x < 0) do
3 «— x - 1

od4

> 10341 x &

szef {1,p) = (2,p|X — V]) \_p eé,ve )
J{(2,p) > @B,p)| |pe & dveE[]l —x]lp: v<O0}
U{(@B,p) = 2 p[X— V] |pe&,veE[x—1]p}
J{@2,p) > @4.p)| |pe &, dveE[l —x]p:v L0}

Caterina Urban
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Ranking Functions

Example (continue)

X < [-00, +O0]

while 2(1 - x < 0) do
3X «— X - 1

od*

Most obvious ranking function:
amappingf: 2 — O
from each program state

to
(a well-chosen upper bound on)
the number of steps until termination

\ L'\ .—.'
N

Alan Turing Robert \\. Floyd
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Ranking Functions

Example (continue)

X < [-00, +O0]

while 2(1 - x < 0) do
3X «— X - 1

od*

We define the ranking function f: 2 — O by partitioning with respect to the
program control points, i.e., f: &£ — (& — O)

) €' 1.0

def 1 —px) £0

f(2) = Ap.
2p(x) =1 1—p(x) <0 ,

def 2 2 — P(X) { 0 ";
f(3) = Ap. Ca)

def , (2PN —2 2—p(x) <0 VN
1) = Ap.w ", AR

Alan Turing Robert \\. Fléycd
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Potential Termination

Potential Ranking Functions

For proving potential termination, we use a weaker notion of ranking function,
which decreases along at least one transition during program execution

Given a transition system (2, 7), a potential ranking function is a partial

function f: £ — 7" from the set of states X into a well-ordered set (7, < )
whose value strictly decreases through at least one transitions from each

state, that is, Vo € dom(f): (36 € dom(f): (6,06) € 1) =
do’ € dom(f): (0,0') € T A f(6') < f(0)

Caterina Urban
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Abstract Interpretation Recipe

practical tools
targeting specific programs

mathematical models
of the program behavior

Caterina Urban
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Abstract Interpretation Recipe

mathematical models
of the program behavior
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Termination Semantics
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Hierarchy of Semantics

Q, |
Partiy| finite trace
S

@<
Dartial traCes

R R um termination semantics
a, A AaM
T m I M termination trace semantics
(o’ Qs
M maximal trace semantics

Caterina Urban
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Hierarchy of Semantics

Dartial traCes

Maximal traces

M maximal trace semantics

Caterina Urban
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Maximal Trace Semantics

Example

while 1([-00, +00] # 0) do
2sKip
od?

def Ly
Z — {1,2,3} X % Least fixpoint formulation of maximal traces "

d f Idea: To get a least fixpoint formulation for whole M,

we merge finite and infinite maximal trace least fixpoint forms
T = 1(1,p)=>2p)]|p
U1(2,p) = (1,p) | p
U { (1 ’ p) — (3, p) [0 We mix them into a new complete lattice (P(X>°),C, L, M, L, T):

def s ALB <= (ANINC(BNI)A(ANIY)D(BNXIY)

'%oo — {(1”0)(2”0)*(3,,0) ‘p = g} s AUB X (ANTHU(BNTH))U(ANI®)N(BNIY))

def

m ANB = (AN )N(BNZ)U((ANZY)U(BNXZY))

Ui{(1,p)2,p)" | p € &}

def

m[ = 2"

Fixpoint fusion:

Moo NXZ* is best defined on (P(X*), C,U, N, 0, X").
Moo N XY is best defined on (P(X%), D,N, U, %, 0), the dual lattice.
(we transform the greatest fixpoint into a least fixpoint!)

mmm
SR

def

In this lattice, M., = Ifp F, where F,(T) = BUT™T

(proof on next slides)

Course 2 rogra a r Antoine Miné
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Hierarchy of Semantics

Q
f Partiy| finite trace
S
75
Q<
Partig| traceg
/l/[oo

rnaxima/ traCes

T m termination trace semantics

£

M maximal trace semantics

Caterina Urban
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Potential Termination
Trace Semantics

Potential Termination Abstraction

£

— T
(P(X), E) (P(X*), C )

Finite trace abstraction

O Finite partial traces 7 are an abstraction of all partial traces T
(forget about infinite executions)

We have a Galois embedding:

(P(£%),C) &= (P(X), ©)

a(T) L T

m C is the fused ordering on X* U X%
ACB <& (ANI*C(BNI)A(ANIY) D (BNLY)

p(1) B T

(remove infinite traces)

def

my(T)=T
(embedding)

Example: . T = on(Tao)

a*({ab, Clba, bb, baa)}) — {db, Clba, bb} _ (proof on next slide)

p. 83 / 98

Caterina Urban
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Potential Termination
Trace Semantics

Kleenian Fixpoint Transfer

* (P(X),C)
¢ %oo d:ef lprFS ]
def Let (C, < )and (A, C ) be

complete partial orders, let
f:C—- Candf™ A - Abe

© (9’(2*), C > monotonic functions, and let
- a. C — A be a continous
© Qi P ((jzf ) = P(XF) abstraction function such that
a:(T) S D a(a) = a”,fora € Canda” € A,
and that satisfies the commutation
def condition a o f = " o . Then, we
C/ il — C 7
T = (M) = Ifp=F; have the fixpoint abstraction
<£) = [fpE £H
FT)® BurT a(lfpSf) = IfipS, f*.

Caterina Urban
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Potential Termination
Trace Semantics

Example

while 1([-00, +00] # 0) do
2sKip
od?

M o * 1(1,p)2,p)*@,p) | p € &}

Ui(1,p)2,p)" | p € &}

7. L1, 0@ p)*@.p) | p € &)

Caterina Urban
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Hierarchy of Semantics

Q
f Partiy| finite trace
S
75
Q<
Partig| traceg
/l/[oo

rnaxima/ traCes

N
NS
S

termination trace semantics

Ol 0 £

M maximal trace semantics

Caterina Urban
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Definite Termination
Trace Semantics

Definite Termination Abstraction

(P(X®), E) (P(T¥), C )
\/

s

a(T) et lteTnNnX*| nhdb(t, TNXY) =@}

nhdb(t, T) B (€ T | pt(1) N pi(t) £ )

pf(7) d=ef {t'e ZOO\{G} | " e X*:t=1-1"}

Example:

a({ab,aba,bb,ba”}) = {ab,aba} since pf(bb) N pf(ba®) = {b} # &

Termination Analysis
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Definite Termination
Trace Semantics

Tarskian Fixpoint Transfer Let (C, <,V,A,L,T)and

(A,C,U,m, 1", T") be complete
lattices, let f: C - Candf"™: A — A

« (P(X™),C,uU,Mn, 2 X*)

be monotonic functions, and let
def .
* %oo E ]lfp— Fs a: C — A be an abstraction function
F(T) = BUT"T that is a complete A-morphism

(VS C C: fAINS) =1 {f(s) | s € S}

o (P(ZT*), C,U,N.B,T*) and that satisfies f" o & C @ o fand
the post-fixpoint correspondence

o Ts: P(E®) > P(TH*) Va" € A: ff(a") C a" =

Jae C: fla) <dAala) =a" (e,
each abstract post-fixpoint of f* is the

VEY et a. (M) = Ifp= F. abstraction by a of some concrete
B def post-fixpoint of f). Then, we have the
FAT) = BU(("T)Nn "\ (" (CEN\T))))) fixpoint abstraction a(Ifp<f) = Ifp=f".

(see proof in [Cousot02])

Caterina Urban
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Definite Termination
Trace Semantics

Example

while 1([-00, +00] # 0) do
2sKip
od?

M o * 1(1,p)2,p)*@,p) | p € &}

Ui(1,p)2,p)" | p € &}

Caterina Urban
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Hierarchy of Semantics

(7% .
Partiy| finite trace
S

@<
Partial traCes

R termination semantics
i A
T m I M termination trace semantics
Qs Qs
M o maximal trace semantics

Caterina Urban
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Potential Termination Semantics

Potential Ranking Abstraction

w0, count execution steps backwards

"

(PE*), C) (Z =0, %)
~_

£ < £ L dom(f,) € dom(fy) A Vx € dom(f)): £,(x) < folx)

U

o, (T) € o (3 (1))

a (@) E' 5

(7) def [ O Vo'e 2: (0,0) &r
a,(r)o = inf{a,(r)¢’ + 1 | ¢ € dom(a,(r)) A (6,6) € r} otherwise

X(T) def (o,0)e XX 2| dte 2* t' € X*: too't' € T'}

Caterina Urban

Termination Analysis



Potential Termination Semantics

AT ) = fp=F
def 7EA
F (f)o = |nf{f(0)+1 | (6,0) €t} o € pre_ (dom(f))
undefined otherwise

Theorem

A program may terminate for traces starting from a
set of initial state .7 if and only if .¥ C dom(&£,,)

Caterina Urban

Termination Analysis



Potential Termination Semantics

Exercise

Show that the following fixpoint definition of the potential termination
semantics does not guarantee the existence of a least fixpoint:

% €0 (T )=1pF,
ot 0 cE X
F(f)o = supific) + 1| (0,06) €1} o€ pre(dom(f))
undefined otherwise

Hint: find a program for which the values of the iterates of the potential
termination semantics are always increasing

Caterina Urban
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Hierarchy of Semantics

(7% .
Partiy| finite trace
S

@<
Partial traCes

R Rm termination semantics
a, A AaM
T m T m termination trace semantics
o QA x
M o maximal trace semantics

Caterina Urban
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Definite Termination Semantics

Ranking Abstraction

4 3 ° 0
. - count execution steps backwards
(P(X*), C ) (2 —~0, <)
\_/
am
_ def _
ay(T) = ay(a(T))
_ f .
ay (D) e %,
B def [ O Vo'e X: (0,0) & r
aV(F)U — - / / — / :
suplay(r)c’+ 1 | o’ € dom(ay(r)) A (o,0') € r} otherwise

e o,0)e XXX |dre 2,1 e X%: too't' € T}

a (T)

Termination Analysis



Definite Termination Semantics

o 0 cE AR
Fy(f)o = 3 sup{fic’) + 1| (6,6") €t} o € pre (dom(f))
undefined otherwise

Theorem

A program must terminate for traces starting from a
set of initial states .7 if and only if ¥ C dom(&£,,)

Caterina Urban
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Hierarchy of Semantics

(7% .
Partiy| finite trace
S

@<
Partial traCes

R Rm termination semantics
a, A AJM
T m T m termination trace semantics
o QA x
M o maximal trace semantics

Caterina Urban
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Denotational Definite
Termination Semantics

We define the definite termination semantics
Ry X — O by partitioning with respect to
the program control points, I.e.,

Ry L — (&= 0).

Thus, for each program instruction stat, we
define a transformer

Rylistat]: (& = O) = (& — O):

e R M[[”ﬂ X « ¢
« Zyllif “ e < 0 then s]]
. %, Iwhile “ e X 0 do s done]]

o Killsi; s

Caterina Urban
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Denotational Definite

Termination Semantics
Flll X < e]

R’ X « ellf = Ap. Vv € E[le]lp: p[X — v] € dom(f)

o sup{f(p[X — vD)+1 | v € Elellp} v € Elle]lp A
e
undefined otherwise

Example:
Let V= {x} andf: & — O defined as follows:

ot 2 px)=1
fp) = 13 o(x) =2

undefined otherwise
We have

Ryllx < x+ 12117 € 2p. {4 plx) =0

undefined otherwise

Caterina Urban
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Denotational Definite
Termination Semantics

P ,[lif © e} 0 then s]]

FZyllif “ e < 0 then s]|f = =y

(D sup{ R ls1f(p)

2 Rulislfip) +1

3 flp)+1

1, f(p)

D

D
©)

undefined otherwise

1} p & dom(ZRylsllf) Nndom(f) A

p € dom(ZK ylIsllf) A
Vv e Ele]lp: vIX O

3V, VzEE[[E]]p VINO/\\/QMO

p € dom(f) AVv € Ef[e]lp: vk O

Termination Analysis
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Denotational Definite
Termination Semantics

%y IIif “ e 1 0 then s] (continue) maaaas
Example: A
Let V= {x}andf: & = O, and £,,[s]lf defined as follows:
def 1 x) <0 —
raef ) { s »
undefined otherwise
def 3 0 < p(x)
L% — ﬂ . A
M[[S]]f o undefined otherwise
We have
2 <0 =
: def p) < pmmEma
Ryllif 3 —x <0 then s]lf = Ap. 1 4 3 < p(x)
undefined 4o’cherwise
and R, [lif [= o0, + co] # O then s[f = 1p. { pl) =0
undefined otherwise

Termination Analysis
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Denotational Definite

Termination Semantics
Z llwhile “ e > 0 do s done]]

R yllwhile ¢ 0 do s donellf = ifp3 F,
D
def 2)

Fy(x) = Ap. 3)

undefined otherwise

(D sup{ By llslx(p) + 1, flp) + 1}  p € dom(R,[[s]lx) N dom(f) A
v, v, € Efle]lp: vi ) O A v, KO

2) Ry lslx(p) + 1 p € dom(ZR,,[[s]x) A
Vv e Elleflp: v O

3 flip)+1 p € dom(f) AVv € E[[e]lp: v O

Termination Analysis



Denotational Definite
Termination Semantics

Rllsy; 51l

Ryllsi; solf B Bolls 1R ylls,1f)

Termination Analysis



Denotational Definite
Termination Semantics

Definition

The definite termination semantics &% M[[statf : € = O
of a program stat’ is:

R lstat’ ]| et % ylstat](1p.0)

where £ ,[[stat]]: (& = O) - (& = O) s

the definite termination semantics of each program instruction stat

A program stat’ must terminate for traces starting from a set of initial
states .7 if and only if ¥ C dom(%m[[statf )

7

Lesson 7 Termination Analysis



Abstract Interpretation Recipe

practical tools
targeting specific programs

algorithmic approaches
to decide program properties

mathematical models
of the program behavior




Piecewise-Defined
Ranking Functions
Abstract Domain
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Concretization-Based
Piecewise Abstraction

2 K [[stat’]] € o

K M[[statb; : € = O h =1 E dom(f;) 2 dom(fy) A Vx € dom(f): f1(x) < fr(x)

approximation order

By pointwise lifiting we obtain an abstraction #7% of %,
YA

(£ - (—~0),x) (L = d, <, )

‘e

.
.
.

Ry L — (€ = O) Rt L - o

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Example

IX «— [-00,+00]
while 2(x > 0) do

X «—-2-x+10
od4

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Linear Constraints Auxiliary Abstract Domain

« Parameterized by an underlying numerical abstract domain (2, C, )
(i.e., intervals, octagons, or polyhedra):

rc

@\

(P(€/=¢),Ep) (2,Cp )

D

Ac

« & is a set of linear constraints
in canonical form, equipped with a total order <

% B e X e X+ e > 01X, X, €V

ACiyenns ck+1€Z/\gcd(|cl\ |ck+1\)=1}

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Functions Auxiliary Abstract Domain

e Parameterized by an underlying numerical abstract domain (2, T, )

cFE L u@YM SN U T,

We Cé)l’}Slder affine functions:
Fa= {Lpyulf: ZV >N

k
fX,.nX) = ) m- X+ q
=1
jUL Tr

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Functions Auxiliary Abstract Domain (continue)

e approximation order <. [D], where D € &:

e petween defined leaf nodes:

£ <pID1 5, B Vp € 1p(D): £ (XD, ) < fioleoes p(X), ..)

* otherwise (i.e., when one or both leaf nodes are undefined):

fi zZM - N

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Functions Auxiliary Abstract Domain (continue)

 computational order C [ D], where D € :

e petween defined leaf nodes:

* otherwise (i.e., when one or both leaf nodes are undefined):

Tr

I 7V 5 N

Lp

Termination Analysis



. of B (LEAF: f| fe F) U [NODE{c): 1;:0, | c € G Aty 1, € A)

Piecewise-Defined Ranking
Functions Abstract Domain

» concretization functiony,: &/ — (& — O):

def _

YA(1) = 74191()

where 7, : P(
CI(LEAF: f) = ypla(C)](f)

Val
(NODE{c}: 151) Sy 74LC U {c}](t) U74[C U { ~c}](ty)

C

Cl=p)— oA - (& — 0):
def

yalC

and y: @d—f> F = (€ = 0):
DI Ly 0

velDI(f) =d/(1£ € yp(D): f(...,pX), ...)
velDICTE) = @

Termination Analysis
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Piecewise-Defined Ranking
Functions Abstract Domain

Abstract Domain Operators

 They manipulate elements in &/ ;| et ({NIL} U of

* The binary operators rely on a tree unification algorithm
e approximation order <, and computational order L ,

» approximation join Y, and computational join LI,
e meet Ay
* widening V4

* The unary operators rely on a tree pruning algorithm

» assignment ASSIGN,4[[X « e]]
« test FILTER4[[ €]

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Tree Unification

Goal: find a common refinement for the given decision trees

e Base cases:

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Tree Unification (continue) )

» Case (1)

IS redundant

-----------------------------------------------------------------------------
* .

*
D

. *
. .
---------------------------------------------------------------------------

.
.
S NN EEEEEEEEEEEEE N EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE,,

. * 3
A Q -
o D .

. L -
. " .
. " "
. = .
. . .
. - L]

* - -

. .

. .

- -

. .

. .

- -

. .

. .

. "

* >
L] .
lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

<:>(§Jsaddedtotl

----------------------------------------------------------------------------------------------------------------------------------
i4 . .

Cy ¢ C

. . -
- . -
--------------------------------------------------------------------------------------------------------------------------------------------------------

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Tree Unification (continue)

» Case (2) (simmetric to ()

. Case () cloredundant |

.
. .
---------------------------------------------------------------------------

----------------------------------------------------------------------------
* .

.
L] .
---------------------------------------------------------------------------

@ ciskeptint; and t,

--------------------------------------------------------------------------------------------------------------------
* . *

. *
. . L
-------------------------------------------------------------------------------------------------------------------

Termination Analysis
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Piecewise-Defined Ranking
Functions Abstract Domain

Tree Unification (continue) Example

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking

Functions Abstract Domain
Order

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. Compare the leaf nodes using the approximation order < [a-(C)]
or the computational order C.[a(C)]

The concretization function y, is monotonic with respect to <4:

L emma

Vit €t 46 = (1) X ya(l)

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Join

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. NIL v, ¢t 'y

rv, NIL &'

4. Join the leaf nodes using the approximation join Y [a(C)]
or the computational join L [a-(C)]

Caterina Urban

Termination Analysis




Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue)

e approximation join Y [D], where D € O9:

e between defined leaf nodes:

def [ f  JfE€F\Lp, Tp]
JiVr [D]df? ; { T, otherwise
where f = Ap € yp(D): max(f,(..., pX), ...)s folovvs p(X0), ..)
Example:

q"
o
..... K3
Taa, o*
Yaa, .
0
ad
‘.....
“ ...
* "y
o
-
o*
“‘
"
o
1
4+
.
| o
i
> > ‘ >

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue)

e approximation join Y [D], where D € O9:

e between defined leaf nodes:

F\| L, T
flVF[D]fz:{f JeF\{ 1p, Tr}

o T, otherwise
where f = Ap € y5(D): max(f;(..., p(X), ...), folooo, p(X0), ...)

e otherwise (i.e., when one or both leaf nodes are undefined):

def

def

1y Vg [D]fdzf 1 feF\{ Tz} | .
fYplD] Lp = 1p JeF\{ Tr} F F
Tr Vg [D]f:ze: Tr fe F\{ L.} \ /
fYpIDI Tp =T  f€F\{ Lp} fr ZM - N

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue) Example

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue)

 computational join Ll [D], where D € 9:

e between defined leaf nodes:

hYelD] f, =
def

JfUp D] L Tof
TrUz[D]f = Tg

f

D]

def

def
o

def {

F

otherwise
where f = Ap € yp(D): max(fi(...,p(X),...), [r(...,p(X)), ...))

e otherwise (i.e., when one or both leaf nodes are undefined):

def

Lrup[D]lf =1 res

fes#
fes#
fes#

o feEF\Lp, Tp}
T

Termination Analysis
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Piecewise-Defined Ranking

Functions Abstract Domain
Meet

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. NIL v, t & NIL

rv, NIL %' NIL

4. Join the leaf nodes using the approximation join Y [a(C)]

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Meet (continue) Example

Termination Analysis



Piecewise-Defined Ranking

Functions Abstract Domain
Widening

Goal: try to predict a valid ranking function

The prediction can (temporarily) be wrong!, i.e.,

e under-approximates the value of X£,,
and/or

» over-approximates the domain dom(<,,) of X,

w\*\l SN
iyl o

Example

-

Termination Analysis

Caterina Urban



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue)

1. Check for case A (i.e., wrong domain predictions)
2. Perform domain widening
3. Check for case B or C (i.e., wrong value predictions)

4. Perform value widening

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking

Functions Abstract Domain
Widening (continue) Check for Case A

Lemma

Let dom(yA(%}Tf](f MM\dom(£,/(£)) # @. Then, in case A, we have
dom(y,(Zi 1 (£))\dom(Z,(£)) C dom(y,(F31(£)))\dom(Z (£)).

(see proof in [Urban15])

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking

Functions Abstract Domain
Widening (continue) Check for Case A

Lemma

Let dom(yA(%ﬂ”‘(f MM\dom(£,/(£)) # @. Then, in case A, we have
dom(y,(Zi 1 (£))\dom(Z,(£)) C dom(y,(F31(£)))\dom(Z (£)).

(see proof in [Urban15])

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints

encountered along the paths into a set of constraints C

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Domain Widening
Goal: limit the size of the decision trees
Left unification: variant of tree unification that forces the structure of 7, on 7,

e Base case:

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Domain Widening

e Case @ C, Is redundant

Q
J

—1C, IS redundant

Cy ¢ C

. A
-
NN EEE AN N NN A AN NN NS A AN NN NS AN NN NN EEEENNEEEEEEENEEEEEEEEEEEEEEEEEEEEEEEEEEEEsssEEEeeesssmmness®

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue)

» Case (2) (as for tree unification)

. Case () cloredundant |

.
. .
---------------------------------------------------------------------------

----------------------------------------------------------------------------
* .

.
L] .
---------------------------------------------------------------------------

@ ciskeptint; and t,

--------------------------------------------------------------------------------------------------------------------
* . *

. *
. . L
-------------------------------------------------------------------------------------------------------------------

Termination Analysis

Domain Widening
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Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Check for Case B or C

Lemma

Let yA(%%’(f )N(P) < Ry (£)(p) for some
p € dom(&£,,(2)) N dom(yA(%ﬂ’)(f )) (case B). Then, there exists
p E dom(yA(@ﬁ/’;H(f ) N dom(@ﬂ’(ﬁ )) such that

YA(RT(EN(P) < (RO (p).

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Check for Case B or C

Lemma

Let dom(yA(@ﬂ‘(f MM\dom(£,(£)) # &. Then, for all
p E dom(yA(%f\Z’(f )\dom(£,,¢)) in case C, we have

YA(RT(EN(P) < (RO (p).

(see proof in [Urban15])

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Check for Case B or C

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

z-

fr € F\ULp, Tp} AL %p[a (O] fy

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Value Widening

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

2. Widen each (detined) leaf node f with respect to each of their adjacent

(defined) leaf node f using the extrapolation operator \ 4% [(xC(C ), a(C)],
where C is the set of constraints along the path tof

Example:

A A A

Termination Analysis

Caterina Urban



Piecewise-Defined Ranking
Functions Abstract Domain

Tree Pruning

Goal: add a set J of linear constraints to the decision tree

e Base case (J = @)

@ C Is redundant @ cis keptint

-----------------
¢¢¢¢

- *
--------------------

-----------------
¢¢¢¢

G * . -
--------------------------------------

Caterina Urban

- *
--------------------

Termination Analysis



» Case (1)

minJ <. c¢

min J is redundant

Termination Analysis

Piecewise-Defined Ranking
Functions Abstract Domain

Tree Pruning (continue) D

*
L]
---------------------------------

*
0000
----------------------------------------------------

*
------------------------

---------------
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Piecewise-Defined Ranking
Functions Abstract Domain

Tree Pruning (continue)

C Is redundant @ cis keptin t

-----------------
tttt

- *
--------------------

-----------------
¢¢¢¢

G * . *
--------------------------------------

- *
--------------------

-----------------
tttt

3 *
--------------------

------------------------------
““““

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Tree Pruning (continue) Example

JE v —2>0)

*
*
.
*
*
*
*
*
*
L3
.
*
*
*
*
*
*
-

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

= b
Assignments ASSIGN4[[X « ¢]

 Base case ( )

Apply AS<S_IGN FllX < e]lla-(C)] on the defined leaf nodes

ASSIGNF[[X < ell[DI(f) = .
T, otherwise

df {f JEFNLrTr) e (1, T, )

where

f.... X, f ) * x max{f( ,PXD, v, ..)+ 1| peyp(R)Av € Elellp}
and R de AS IGNp[[X « e]]D

CD

Example

ASSIGNF[[x —x+ 121l Tp |Ax.x+1)=Ax.x+ 4
since f(x+ 12D+ 1 =x+[12]+1+1=x+[3,4] and max(3,4) =

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

= b
Assignments ASSIGN,[[X <« e]

Convert ASSIGN pllX < ell(a-({c}) and
ASSIGND[[X — ell(a-({ —c})

into sets / and J of linear constraints in canonical form

case@] /=0 case@l OAL-€J

------------------------------------------------
““““““““““““““

‘‘‘‘‘‘‘
-----------------------------------------------------------

case @ lo€lAJ=g@ case(®
""""""""""" 1. perform tree pruning on and
S — 2 jointhe results with v,

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain
Tests FILTER[[e]l

1. Recursively descend the tree and apply STEP on the defined leaf nodes
to account for one more execution step needed before termination:

def
STEPH(f) = AXy, ..., X, . f(Xpy oo n X)) + 1 feF\{Lp, Tp}

2. Convert ¢ into a set J of linear constraints in canonical form

Example: a(FILTERp[[e]] T )
where (&, T, ) is the underlying numerical domain

3. Perform tree pruning with J

Termination Analysis

Caterina Urban



Abstract Definite
Termination Semantics

For each program instruction stat, we define
a transformer %ﬁ/[[[stat]]: A — A

def , Sovtr

e RENX « e]lt = ASSIGN4[[X « e]lt

Lemma (Soundness)

Ryl X — ellys(0) <y (B 17X < ellp)

(see proof in [Urban15])

Termination Analysis

Caterina Urban



Abstract Definite
Termination Semantics

For each program instruction stat, we define
a transformer %?‘}[[stat]]: A — A

c %}E[[KX — e||t det AS(S_IGNA[[X — et

« R [If “ e X 0 then st def

FILTER4[[e X OT(Z% [[s17) Y4 FILTER[[e b4 O]z

Lemma (Soundness)

Ry llif “ e X 0 then sy, () < y, (%5 [[f “ e X 0 then s]|7)

(see proof in [Urbani5])

Termination Analysis

Caterina Urban



Abstract Definite
Termination Semantics

For each program instruction stat, we define
a transformer %?\}[[stat]]: A — A

. %}E[[KX — e||t def AS(S_IGNA[[X — et

. R [if “ e X0 then st =

FILTER4[[e X OT(Z% [[s17) Y4 FILTER[[e b4 O]z

. % [[while “ e X} 0 do s done]|t X fp" Yy,

where F* (x) =" FILTER[le M} OT(% [[sTx) V- FILTER4lle % OTI(£)

Lemma (Soundness)

R, [while “ e X 0 do s done]ly,(?) < y,(% [while “ e I 0 do s done]|?)

(see proof in [Urban15])

Termination Analysis

Caterina Urban



Abstract Definite
Termination Semantics

For each program instruction stat, we define
a transformer %?‘}[[stat]]: A — A

def , Sovr

« RENX < ellt = ASSIGN4[X « e]lt

. R [lif “ e X 0 then s]t =

FILTER4[[e X OT(Z% [[s17) Y4 FILTER[[e b4 O]z

. A% [[while “ ¢ > 0 do s done]|s e fp*F},

where F* (x) =" FILTER[le M} OT(% [[sTx) V- FILTER4lle % OTI(£)

f

e Bt s 50t B R s, IR [5,]17)

Termination Analysis
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Abstract Definite
Termination Semantics

The abstract definite termination semantics %?\}[[statf e A
of a program stat’ is:

def

%ﬂ[statf I = 9?}%4[[stat]](LEAF AX, ..., X.0)

where %ﬁ/l[[stat]] . o — A is the abstract definite termination semantics
of each program instruction stat

Corollary (Soundness)

Theorem (Soundness)

A program stat’ must terminate for traces
Ry lstat’ | < yu(Ry [stat’]])  starting from a set of initial states .7 if
F C dom(y, (%" [[stat’])))

Termination Analysis

Caterina Urban



Abstract Definite
Termination Semantics

Example

X « [-00, +00] N
2y « [-00, +00] :

---------
.

PR R

AR

while 3% S 0) do

---------------

FILTER[[x < O]

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example

X « [-00, +00] N
2y « [-00, +00] :

while 3(x S 0) do
X = X-YV

od°

Termination Analysis



Abstract Definite
Termination Semantics

Example

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example

X « [-00, +00 N
2y « [-00, +00 :

---------
.

PR R

A

while 3(x > 0) do

...
L]

...
.
‘e
-
-
...
L]
.
‘e
.
L]
.
5 )
. >
.
L]
...
‘e
.
Y
‘e
Y
‘e
S
.
.

Caterina Urban
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Abstract Definite
Termination Semantics

Example

X < [-00, +O0]
2y <« :'OO, +OO]
while ?;(x > 0) do

X=Xy
od>
= Va
o :
ﬁ .

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example

IX <« [-00, +O0]
2y « [-00, +00]

while 3(x > 0) do
X = X-y

od°

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example
1X <« :—OO, +OO] Xﬁ "V'
?y < [0, +oo] "
while 3(x > 0) do

4 — X -y

od?® T "X
N :
il .

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example

1X « [-00, +00] %

2y <« :'OO, +OO]

while 3 S 0) do
X = X-y

od5 i "X

*
*
.
*
*
*
*
*
*
L3
*
*
*
*
*
*
*
-

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example
1X <« :—OO, +OO Xﬁ "V'
2y «— [-00, +O0 Va :
while 3> 0) do

X = X-YV

od5 - "
i :
—r"' >

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example
1X <_ :—OO, +OO] Xﬁ "V'
2y « [-c0, +00] "
while 3(_)_(__.> o) do

4 — X -y 1.

od> “ "X
A :
—r"' >

Caterina Urban

Termination Analysis



Abstract Definite
Termination Semantics

Example

1X <« :—OO, +OO] Xﬁ "V'
2y« '—oo, +00]

.
.
.®

X = X-YV
ods - X

Caterina Urban

Termination Analysis



Abstract Definite

Termination Semantics
Example Better Widening

X < [-00, +00. %

2y « :'OO, +OO:

while 3 S 0)do
X = X-y -

od> | & g

Precise Widening Operators
y for Convex Polyhedra*
‘A =
e . Roberto Bagnara!, Patricia M. Hill?, Elisa Ricci!, and Enea Zaffanella!
O”" \
. \
R \ P1 M P2 7
’ \ 7
/' \\ hyr(P1, P2) -7
’ \ - P2
'¢ \ 7 -
1.’ iy T
> R
=1 X E T P1 —>
0
Fig. 2. The heuristics h, improving on the standard widening.

Caterina Urban
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Abstract Definite

Termination Semantics
Example Better Widening

X < [-00, +00. % %
2y« [-00, +00]
while Sx > 0) do

X = X-y
od> 2 g

Precise Widening Operators
y for Convex Polyhedra*
‘A =
e . Roberto Bagnara!, Patricia M. Hill?, Elisa Ricci!, and Enea Zaffanella!
O”" \
. \
R \ P1 M P2 7
’ \ 7
/' \\ hyr(P1, P2) -7
’ \ - P2
'¢ \ 7 -
1.’ iy T
> R
=1 X E T P1 —>
0
Fig. 2. The heuristics h, improving on the standard widening.

Caterina Urban

Termination Analysis



Abstract Definite

Termination Semantics
Example Better Widening

X « [-00, +00] h L
2y « [-00, +00]
while x5 0) do
X = X-y
od> 2

Caterina Urban

Termination Analysis



Abstract Definite

Termination Semantics
Example Better Widening

X « [-00, +00] h L
2y « [-00, +00]
while 65 0) do

X = X-y
ods i x

*
*
.
*
*
*
*
*
*
L3
*
*
*
*
*
*
*
-

% :
1 .

Caterina Urban
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Abstract Definite

Termination Semantics
Example Better Widening

X « [-00, +00] h L
2y « [-00, +00]
while xS 0 do

X = X-YV
ods - '

*
*
.
*
*
*
*
*
*
L3
*
*
*
*
*
*
*
-

Caterina Urban
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Ordinal-Valued Raking Functions

Termination Analysis



Need for Ordinals

Example




Ordinals

O successor ordinals

succ(a) del aVU{a}
limit ordinals

w2w2+1 2
R wj»\\\\\\r\w';g,/ ///// / _—

/
S Wi
S\\\ f’v"; 4 ///5(33%% _
§
. w

transfinite ordinals

finite ordinals

Termination Analysis
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Ordinal Arithmetic

Addition
a+0=a (zero case)
a+succ(f) = succ(a + f) (successor case)
a+p= U (a+vy) (limit case)
y<p
Properties
 associative (a+p)+y=a+ (+7y)
« not commutative l+owo=w#w+1

Termination Analysis

Caterina Urban



Ordinal Arithmetic

Multiplication

a-0=0 (zero case)
a-succ(f)=(ax-p)+a (successor case)

a-f= U (a-y) (limit case)

y<p

Properties
 associative (a-p)-y=a- -(f-y)
» left distributive a-(f+y)=(W@-p)+(a-y)
« not commutative 2-0=wFw-?2

* not right distributive (w+ 1) - w=w - 0w #Fw- -0+ w

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Catering Urban

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Ordinal-Valued Functions Auxiliary Domain

» Parameterized by the underlying functions auxiliary domain (¥, C . )

° def{lw}u{

Do filffe F\( Ly, Tp)

FUL Tw )

Cantor Normal Form
a)ﬂl-n1+...+a)ﬁk~nk

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Ordinal-Valued Functions Auxiliary Domain (continue)

Piecewise-Defined Ranking

i -
Functions Abstract Domain fined Ranking
Functions Auxiliary Abstract Domain (continue) \N-\S -penl X Doma\“
P\e(;e . psira . (cont‘mue\
« approximation order <[D], where D € : Func“‘-‘o _ Abstract Domam
* between defined leaf nodes: \:unc’t'\ on u)(\\\a 5
C (D), where
fi <zID] £ def Vp € yp(D): fi(...,p(X),...) < /(...,p(X), ...) ompu‘a“ona‘ order =F “ )
d i/
e otherwise (i.e., when one or both leaf nodes are undefined): etween W\ea noGe f p(Xi)’ = fz( yY
1 TF DX f dgf VP = YD(D) 1 odes are W
i \ / fLEr WD one Of potn \eat 1
_ e, when
£ ZM S5 N terwise (€
Tr
\ N
Termination Analysis f . Z\\/\ ~
\
Termination Analy

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Ordinal-Valued Functions Auxiliary Domain (continue)

» approximation order <y, [D], where D € I:

e between defined leaf nodes:

Y w'-f, <yIDTY @'-f, T VperyD):Y @if, (.. pX). )<Y @£ .. p(X)..)

* otherwise (i.e., when one or both leaf nodes are undefined):

W\ / w

f: VAN g

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Ordinal-Valued Functions Auxiliary Domain (continue)

» computational order Ty, [ D], where D € I:

e between defined leaf nodes:

N o' -f, CyIDTY @'-f, B VperyD):Y @if. (.. pX). )<Y @' -fi(.. p(X)..)

* otherwise (i.e., when one or both leaf nodes are undefined):
Ty

f:7ZM > QO

Lw

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

. of B (LEAF: f| fEe 7'} U (NODE(c): t;:0, | c €E B Aty 1, € )

e concretization functiony,: &/ — (& — O):

70 E 7,121

where 7, : P(E/ E(];) — A - (& — 0):

7,[CI(LEAF: f) € rrlac( ()

7,[CIINODE{c}: 1;;8) = 7,[CU {c}1(1)) UT,[C U { ~c}1(1y)
and y.: 9 _c)j:‘%_) (& — 0O):

}’F[D]( J—F) =e gdef |

DI Y, @' f) = dp € yp(D): Y 0 [l pX), )

VF[D]( TF ) d:ef %

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Abstract Domain Operators

 They manipulate elements in &/ ;| et ({NIL} U of

* The binary operators rely on a tree unification algorithm
e approximation order <, and computational order L ,

» approximation join Y, and computational join LI,
e meet Ay
o Widening VA

* The unary operators rely on a tree pruning algorithm

« assignment ASSIGN,4[[X « e]]
« test FILTER4[[e]]

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Join

Piecewise-Defined Ranking
Functions Abstract Domain

Join
1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. NILv, %

tv, NIL %',

4. Join the leaf nodes using the approximation join Y [a-(C)]
or the computational join LI [a-(C)]

_ Termination Analysis Caterina Urban

Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue)

e approximation join Y, [D], where D € I

e petween defined leaf nodes:

approximation join Y [ D] in ascending powers of @

Example:
fi = w? - x, + w-x, + 3
1 = W’ - X + w-(—x,) + 4

a)z-(xl 1) @ - 0 4

hYwl Tplfh

Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue)

e approximation join Y, [D], where D € I

e petween defined leaf nodes:

approximation join Y [ D] in ascending powers of @

e otherwise (i.e., when one or both leaf nodes are undefined):

def

J—W Yw D] fdzf J-W JES W\{ TW} J—W TW
fywlD] Ly dZefJ_W few\{ Ty} \ /
TwYwID]f = Ty few\{ Ly}

def f:ZM > 0O

fYywlD] Ty = Ty few\{ Ly}

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Join (continue)

 computational join Ly [D], where D € :

e petween defined leaf nodes:

computational join Lly, [D] in ascending powers of @

e otherwise (i.e., when one or both leaf nodes are undefined): Tw
def ‘
Ly Uy D1 = f few £ 7ZM 50
fuy D] Ly d:eff JEW ‘
w Hw D] fdef v / Ly

fuylD] Ty = Ty few

Termination Analysis



Piecewise-Defined Ranking

Functions Abstract Domain
Widening

ecew'\Se‘De““ ct pomaif Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Value Widening

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

2. Widen each (defined) leaf node f with respect to each of their adjacent
(defined) leaf node f using the extrapolation operator v [a(C), ac(C)],
______ where C is the set of constraints along the path to f

Example:

_ Termination Analysis Caterina Urban
Caterina Urban

Termination Analysis



Piecewise-Defined Ranking
Functions Abstract Domain

Widening (continue) Value Widening

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

2. Widen each (detined) leaf node f with respect to each of their adjacent

(defined) leaf node f using the extrapolation operator \ 4% [(xC(C ), a(C)],
where C is the set of constraints along the path tof
In ascending powers of @

yield Ty, when the extrapolation of natural-valued functions yields T

Termination Analysis
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Piecewise-Defined Ranking
Functions Abstract Domain

. N
Assignments ASSIGN,[X « €]l

n ng
-~ed Ra . _ _ : :
ew'\Se’De““ prt Doma“lmw _a Piecewise-Defined Ranking
ASS Functions Abstract Domain
Assignments AS<S_IGNA[[X —¢]

Co(rﬁrt AS@SN pllX < ell(a-({c}) and
ASSIGNp[[X < ell(a-({ ~c})

into sets / and J of linear constraints in canonical form

case @ lo.e€IAJ=g case (4 .

1. perform tree pruning on éand

o 2. join the results with Y 4

— Termination Analysis Caterina Urban
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Piecewise-Defined Ranking
Functions Abstract Domain

Assignments (continue)

 Base case ( )

(_
Apply ASSIGNg[ X < e]lla-(C)] on the defined leaf nodes
In ascending powers of @

Example:

f
ASSIGN y{Lx; < [—o0,+0o]lI[T

- -X + X

Termination Analysis

(_
ASSIGN,4[[X « €]

w1 + w-0 + x2 + 1

Caterina Urban



Abstract Definite Termination Semantics

Caterina Urban
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Abstract Definite Termination Semantics

Example

X1 <« [-00, +00
2x2 «— [-00, +00
while 3ix1 > 0 A x2 > 0) do
b « [-00, +00]
if 5(b > 0) then
6x1 «— x1 -1
X2 « [-00, +00]
else
8x2 «— X2 - 1

od®

/s = - X =T7)+Tx;+3% -5 x>0Ax,>0

Caterina Urban
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®O®® [[]pPrivate < O E @ github.com ['B + 86

O Why GitHub? -~ Team Enterprise Explore v Marketplace Pricing Search Signin Sign up

[ caterinaurban / function ( Public [\ Notifications % Fork 2 Y7 Star 7

<> Code Issues Pull requests Actions Projects Security Insights

Code ~ About

¥ master ~ F 1branch © 0 tags Go to file

No description or website provided.

ﬂ caterinaurban no message bdeeael on Aug 21, 2018 ) 98 commits

c static-analysis ocaml

termination abstract-interpretation

Lesson 7

(2
i
N
S
i
A
B
D
B
D
B
B
[Y

banal Changes according to feedback in pull-request:

cfgfrontend
domains
frontend
main

tests

utils
.gitignore
.merlin
.ocamlinit
Makefile

README.md

pretty.py

prettv cfa.nv

- added loop detection to CFG based analysis

no message

- added loop detection to CFG based analysis
added time measurements to CTL analysis

more testcases with nestings of E/A

Moved forward analysis code to distinct module ForwardlIterator and
Renamed 'newfrontend' directory to 'cfgfrontend'
Renamed 'newfrontend' directory to 'cfgfrontend'
added banal abstract domain source code

- added loop detection to CFG based analysis

- added loop detection to CFG based analysis
Added CTL testcases

Imnlemented CEG based forward analvsis

Termination Analysis

5 years ago
O years ago
4 years ago
5 years ago
5 years ago
4 years ago
5 years ago
5 years ago
5 years ago
5 years ago
5 years ago
5 years ago
5 years ago

K vears aao

liveness

[IJ Readme
Y& 7 stars

& 1 watching
%Y 2 forks

Releases

No releases published

Packages

No packages published

Languages
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° [ private < ) B o Mt + 88

O Why GitHub? Team Enterprise Explore Marketplace Pricing earcl Signin Sign up

B caterinaurban / function  public Al % Forl Y Star 7

<> Code Issues Pull requests Actions Projects iki ecuri

practical tools
targeting specific programs

Releases

HN BN BN BN BN BN |

()

Packages

Languages

mathematical models .
of the program behavior

)
vx € gom(fD)* £ S hx

- __+ion order
X\ma\\o
app\'O

)
yx € dom(f\)’- f \(x) < flx

el
- computation? ord

_ =" F B
, dgef auJ ) g a€

Ry = e pre (g™

~\
Q JET!
, 1\ (o erwise
gef xsup“m )+ ofth 3

Undehned

0
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