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Intra-cellular signalling pathways

EGF, TGF-alpha, etc
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Interaction maps
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Models of the behaviour of the system
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Bridge the gap between. ..
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Site-graphs rewriting

e a language close to knowledge representation:;
e rules are easy to update;

e a compact description of models.

JADréme Feret 7 Wednesday, the 18th of November, 2015



interaction map
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Abstractions offer different perspectives
on models

EGF pathway (simulation)
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Contact map
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Causal traces
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Causal traces
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Combinatorial wall
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Information flow
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A potential breach
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A potential breach
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Case study
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Case study
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Law of mass action

We consider that chemical species are elementary particles without any volume, and

that they are diffusing in an infinite, perfectly fluid and homogeneous medium without
borders.

Let X be a set of chemical species.
A reaction network is a set of reactions R.
Each reaction 7 is defined by:

1. a,, a function from X to N (the reactants);
2. [, a function from X to N (the products);
3. k., a non negative real number (the kinetic rate).

With these notations, the law of mass action defines the behaviour of the concentration
| X of each chemical species X:

d[X] noyr (X'
= ) ke (B(X) = ap(X)) - | [ ).

rerR X'ex
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Case study

0

[(Udz )] — k- [(u,uu)]
e = k()
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Case study
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Case study
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Case study
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I'rome Feret

Case study

[(uauvu)] (uauau)] - [(u7u>u)]
(w,p.w)] + [(p,p) (7.p.0)] = [(wp,0)] + [(pp,u)]
(psp,u)] + [(p:psp)] (2.0.0)] = [(wp.p)] + [(p0.p)
ko [(w,u,u)] ( d[(uﬂ’uﬂ = —k.[(u,u,u
= —ky[(w.p,?)] + ke |(w,u,u)] ¢ Al — g [(7,pu
‘ \ d[(* dzzp)] =k [(7.p.0)]




What we have learned so far:

We can use the absence of information flow to detect useless
correlations between the states of sites in chemical species.
We can use this to cut chemical species into fragments.

This transformation loses some information: we cannot com-
pute the concentration of each chemical species anymore.
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A model with symmetries
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Reduced model
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Differential equations

e Initial system:

e Reduced system:

JAlréme Feret
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Invariant

We wonder whether or not:
P = [P7],

Thus we define the difference X as follows:
A

X =["P] — [P7].
We have:
dX
— = -k - X.
dt !

So the property (X = 0) is an invariant.

Thus, if [*P] = [P*] at time ¢ = 0, then [*P] = [P*] forever.
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Conclusion

We can abstract away the distinction between chemical species which are equivalent
up to symmetries (with respect to the reactions).

1. If the symmetries are satisfied in the initial state:
+ the abstraction is invertible:
we can recover the concentration of any species,

(thanks to the invariants).

2. Otherwise:
— some information is abstracted away:
we cannot recover the concentration of any species;

+ the system converges to a state which satisfies the symmetries.
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Differential semantics

A system of ordinary differential equations is a pair (V, ) where:
e ) is a finite set of variables,

e [ is a continuous function from V — R" to V — R.

Elements of V — R are called states.
The differential semantics maps each initial state Xy €V — R" to the solution
Xy, € [0, T¢™[= (V — R7) of the following equation:

T

Xy, (T) = X+ / F(Xx, (t))-dt.

that is defined over the widest time interval as possible.
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Back to the case study

LV 2 {[(wuw)], [(wpw), [(p.00)], [(wpp)], (00.0)]},

I'rome Feret

wuu)] = =k p([(w,u,u)])

u,pyu)] = =k p([(u,p,u)]) + kop([(wu,u)]) — ke p([(w,p,u)])
w,p,p)] = —kyp([(w,p.p)]) + ke-p([(w,p,u)])

p.psw)] = Ky p([(w,p,u)]) — ke p([(p,p,u)])

p:pp)] = k- p([(w,p,p)]) + ko p([(p.p,u)])



Abstraction

An abstraction is a 5-uple (V,F, V* ¢, F*), where:
e (V,IF)is a system of ordinary equations,
e V' is a finite set of observables,
e 1 is a function from the set ¥V — R into the set V* — R,

e [’ is a function C*> from the set V¥ — RT into the set V¥ — R:
such that:

e 1/ is linear with positive coefficients only and such that each variable v € V
occurs in the image of at least one observable v* € V* with a non-zero coefficient;

e the following diagram commutes:
(V — R") N (V — R)
| |
(V! — RH) LN V' = R)
that is to say that ¢ o F = ¥ o ).
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Back to the case study

1 p2

{{(w,u,w)], [(w,pw)), [(p,p,w)], [(w,p.p)], [(p.0.0)]}

([(wuu)] = —kep([(wu,u)

5 [(w,p,u)] = —kgp([(w,p,u)]) + ke p([(w,u,u)]) — ko p([(w,p,u)])

[(w,p,p)] = —kyp([(w,p,p)]) + ka=p([(w,p,u)))

=

3. V= {[(wuw)], [(7pu)l,
[(w,u,u)] = pf

a ) 1 pw)] = p(((upw)]) + o(l(ppu)])
[(7.p.p)] = p([(w,p,p)]) + p([(p0:p)])

[(7p.p)], [(w,p, )]s [(2p,7)] 3
K

U, u,)])

()] = —kepH([(u,uu)])

5. Fi(ph) 2  (Cpawl = =k (O p)]) + b ()
[(7p.0)] = ko pH (7 p0)])

\...
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Let us apply the abstraction function

Let:
1. (V,IF, V" ¢, F%) be an abstraction,
2. and Xy € V — R™ be an Initial state.

We have, at any time 7" within the time interval [0, 77¢"]:

XXO(T> = Xo+ / F(XXO(t>>'dt.

t=0

So:
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Let us push v towards the right

Let:
1. (V,F, V" 9, F%) be an abstraction,
2. and Xy € V — R™ be an initial state.

We have, at any time 7" within the time interval |0, T)I(noax[:

T

XXO(T> = Xy + / F(XX()(t))-dt.

t=0

So:
T

P(Xx,(T)) = (Xo) + ¢ (/

=0

IF(XXO(t))-dt> .
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Let us push v towards the right

Let:
1. (V,F, V% 9, F%) be an abstraction,
2. and Xy € V — R™ be an initial state.

We have, at any time 7" within the time interval [0, 77"]:

T

XX()(T) = Xy + / F(XXO(t>)-dt.
S0: .
(X, (T) = ¥(Xo) + / Y o FJ(Xx,(t))-dl.
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Let us push v towards the right

Let:
1. (V,F, V% 9, F%) be an abstraction,
2. and Xy € V — R™ be an initial state.

We have, at any time 7" within the time interval [0, 77"]:

T

XX()(T) = Xy + / F(XXO(t>)-dt.
S0: .
(X, (T)) = 1(Xo) +/ F* (4 (X x, (1)))-dt.
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Abstract semantics

Let (V,F,V* ¢, F*) be an abstraction.

The couple (V?,F?) is a system of differential equations.
Let us denote by Y its semantics.
For each state Y, € V¥ — R", we denote by [0, Tﬁrﬁf‘x[ the domain of the function

Yy,. We have, at any time 7 € |0, T%gx[,
T4

Yy (TH) = Yy + / F*(Yy, (t))-dt.

ThAlorAilme 1 For each initial state Xo eV — RT, we have:

fmax __ rJmax.
L1 v(Xo) TXo ’

2. at any time T" € [0, T%™], ¥(Xx,(T) = Yy(x)(T).

That is to say that the abstract semantics is the image of the concrete semantics by
the abstraction function.
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Abstract trajectories

Y (1) A
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Concrete trajectories

Y (t) A
X(t)
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A model with symmetries
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Differential equations

e Initial system:

e Reduced system:

JAlréme Feret
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Differential equations

e Initial system:

d

dt

e Reduced system:

P 1000

d [*P+P*| {0110
dt 0 (0000
P 0001
\—— ——
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Pair of projections induced by an
equivalence relation among variables

Let r be an idempotent mapping from V to V.
We define two linear projections P,, Z, € (V — R") — (V — R") by:

VO | r(V=r(V)} whenV =r(V
e P(p)(V) = Z{p( ) | (V') (V)} ( )
0 when V' # r(V);
V= p(V) when V =rV
. V) V)
V=0 when V' # (V).
We notice that the following diagram commutes:
Py

14
P, Z.
g*
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Induced bisimulation

The mapping r induces a bisimulation,

A
<

for any 0,0’ € V - R", P.(0) = P,(¢0/)) = P.(F(0)) = P.(F(d")).

Indeed the mapping r induces a bisimulation, Lo
= by .
for any o € V — R, P.(F(0)) = P.(F(P:(0))). ( P

¥
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Induced abstraction

Under these assumptions (r(V), P, P. o F o Z,) is an abstraction of (V, F), as proved
in the following commutative diagram:

P, & P,

Y » - -
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Abstract projection

F
(2 I (2
e*l :L
We assume that we are given: I;f
e a concrete system (V,[F); %
ion (V¥, 4, F¥) of (V,F i *
e an abstraction (V*, ¢, F%) of (V,F) (I); , /Pr(
e an idempotent mapping r over }V which in- g‘
.. : e fF
duces a bisimulation (II);
e an idempotent mapping 7 over V* (III); P Z,s
g*
such that: ¢ o P, = P; o1 (IV). P
(8 |
¢ ¢
P
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Combination of abstractions

Under these assumptions, (r*(V?), P o), P.oF* o Z ;) is an abstraction of (V,F),
as proved in the following commutative diagram:

F
) I1 iy
" F b "
IV
IV
14 0
8 ol 1oL oY
P. P.
Pl 111
a4l \ Y 0
Z. = P.
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Concrete semantics

A rule is a symbolic representation of a multi-set of reactions.

For instance, the rule:

-0

denotes the following two rules:

cebe oe 0

The semantics of a set of rules is the semantics of the underlying multi-set of reactions.
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Flow of information (in the concrete)

Does the state of a given site influence the capability to modify another site?

0
(1)
D Ot @
<
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Flow of information (in the concrete)

o4
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Flow of information (in the concrete)

If there exists a soup of chemical species in which the activation rate of the site of
ShC'is different in these two contexts, then there may be a flow of information.

()
O Om®

&)

<
=8
Q

1©

JADréme Feret 48 Wednesday, the 18th of November, 2015



Discrimination by a rule

)

Y7 Y7

{
{

In this case, there exists a rule which makes a difference between these two contexts,
for instance the following one:

0 3 O
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Flow of information due to a rule

ShC

ShC
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Flow of information due to a rule
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Flow of information due to a rule

JADréme Feret 50 Wednesday, the 18th of November, 2015



Flow of information due to a rule

JADréme Feret 50 Wednesday, the 18th of November, 2015



Flow of information due to a rule
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Projection on the contact map
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Projection on the contact map
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Projection on the contact map
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Projection on the contact map
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Projection on the contact map
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Direct computation
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Direct computation
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Direct computation
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Direct computation
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Direct computation
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Which patterns shall we keep?
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Which patterns shall we keep?
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Pattern annotation
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Pattern annotation
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Prefragment

DATfinition 1 (prefragment) A pattern is a prefragment
if, in its annotated form, there exists a site that it is reachable
from every site (following the flow of information).
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Fragments

DATIfinition 2 (fragment) A fragment is a prefragment
that cannot be embedded in any bigger prefragment.
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Examples
Which patterns are fragments?
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Examples : annotated map
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Examples : pattern annotation
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Examples
Which patterns are prefragments?
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Examples
Prefragments
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Examples
Which patterns are fragments?
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Examples
Fragments

S
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Examples : fragments
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Almost done...

We are left to express the consumption and the production
(in concentration) of each fragment as expressions of the con-
centration of fragments.

Firstly, we notice that the concentration of each prefragment
can be expressed as a linear combination of the concentration
of the fragments.
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Fragments consumption

o
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Fragments consumption

@) shc (OGBSI —— (@) s ()—CESR(D)

Whenever there is an overlap between a fragment and a connected component in the
left hand side of a rule such that the common region contains a site that is modified
by the rule, then the connected component embeds in the fragement.
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Fragments consumption

1) sic (D—@EeRRID —— [ sic ()—E]EGRID)

For each fragment F', for each rule:
r.: Cy,...,C,, —rhs k

and for each occurrence of a connected component C; that is modified by the rule, in
a the fragment F', we have the following contribution:

g kF)TL
dt syYM[CY,...,Ch] - sYM[F]
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Fragments production

5 e (O
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Fragments production

@ sic (OGRS —— ([ shc ()—CEGR(D)

UESOR
)

Whenever there is an overlap between a fragment and the right hand side of a rule,
such that the common region contains a site that is modified by the rule. ..
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Fragments production

@ sic (OGRS —— [ shc ()—CESRR(D)

8 s (&

Whenever there is an overlap between a fragment and the right hand side of a rule such
that the common region contains a site that is modified by the rule, each connected
component in the left hand side of the refined rule, is a prefragment.
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Fragment production

For each overlap ch between a fragment and the right hand side of a rule, such that
the common region contains a site that is modified by the rule:

r :Ch,...,C,, — rigth hand side k,

we have the following contribution:

dt SYM[CY, . .., Cpl - SYM[F]

where C7, ..., C! is the left hand side of the refined rule.
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Benchmark

Model carly EGF | EGF/Insulin | SFB
Number of mollecular species 3506 2899 ~ 2.10%
Number of fragments
38 208 ~ 2.10°
(ODEs semantics)
Number of fragments
356 618 ~ 2.10"

(CTMC semantics)
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In short
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Abstraction of the information flow
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Abstraction of the information flow
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Patterns of interest
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Patterns of interest
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Signalling Pathways

EGF, TGF-alpha, etc

Gene tra
Cell cycle

Cell proliferation || Inhibition of apuptnsis]

[Angicgenesis ][ Migration, Adhesion, Invasion

Eikuch, 2007
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Bridging the gap between...
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d
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Site-graphs rewriting

e a language close to knowledge representation;
e rules are easy to update;
e a compact description of models.
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interaction
map

Jérome Feret

Choices of semantics

Markov chain
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ordinary differential equations
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Complexity walls

number of instances combinatorial wall
per molecular species

'

10 deterministic
differential 777
equations

event wall
1000
stochastic
master agent/rule-based
100 equations
I: } > number of .
- molecular species
400 80,000 500,000 10 e
& &
4,
L% o e ol
‘S;ﬂ 'Et' .t_‘?- .;E':’ o
& o @
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Abstractions offer different perspectives
on models

8
000000

Jérome Feret

information flow

§ 3000 |
o

8
000000

g

£l g
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..

®"9)
4

causal traces

exact projection
of the ODE semantics
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Symmetric sites

e in BNGL or MetaKappa (multiple-occurrences of sites):

e in Formal Cellular Machinery or React(C) (hyper-edges):

Blinov et al., BioNetGen: software for rule-based modeling of signal transduction based on the interactions of molecular domains, Bioinformatics 2004
Danos et al., Rule-Based Modelling and Model Perturbation, TCSB 2009

Damgaard et al., Formal cellular machinery, Damgaard et al., SASB 2011

John et al., Biochemical Reaction Rules with Constraints, ESOP 2011
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Other kinds of symmetries:
Circular permutations

@ A
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Other kinds of symmetries:
Circular permutations

oo oW
s &3
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Other kinds of symmetries:
Homogeneous symmetries

We can compute a horizontal reflection.
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Other kinds of symmetries:
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Other kinds of symmetries:
Homogeneous symmetries

We can compute a vertical reflection.
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Other kinds of symmetries:
Homogeneous symmetries

We can compute both reflections.

Jérome Feret 13 Wednesday, the 18th of November, 2015



Other kinds of symmetries:
Homogeneous symmetries

We can compute both reflections.

Jérome Feret 13 Wednesday, the 18th of November, 2015



Other kinds of symmetries:
Homogeneous symmetries

We can compute both reflections.

Jérome Feret 14 Wednesday, the 18th of November, 2015



Other kinds of symmetries:
Homogeneous symmetries

But we cannot apply different permutations!!!.
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Other kinds of symmetries:
Homogeneous symmetries

Rispety
cooe o0
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Case study
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Lumpability

/'
A ¢

‘\
e

Whenever:

.). — ZkO,O — k.).
— k4 = kd

2k
kd

We can lump the system.
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Lumped system
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Macrostate distribution
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Probability ratios
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Lumpability
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Lumped system
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Probability ratios (wrong initial condition)

a8 x4 B x]
o8 x4 WX
o8 x4 B3 x1
a1 x2 BT x2
o b x 23 x 2

32

Probab|I|ty ratlos VS Time

5
n
L 4}
©
z 3
g 2|
@)
o
al
,
with: <

Koo
k

q2)/P(q1) ——
P Plq;) ===
......................... Pégéi%’égﬁ
5 6
= k =]
(q4 | t= ) — 1

Wednesday, the 18th of November, 2015



Overview

1. Context and motivations
2. Case study

(a) Symetric model with symmetric initial state
(b) Symmetric model with non-symmetric initial state
(c) Non-symmetric model

Kappa semantics
Symmetries in site-graphs
Symmetric models

A T

Conclusion

Jérome Feret 33 Wednesday, the 18th of November, 2015



Jérome Feret 34 Wednesday, the 18th of November, 2015



8 X6

State distribution

. 8 x4

X |

B VY|

X |

X 2

s &
-
e &
Dl

X 2

35

0.25}

O
)\

Probabilities
o

with:

015 ':. \

State distribution VS Time

Wednesday, the 18th of November, 2015




Lumpability

In general, when the following system:

Zk.). — Zk.,. — k.).
kd — kd — kd

kd

IS not satisfied, we cannot lump the system.
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Probability ratios (wrong coefficients)
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In this talk

An algebraic notion of symmetries over site graphs:
e compatible with the SPO (Single Push-Out) semantics of Kappa;
e with a notion of subgroups of symmetries;
e with a notion of symmetric models.

Some conditions so that symmetries over a model induce
e a forward bisimulation;
e a backward bisimulation.

In this talk, we consider only a side-effect free fragment of Kappa.
The full language is handled with in, the paper.
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Signature

Agents:

Sites: O

Interface: . & .
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Site graphs

e o
é
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Embeddings
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Embeddings
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Composition of embeddings

e
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Identity embeddings
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Identity embeddings
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Isomorphisms
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Isomorphisms

Jérome Feret 44 Wednesday, the 18th of November, 2015



Fully specified site graphs

RS
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Isomorphic embeddings

When the following diagram:

: f

r\/”/

commutes, we say that the embeddings f and g are isomorphic, and we write
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Partial embeddings

A\ A
“ 4‘/ \’
\ \ / /
\ \ / /

\
\
\
\

/
/
/
/
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Composition of partial embeddings

N A A
\ \ / N/ \ / /
\ \ / A \ / /
\ \ / / N\ \ / /
\ \ 7 / \ N/ /
\ X / \ X /
\ / N\ / \ / N\ /
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Composition of partial embeddings

N A A
\ \ / N/ \ / /
\ \ / A \ / /

\ \ / / N\ \ / /
\ N\ / / \ N/ /
\ X / \ X /

\ / N\ / \ / N\ /

N\ \ / /

\ \ / /

N\ /

N\ /

N\ /

\ /
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Composition of partial embeddings

N7 N
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Composition of partial embeddings

N7 N
o~

Jérome Feret 50 Wednesday, the 18th of November, 2015



Composition of partial embeddings

ST N T
\V4
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Composition of partial embeddings
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Rules

A rule is a partial embedding such that:
e the domain (D) is maximal;
e some constraints that we omit here are satisfied.
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Rule application

2
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Refinement
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Refinement
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Refinement
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Refinement
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Semantics

. A mo odel is a map k from rules to non negative real numbers;
. Q@ ={[G]x | G fully specified site graph};
A r a rule , f an embedding from /hs(r) | .
L= 1) . . ;
to a fully specified site graph
(

Dbl M’ ~ if and only if:

M M

fl

 —
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Semantics

1. A model is a map k from rules to non negative real numbers;
2. 9 2 {[G]~ | G fully specified site graphj};

3£A{mmg

r a rule , f an embedding from /hs(r)
to a fully specified site graph

4. M~ ™5 (MULL if and only if:

M

il

e

The rate of such a transition is defined as:
v(r)card({pf | € Aut(im(f))})
card(Aut(lhs(r))) '
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Applying transformations over push-outs

We would like to make pairs of transformations act over push-outs,

q >q/ O'q_q >0'L / q/
= \ /
agree
| (Ga,O'/ ).T |
[— 1 R 0g-L — 0gr-R

whenever they act the same way on preserved agents.
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Transformations over site graphs

e For any site graph G, we introduce a finite group of transformations G...

e For any site graph G and any transformation o ¢ G, we introduce the
site graph 0.G and we call it the image of G by o.

e We assume that G; and G, , are the same group.
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Restricting a transformation
to the domain of an embedding

3
-
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Restricting a transformation
to the domain of an embedding

3
-
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Restriction of symmetry
to the domain of an embedding

o.H
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Restriction of symmetry
to the domain of an embedding

f.o

(f.0).G—2d o.H
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Ildentity function

F— 'F E
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Ildentity function

F— 'F E

o.E
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Ildentity function

F— 'F E

0}
(ir.0)E______o.E
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Ildentity function

F— 'F E

0.E)

0}
(i.0).E ——0.E
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We assume that:
° iE.O' =0

® O'.iE = i(g_E)

Jérdme Feret

Ildentity function

Fo ' E

63
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Identity symmetry

E: ! F
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Identity symmetry

E: ! F
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Identity symmetry

| f F

O i

—(f.€f). —~er.F=F
EF.f

We assume that:

® EF.F =F
® f.EF = €E
o cr.f =1
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Composition of embeddings

e
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Composition of embeddings

E . 9t G

e
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Composition of embeddings

E . 9t G

e

((gf).0).E- T 0.G

66 Wednesday, the 18th of November,

2015



Composition of embeddings




Composition of embeddings

G

E: <
(gf).cr@f.(g.a) §9-0 o
‘F

W(g.o). G\g
((gf).0).E T 0.G




Composition of embeddings

We assume that:
e (gf).0c =f.(g.0)
e 0.(gf) = (0.9)((g.0).f)

Jérdme Feret 67
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Product of transformations

E: ! F

0O o0

Jérome Feret 68 Wednesday, the 18th of November, 2015



Product of transformations

E: ! F

f.(0’o0) o’oo

(0/o00).f

(f.(0’ o 0)).Ec
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Product of transformations

E: ! F
f.o
WA L//}pﬂm
f.(0/00) (f.0).E—2 ~G.F 0’00
(0/00).f
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Product of transformations

E: ! F
f.
MM&Q\““»\\O-A L//M
f.(0/00) (f.0).E—2 ~G.F 0’00
<~W”""”f;d/ \\\\\7“‘»‘%»
G.f().G (0700).f o
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Product of transformations

E: f F
f.o o)
W\\\ L///ﬂﬂw
f.(c/00) (f(T)E( of _5.F o’o0
(f.(0" 0 0)).E¢ l0700)-f (0’ o o).F

We assume that:
e (0'o0).F=0'.(0.F)
o f.(0'0o0) = ((f.0).0) o (f.0)

e (0'o00).f=0".(0.f)

Jérome Feret 69 Wednesday, the 18th of November, 2015



Images of fully specified site graphs

We assume that for any site graph G and any transformation o € G the two
following assertions are equivalent:

1. G is fully specified;
2. 0.G is fully specified.
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Images of partial embeddings

For any partial embedding ¢ : L Lpd R,
We assume that:
f.op = g.0R
f.o] = g.0p

f.(or o 07) = g.(or © 0y),

o if

e then

for any oy, o € G, oy, 0 € Gy,

We consider: .
Gy = {(o1,0r) € G| x Gy | f.or = g.0OR}-
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Images of rules

We assume that for any partial embedding ¢ : L & D < Rand any (pair of)
transformation(s) (oy, og) € Gy, the two following assertions are equivalent:

1. ¢ isarule;

(T]_.f OR-g .
2. o..L « (f.0o1).D < or.Ris arule.
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Images of push-outs

Theorem 1 Let r be arule, and (o, or) € G, be a pair of transformations.

If the following diagram:

1/ T R’
o g
L : R
T
IS a push-out, then the following diagram:
O1,0R).T
GL.L, (o1,0R) >GR.R/
GL.h]_J - JGR'hR
(h]_.(T]_).L ,>(hR.O'R).R

IS a push-out as well.
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Subgroups of transformations

Theorem 2
If, for any embedding h between two site graphs G and H:

e we have a subset G of G;

e for any transformation o € G, G5 = G, ¢

e for any two o, o’ transformations in Gé, coo’ € Gé;
e for any transformation o € G, h.o € G;

then the groups (Gg) define a set of transformations.
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Example:
Heterogeneous site permutations

“ “

V4 V4

“ “
V4 7
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Example:
Homogeneous site permutations

“

/

“
/

el
P2 €
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Group actions over site graphs

Let G, G’ be two site graphs.

We write G=¢ G’ if and only if there exists o € G such that G’ = 0.G.

The function:
Gg % [Glag — [Glag
(0,G) +— 0.G

IS a group action.

That is to say:
o ¢.G = G;

e 0'.(0.G) = (¢/ 0 0).G.
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Group actions over embeddings

Let f, f’ be two embeddings.

We write f~¢gf’ if and only if there exists o € G such that f’ = o.f.

The function:

IS a group action.
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Compatible embeddings

An embedding f between two site graphs G and H is said compatible if and
only if:

(that is to say that any transformation that can be applied to the domain of f
can be extended to the image of f).

This property is not preserved by subgroups of transformations:

Heterogeneous permutations Homogeneous permutations
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Compatible embeddings

An embedding f between two site graphs G and H is said compatible if and
only if:

(that is to say that any transformation that can be applied to the domain of f
can be extended to the image of f).

This property is not preserved by subgroups of transformations:

e BR BR PE

I I I I I I I I
Heterogeneous permutations Homogeneous permutations
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Decomposition of transformations along
an embedding

When f is an embedding between two site graphs G and H,
we have:

i
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Decomposition of transformations along
an embedding

When f is an embedding between two site graphs G and H,
we have:
Gy~{oeGy|f.o=¢cg}x{ho|oe Gy}

L
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Decomposition of transformations along
an embedding

When f is an embedding between two site graphs G and H,
we have:
Gy~{oeGy|f.o=¢g}x{ho|oec Gy}

.
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Images of isomorphisms

The image of an isomorphism is an isomorphism.

iO'F.F

(f-GF)m op.f

GF.F

The image of an automorphism may be not an automorphism.

Yet, for any site graph G, we have:

Card(G) = Card({d | ¢ € Aut(G)}) x Card{G’| G’ ~ G and G'~gG}).
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Group actions over rules

Letr : L <fv D <% R be a rule.

We define the symmetric of r by a symmetry (o, or) € G, as follows:

f .
(o1, OR).T 2 or.L pha (f.or).D & ogr.R

We write r~gr’ if and only if there exists o € G, such that v’ = o.r.
Then:

e G, is agroup.

e the groups G, and G, . are the same, for any symmetry o € G..

e The function:
{@T x g — [

(o,1) +— oO.T.
IS a group action.
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Decomposition of the group of
transformations over a rule
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Decomposition of the group of
transformations over a rule

Some transformations operate on the domain of the rule.
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Decomposition of the group of
transformations over a rule
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Decomposition of the group of
transformations over a rule

Some transformations operate on degraded agents.
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Decomposition of the group of
transformations over a rule
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Decomposition of the group of
transformations over a rule

Some transformations operate on created agents.
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Decomposition of the group of
transformations over a rule

f g .
Whenr : L« D < Ris arule,
we have:

G, ~{o € G |f.oc=¢p}ix{o|d(or,0or) € G,, 0 ="F.oL="Ff.or}x{oc € Gy|g.0=c¢p}

Symmetries distribute over:
1. the ones on removed agents;
2. the ones on new agents;
3. the ones on the domain which are compatible with rule.
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Group actions over push-out

Theorem 3 Let r be a rule. The function which maps each pair of transfor-
mations (o, or) € G, and each push-out of the form:

/

K T R’
hLJ - JhR
L y -R
T
with r’=~gr, to the push-out:
/
Oo7,0pR).T
oL (o1,0R) -0%.R’
GL'hLJ - JGR'hR
(hL-GL)-L //>(hR-GR)'R

IS a group action.
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Isomorphic rules
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Isomorphic rules
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Symmetric model

We assume that the model contains atmost one rule per isomorphism class.

A model is G-symmetric if and only if:

e for any rule r in the model and any pair of symmetries o € G,, there is
(unique) a rule " in the model that is isomorphic to the rule o.r.

e and, with the same notations, we have g(r) = g(r’) where:

A k(r)
~ card{o € G, | 0.t = r})card(Aut(lhs(r))’

g(r)
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Binding rules
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Jérome Feret

Unbinding rules

kd

kd

kd

P>

kd

1.2 1.2 2.1
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Compatible embeddings (reminders)

An embedding f between two site graphs G and H is said compatible if and
only if:

(that is to say that any transformation that can be applied to the domain of f
can be extended to the image of f).

This property is not preserved by subgroups of transformations:

Heterogeneous permutations Homogeneous permutations
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Compatible embeddings (reminders)

An embedding f between two site graphs G and H is said compatible if and
only if:

(that is to say that any transformation that can be applied to the domain of f
can be extended to the image of f).

This property is not preserved by subgroups of transformations:

SO TR PE

reY PY PY PH
Heterogeneous permutations Homogeneous permutations
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Compatible rules

We say that a rule r is forward-compatible if and only if, for any push-out of

the following form:
\ /_
T

>

the embedding g is compatible.

We say that a rule r is backward-compatible if and only if, for any push-out of

the following form:
\ /E
T

>

the embedding f is compatible.
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Lumping states

We say that two states q,q’ € Q are isomorphic if and only if there exist
M € q and M’ € g’ such that M~z M.

In such a case, we write q~gq’.
~q IS an equivalence relation.
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Lumping the transtion labels

We say that two labels (r,C) € £ and (v/, C’) € £ are isomorphic if and only if
there exist an embedding f € C, an embedding f’ € C’, a pair of symmetries
(o1, OR) € GlM(f) X Grhs(r) such that (f.’o1+, or) € G, and two isomorphisms ¢
and 1 such that the following diagram commutes:

In such a case, we write (1, C)~g(r’, C’) (this is also an equivalence relation).
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Weighted flow

Let X, X" C QandY C L.
Let w be a function from Q to R™.

We define the flow from X to X’ via Y, weighted by the reward function w by:

FLOW, (X, Y, X) 2 > , w(q)RATE(A)
qeX,q’eX’\AeY, q—q’
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Forward bisimulation

Theorem 4 Let q,q',q"” € Q such that q~¢q’. Let A € L.
If the model is symmetric and if the rules of the models are forward-compatible,
then the following equality holds:

FLOW,, ({q}, Al [q”]%) = FLOW,, ({q’}, Aes [q”]%) ,

with w(q;) =1 forany q; € Q.
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Backward bisimulation (DTMC)

Theorem 5 Let q,q’,q"” € Q such that q’~gq”. Let A € L.
If the model is symmetric and if the rules of the models are backward-compatible,
then the following equality holds:

w(q"FLOWe, ([gl=, W (0)) = w(qIFLOWa (g, Ny (a"))

A 1

with w(q) card(Aut(q))

, forany q; € O.
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Backward bisimulation (CTMC)

Theorem 6 Let q,q’,q"” € Q such that q’~gq”. Let A € L.

If the model is symmetric and if the rules of the models are both forward- and
backward-compatible,

then the following equalities holds:

1. FLOW,, ({9}, @, £) = FLOW, ({9}, @, £),
with w(qq) = 1 for any q; € 9;

2. w(q")FLoW, ([al=g W (') = wl(@')FLoW, (lg)es, . (0"},

A 1

with w(qr) card(Aut(q))

, forany q; € Q.
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Conclusion

A fully algebraic framework to infer and use symmetries in Kappa;
e Compatible with the SPO semantics (see [FsTTCcs2012));
e Can handle side-effects (see the paper);
e Induces forward and/or back and forth bisimulations;

e Can be applied to discover model reductions for the qualitative seman-
tics, the ODEs semantics, and the stochastic semantics [MFPsxxvii;

e Can be combined with other exact model reductions [MFPsxxviI).

This framework is cleaner and more general that the process algebra based
one [MFPSXXVII].

Camporesi et al., Combining model reductions. MFPS XXVI (2010)
Camporesi et al., Formal reduction of rule-based models, MFPS XXVII (2011)
Danos et al., Rewriting and Pathway Reconstruction for Rule-Based Models, FSTTCS 2012
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Future work

e Investigate which specific classes of symmetries and which specific
classes of rules ensure that rules are forward and/or backward com-
patible with the symmetries;

e Check the compatibility with the DPO (Double Push-Out) semantics;

e Design approximate symmetries using bisimulation metrics
(ask Norman Ferns).

o PLON
DARPA CONCER
2014-2019
“AbstractCell” “Big Mechanism” (2014-2017) “TGFpSysBio"

(2009-2013) “CwC” (2015-2018) (2015-2018)
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ODE fragments

In the ODE semantics, using the flow of information backward, we can detect
which correlations are not relevant for the system, and deduce a small set of
portions of chemical species (called fragments) the behavior of the concen-
tration of which can be described in a self-consistent way.

(ie. the trajectory of the reduced model are the exact projection of the trajec-
tory of the initial model).

Can we do the same for the stochastic semantics?
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Stochastic fragments ?

e ADSTraCtion sl e ADSTraCtion sl
R

e V- - =\
®
() ® ®
By 48
> (©)
> - 1x 3x 5x 1X 3x 5x 5x
(®) B@a, ,A@x C@a ®
(367 [
0 A A (L
A@x
2X 1x 5x 5x 2X 1x
A(Xr~a)B A(XrNXaB 4 4
(©) (©) (© (©)
O O o+  Aex_ ©
@C | | ADUAC | || @C ®C
2X 1x 2X 1X
\_ P 9 p
<= Concretization <= Concretization
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A model with ubiquitination

ki y K2
% ﬁ PSP P, p
<> < PkHZP* *PkHZ*P*
AN
* k3
° ? P?@
*P*ﬁ@
/ N\
k o Ka
? ° D
*P*HLI(Z)
/ AN
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Statistical independence

We check numerically that:

(TI,*P —|— TI,*P* pP* —|— TL*P* )

E Nrpx :E
 (Mpe) t(nPMP*M*PM*P*

0.3 . . . P — 2.5e-16

Et ((Mep + nsps ) (np+ +n*E,t)/nT:;;) -------- 26-1 6 N

0251 ' 1.5¢-16

S : | 1e-16
% ’2 % 5e-17 ‘

+ 0.15} g 0

s p—l '56‘17-

5 O ' & -1e-16 |

: _ -1.5e-16 ¢

0 -2e-16 ¢

0 2.5¢-16

0'1'2%%'456 o'1'2§'4'5e5

Wlthk1 :k2:k3=k4=1
and two instances of P at time t = 0.
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Reduced model

P X P
( 2

P 2 p

Jérdme Feret

ks P 5
+ side effect: remove one P

k4 k
pr K,

+ side effect: remove one P
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Comparison between the two models

03— _— 2e-16

0.25 | whoss pstem | 1e-16 |

< %4 * 51 12

o ©-1e-16 |
S_éj 0.15| - 2016 |

0.1 * 5-3¢-16 |

0.05 j 4e-16 |

0 -5e-16

0'1'29'456
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Coupled semi-reactions

kay/ka-
% Ka Ka ka
? A — A", AB — A'B, AB* — A'B’
kA— kA_ kA—
kg/ks—
kg kg kg
? \/L' B — B, AB — AB*, A'B — A'B’*
kg_ kg_ kg_
kas/kas/ka.B kaB x kB %
A+B—— AB, A"+B —— AB,

ka.B ka.B
kAB kA*B*

A+B" — AB, A"+B" — A'B”
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Jérdme Feret

kg/kg—

kag/kas/Ka.B

kay/ka—
?

Reduced model

A5 A AR 5 AR
Kn_ Kn_
k k
B — B, AB — A°B’,
kg_ kg_
kAB \ o O
A+ B s AB” + A"B,
ka.B/(nacgtmnacp~)
* kAB \ *PO O
A" +B s A'B” + A"B,
ka.B/(Mpog+npop+)
* kAB \ O Oy X
A+B" s AB” + A"B",
ka B/ (Macg+npcp+)
* * kA*B* \ *PO OPX
A"+ B* s A*B” + A°B

ka.B/(Mpcg+tnacgx)

12 Wednesday, the 19th of Novermber, 2015



Comparison between the two models

A — 0.06
0.5 D —
------------------------------------ 0.05 |
= o4 7 2 0.04]
< (4v]
s _ 003
0 0.2 qt, 0.0
> * 0.01
° 0

0 05 1 1{5 52 25 3 0 05 1 1{5 5 25 3

with kA+ = ka_ = k|3+ — kg_=kag = ka g =1, kA*B* =10,
and two instances of A and B at time t = 0.

Although the reduction is correct in the ODE semantics.
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Degree of correlation
(in the unreduced model)

0.05

0.5 0.045 |
0.04 |

_ 04 o 0.035 |
@ 03] % 0.03]
e . 0.025
£ 5ol S 0.02}
o 02 © 0.015
0.1 0.01
0.005

0 0
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Distant control

A— A

Kt /K™ k—

A — A
ArA 5 A LA
A LA S A A
ArA 5 A LA
A LA S A LA

k_
ke Al — A"

\V/ A S5 A
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Reduced model

(2 )
Ktk A= A"
-
@ ki

A S A
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Comparison between the two models

Jérdme Feret

unreduced system
reduced system

~05 1 1{5 5 55 3

error rate

—
&

-2.5

4L
v o A

0 05 1 1{5 2 25 3

with k" =k =k, =k_ =1,
and two instances of A attime t = 0.

17
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Jérdme Feret

Degree of correlation
(in the unreduced model)

“ 05 1 15 2 25 3

18

error rate

O
o

1
—h
T

—_
&)

-2

0 05 1 1£5 5 25 3

Wednesday, the 19th of Novermber, 2015



Overview

. Introduction

. Examples of information flow
. Symmetric sites

. Stochastic semantics

. Lumpability

. Bisimulations

. Hierarchy of semantics

. Conclusion

0 N O O b WD —

Wednesday, the 19th of Novermber, 2015



A model with symmetries
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Degree of correlation
(in the unreduced model)

Tp + Tlps) (Nps + Tl*P*))

(
E: (n+ps) = E
¢ (T+p) t( e

0.8 . . . . — 0
0.7 ,Et((np*+n*p*)(n*p+n*p*)/(np+np*+n*pit$:*ﬁ ---------- ] -0.005
06t / ° | -0.01
— 050 £-0.015
e 0.4] = -0.02}
5 03 ~ 2-0.025 |
0.2| | ® _0.03]
0.1! | -0.035}

0 -0.04

0'1'2?'4'56 0'1'2?'4'56

with ki =k, = 1
and two instances of P at time t = 0.
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Equivalent chemical species

We check numerically that:

1e-16
c 5e-17
O [
= ©
3 5 0
3 o
) -5e-17 |
-1e-16

o'1'2§'456

with ki =k, = 1
and two instances of P at time t = 0.
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Reduced model

O O P = P

AN
)
k
~P* 2} @

Exponential reduction!!!

Jérdme Feret 23

Wednesday, the 19th of Novermber, 2015



Comparison between the two models

O ) 7 I I unreducled system I 4e- 1 6
06 i reduced system === | 38'1 6 |
05! | o 2e-16 |
o 04] % 19‘18
e —
o 09 2-1e-16 |
0.2 * ©.2e-16 |
0.1} ~ -3e-16 |
01 2 8 4 5 A U - R R
with ki =k, = 1

and two instances of P at time t = 0.
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Weighted Labelled Transition Systems

A weighted-labelled transition system )V is given by:
e O, a countable set of states;
e [, aset of labels;
e w: 0O x L x 9 — R, aweight function;
o 71p: O — [0, 1], an initial probability distribution.

We also assume that:
e the system is finitely branching, i.e.:

- the set{q € O | my(q) > 0} is finite
- and, forany q € O, theset{l,q’' € L x 9| w(q,l,q’) > 0}is finite.

e the system is deterministic:
if wig,A, q1) >0and w(q,A, q2) >0, then: q; = qs.
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Trace distribution

A cylinder set of traces is defined as:

A AL Mol
T=do — di1..-.-9qx—1 — qx

where:
o (qi)o<ick € O and (A)<icx € LK,
o (Ii)i<i<x is a family of open intervals in R;.

The probability of a cylinder set of traces is defined as follows:

k

Prit) 2 o(qo) H W(‘li((;f 11“) q:) (e—a(qi_u-infui) . e—a(qi_u-summ),

i=1

where a(q) 2 Zx,q,w(q,x, q’).
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Abstraction between WLTS
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Soundness

Given:
o tWo WLTS S = (O, £, —,w,T,7,) and & = (O, £F, ~», wh, TF 705,
e two abstraction functions p<: O — O*and B~ : £ — L7,

S*is a sound abstraction of S, if and only if, for any cylinder set T of traces of
S, we have:

Pr(ip* (1)) = ZT/(WT') B () =B (1),
where,

A7l Ay,
BT (qo = qi...qm1 2 qy)
BL (A, I

°(qo) = =" B2Uq1) .- B%Uar1) T =TT B2Aqu)-
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Completeness

Given:
o tWo WLTS S = (O, £, —,w,T,7,) and & = (O, £F, ~», wh, TF 705,
e two abstraction functions p<: O — O*and B~ : £ — L7,
e a concretization function vy¢: O — R,

S*is a sound and complete abstraction of S, if and only fif,
1. itis a sound abstraction;

2. for any cylinder set T of abstract traces of S* which ends in the abstract
state q’, we have:

v9(s) = Prq. = s | Tsuch that B7(1) € T) x Y {¥°(s") | Bs") = qi:
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Markovian Property

We consider a stochastic process:
e T =IR;: time range;
e O: acountable set of states;
o (X)ier: afamily of random variables over O;

We say that (X';) satisfies the Markovian property,
if, for any family (s.).cr of states indexed over T, and any time t; < t,,
we have:

PI’(th = S, ‘ Xt1 = St]) = Pr(th = Sty ‘ Xt = St,\v/t < t]).
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Lumpability property

Given:
e a stochastic process (X';) which satisfies the Markovian property,
e an initial distribution 77, : 9 — [0, 1],
e an equivalence relation ~ over O,

we define the lumped process () on the state space O, as:
PrYVy = xd < | Yo = [sol /) 2 PrX, € lsd,. | Xo € [S0]/-).

We say that ('), is ~-lumpable with respect to 7, if and only if, the stochastic
process ();) satisfies the Markovian property as well.
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Strong lumpability

A stochastic process is ~-strongly lumpable, if:
it is ~-lumpable with respect to any initial distribution.
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Weak lumpability

A stochastic process (X';) is ~-weakly lumpable, if:
there exists an initial distribution with respect to which (') is ~-lumpable.
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Forward bisimulation

Let ~o be an equivalence relation over O and ~, be an equivalence relation
over L.

We say that (~o,~/) is a forward bisimulation,
If and only if, for any q;, g, € O such that q; ~o q>:
e a(qi) = alqz);
e andforany A, € L, q/ € O,
fwd(qr, (A, (95~ ) = fwd(q2, A< [90] /<))

where: fwd(q, A/, [q/],0) = Y
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Backward bisimulation

Let ~o be an equivalence relation over O and ~, be an equivalence relation
over L.

We say that (~o,~.) is a backward bisimulation, (a1} @& ~

if and only if, there exists v : O — R*, such that: "'
for any q/, q5 € O which satisfies q; ~o q5: '
e a(qy) = alqy);
e and forany A, € L, q, € O,
bwd([q.]/~ oy A~ s 47) = bWA([q.] /- oy A~ 1, 45)
where: bwd([q.] /., A ) = 3 (Fgmwla, Ny a)ld ~o oA ~c A).
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Logical implications

o if (~o,~,) is a forward bisimulation, then the process is ~o-strongly
lumpable,

moreover, it induces a sound abstraction;

o if (~o,~,) is a backward bisimulation, then the process is ~o-weakly
lumpable, for the initial distributions which satisfy:

q~09q = I[m(q)-v(q') =m(q") - v(q);

it induces a sound and complete abstraction for these initial distribu-
tions;

e there exist forward bisimulations which are not backward bisimulations;
e there exist backward bisimulations which are not forward bisimulations.
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Counter-example |

A forward bisimulation which is not a backward bisimulation:
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Counter-example li

A backward bisimulation which is not a forward bisimulation:
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Uniform backward bisimulation

Given q,,q’ € Q and A, € L, we denote:

pred((q.]/-o, M- ., 4") = {(q,A) | w(q,A, q") > 0,q ~g Guy A~z AL

If,
° (1 ~0 2 = alqi) = a(qy);
e forany q;,q5 € 9, such that q; ~o q5, and any q, € Qand A, € L,
there is a 1-to-1 mapping between pred(lq.),.,, A~ ,, q;) and
pred(lq.],-, (A~ ., ;) which is compatible with w,

then:
e (~o,~r) is abackward bisimulation (with y(q) =1, Vq € 9).
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Abstraction algebra

(Sound/Complete) abstractions can be:

e composed: Sb\/s‘:
S
e factored: =

S’
,V
7
7
7
.
7
7
7
7
7
.
7
S

e combined with a symmetric product (c.f. lub or pushout):

e

a/r’(\

\l

A
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Compatibility between composition and
pushout
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l'

A(Xxr~aB A(xy\aB A /
(©) © (©
O O (b  A@x O
@ AQCKXADC @C @)C
2X 1x 2X 1x
B\ i
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From individuals to population

¢ Individual semantics:
In the individual semantics, each agent is tagged with a unique identifier
which can be tracked along the trace;

e Population semantics:
In the population semantics, the state of the system is seen up to injec-
tive substitution of agent identifier;

equivalently, the state of the system is a multi-set of chemical species.
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Fragments

An annotated contact map is valid with respect to the stochastic semantics,
If:
e Whenever the site x and y both occurs in the same or in distinct agent

of type A in a rule, then, there should be a bidirectional edge between
the site x and the y of A.

e Whenever there is a bond between two sites, each of which either car-
ries an internal state of, is connected to some other sites of its agent,
then the bond if oriented in both directions.
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From population to fragments

e Population of fragments:

1. In the annotated contact, each agent is fitted with a binary equiv-
alence over its sites. We split the interface of agents into equiv-
alence classes of sites. Then we abstract away which subagents
belong to the same agent.

2. Whenever an edge is not oriented in the annotated contact map,
we cut each instance of this bond into two half bonds, and abstract
away which partners are bond together.
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Symmetries among sites

Let R be a set of rules and M, be an initial mixture.

Two sites x; and x, are symmetric in the agent A in the set of rules R and the

initial mixture M,

A
—

e R is preserved (modulo =) if we replace each rule with all the combina-
tions of rules which can be obtained by replacing (independently) each
occurrence of x; and x, with x; or x, (and dividing the kinetic rate by
the number of combinations, and taking care of gain/loss of automor-
phisms).

e each agent of type A; in M, has their sites x; and x, free, with the same
internal state.
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Conclusion

e A framework for reducing stochastic rule-based models.

- We use:

x the sites the state of which are uncorrelated;
x the sites having the same capabilities of interactions.

- Algebraic operators combine these abstractions.

e We use backward bisimulations in order to prove statistical invariants,

we use them to reduce the dimension of the continuous-time Markov
chains.
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Future works

e Investigate the use of hybrid bisimulation.

e Propose approximated simulation algorithms to approximate different
scale rate reactions.

- hybrid systems,
- tau-leaping,
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