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Abstracts / Résumés
Short abstract

Programmers care about the amount of time, memory, and energy their program require to
run. This is not only a matter of ecological ethic, but also of safety: software can fail or

degrade in quality when not enough resources are available.

This thesis attempts to improve resource analyzers, the tools programmers use to evaluate
those resource bounds past which their code fail. Many experiments and prototypes show
those analyzers can exist, but they each tailored to a particular kind of software or kind of
operations programs run. We would need those combined together to obtain useful resource

bounds in general.

To this end, we introduce a new way to combine resource analyzers on top of a "neutral
ground" that is compatible with many already-existing analysis, whereas previous works built

each analysis on its own specific foundation, making them mutually incompatible.

Résumé court

Il est important pour les programmeuses et programmeurs de maitriser la quantité de temps,
de mémoire, et d’énergie que leurs programmes consomment. Il s’agit non seulement d’un enjeu
écologique, mais aussi une question de siireté: les logiciels peuvent échouer si les ressources

dont ils ont besoin n’existent pas en quantité suffisante quand on les exécute.

Cette thése cherche & améliorer la situation des analyseurs de ressources pour programmes, les
outils qui permettent de calculer a ’avance les ressources nécessaires. Il existe de nombreuses
expériences et prototypes qui montrent que ces analyses sont faisables, mais il faudrait pouvoir

les combiner pour obtenir des résultats utiles.

Pour ce faire, nous introduisons une maniére de combiner ces analyses de ressources dans
un "terrain neutre" qui est compatible avec plusieurs analyses déja développées, alors que

précédemment, chaque analyse avait sont propre modéle incompatible avec les autres.
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Abstract

Programmers care about the amount of time, memory, and energy their program require to
run. This is not only a matter of ecological ethic, but also of safety: software can fail or
degrade in quality when not enough resources are available. This work aims to improve static
resource analyzers by proposing a neutral formalism capable of combining several analysis
techniques and of reusing them of different languages. It is based on an abstract machine
and corresponding type system through the Curry-Howard correspondence. At type-level, it
embeds the intuitionistic linear sequent calculus together with "parameters" at the second
order. Those parameters are manipulated with the conjunctive-implicative fragment of classical
first-order logic, with a user-provided signature. At term level, this corresponds to a call-
by-push-value virtual machine, with explicit resource manipulation. Parameters represent

characteristic quantities of data structures and computations (sizes, iteration counts, etc.)

Our type system generates, together with a typed program, a first-order constraint over the
parameters used in it. Those include both the free parameter variables, but also those bounds
by quantifiers. This constraint being first-order, it is amendable to SMT solving. Furthermore,
in the important case of integers with signature (N, 0, 1, +, -, *), those quantifiers can
be eliminated without significant loss of predictive power in cases found in the wild. This
quantifier-free constraint can then be turned into an integer optimisation program, giving
closed-form bounds on the values of those parameters. This provides resource bounds to
programs written in the machine language. Our abstract machine admits a effect system
capable of soundly encoding resource-passing without adding new primitives. This facilitates
resource analysis for other languages: any compilation scheme to the machine automatically

extends to a resource-aware one, which is sound regarding the original semantics.

We show the feasibility of our method through its implementation, "AutoBill". It takes as
input either a ML-style call-by-value language, a Call-by-Push-Value lambda-calculus, or in
machine languages. Parameters with arbitrary user-defined sorts are supported. AutoBill then
generates the corresponding constraint in a standard format. The Z3 solver can then provide
closed-form bounds on those parameters. The extensibility of our method is demonstrated
through the addition of a monadic effect system in the ML-language, and through the encoding
of AARA analyses. AutoBill supports parameters annotations for user-described size and

complexity, which previous AARA implementations didn’t support.



Résumé

Il est important pour les programmeuses et programmeurs de maitriser la quantité de temps,
de mémoire, et d’énergie que leurs programmes consomment. Il s’agit non seulement d’un enjeu
écologique, mais aussi une question de stireté : les logiciels peuvent échouer si les ressources

dont ils ont besoin n’existent pas en quantité suffisante quand on les exécute.

Cette thése cherche a améliorer la situation des analyseurs statiques de ressources, en proposant
un formalisme "neutre" capable de combiner plusieurs analyses et de les réutiliser sur plusieurs
langages de programmation. Ce formalisme est basé sur une machine abstraite et son systéme
de type idoine via la correspondance de Curry-Howard. Au niveau des types, ce formalisme
incarne le calcul des séquents linéaire intuitionniste, augmenté au second ordre par I’addition de
"parameétres", des variables de type de sortes quelconques. Ces paramétres sont manipulés avec
le fragment conjonction /implication de la logique classique du premier ordre, avec une signature
fournie par 'utilisateur. Au niveau logiciel, ce systéme correspond & une machine virtuelle
Call-by-Push-Value, avec gestion explicite des ressources, et les paramétres représentent des

grandeurs caractéristiques des programmes (tailles, nombre de tour de boucle, etc.).

Le systéme de type de cette machine abstraite produit, en plus d’un programme typé, une
contrainte du premier ordre sur les parameétres du programme, & la fois les paramétres libres
et ceux liés par des quantificateurs. Cette contrainte étant exprimée dans un fragment de
la logique du premier ordre, il est possible de tester sa validité ou sa satisfaisabilité avec un
solveur SMT. De plus, dans le cas de paramétres dans signature (int,0,1,+,-,), il est possible
d’éliminer les quantificateurs sans réduire le pouvoir de prédiction dans les cas réalistes. La
contrainte résultante peut alors servir de base pour un programme d’optimisation sur les
entiers fournissant des bornes sous formes closes de paramétres. Cela permet de fournir des

bornes de ressources pour les programmes décrits dans le langage de la machine.

La machine abstraite que nous présentons admet de plus un systéme d’effet de bord permettant
d’encoder le passage de ressource dans les programme sans besoin de primitives supplémentaires.
Cela facilite la compilation de langages sources dans la machine : un schéma de compilation
sans ressources engendre automatiquement un schéma avec ressources, tout en respectant la

sémantique opérationnelle du langage source telle que décrite par le premier schéma.
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Nous démontrons la validité de cette approche via une implémentation "AutoBill". Celle-ci
peut prendre en entrée des programmes écrit dans un langage a la ML avec sémantique en
appel par valeur pour en Call-by-push-value, ou en langage machine. Ces programmes peuvent
inclure des paramétres et des signatures arbitraires. AutoBill renvoie alors la contrainte
correspondante dans un format de fichier standard. Le solveur Z3 peut alors fournir les formes
closes voulues. Nous présentons 'extensibilité de notre approche en ajoutant des effets de
bord monadiques au langage & la ML, et en encodant ’analyse de complexité AARA dans les
programmes. Dans ce dernier cas, AutoBill supporte les annotations de tailles et complexités,

ce que les implémentations précédentes d’AARA ne supportaient pas.
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CHAPTER 1

Introduction

How can one predict the hardware footprint of a program? What compromises must be made
to have such predictions? Programming is often a significant investment of efforts and time,
and software mishandling its time, storage, or energy can be a disheartening surprise, if not
a recurrent struggle. Programs are material entities as much as abstractions. While this is
a truism, it has far-reaching consequences worth mulling over. Programs obviously have a
footprint in the “real world”, as they run on computers. This determines, for example, the time
and energy footprints of programs in an obvious manner: it can be measured by an external

observer.

Machines alone do not allow for resource predictions: how much resource a machine could ever
possibly consume is not the matter at hand here. We want to know what resources are needed
to run a particular program. Programs are made of code, which is where their synthetic,
abstract nature shows. As such, predicting program behavior in general — and resource
footprint in particular — needs to combine an operational viewpoint, in which a program is a
behavior through time and space that can be measured, and a structural viewpoint, in which

the patterns within code can be exploited.

Useful programs usually behave differently depending on their inputs, which means their
footprint cannot be determined by merely “stepping through the code”. we would then need to
know in advance its input. There is a tension between the information we can glean from the
code and the variability of inputs. Predicting the behavior of computers by means of analysis
of their code is the concern of software correctness and safety. This discipline is fundamental

importance given the scale and centrality software has today, and the effects of its potential
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dysfunctions. Those disciplines exist at the frontier between the abstract, logical world of

code and the operational, material world of machine, as we’ll now see in more detail.

1.1 Code, behavior, and safety

There are two complementary means to ensure software safety: by proving that the code
being run is correct, and/or by asserting that the machine running it behaves as expected. In
general, software safety cannot be ensured by mere observations of the machine, as those do
not suffice to characterize potential behaviors in all possible situations: given an input, the
behavior ofone run of the program against that input can be observed, but the behavior of a
program itself cannot be tested over all potential inputs. Therefore, if one wants to predict
the behavior of a program with maximal certainty, the only hope is to focus on its code. When
it comes to resource analysis, this means that resource footprints should be derived by analysis
the code of a program, giving a closed form of that footprint as a function of some salient

features of its potential inputs.

Analyzing code — which remains unchanged over all runs of a program — is a sure-fire way to
make correct predictions about program behavior. The question then becomes, to which extent
do those predictions justify the so-called safety of the machine? For example, many programs —
whose safety would otherwise be ensured by code analysis — fail when the memory they require
isn’t available on the particular machine that runs them. Code only gives an partial, implicit
specification of the machine behavior. As such Even when code explicitly represent intended
behavior, good predictions might be out of reach. Analyzable code must satisfyingly specify
its intended behavior, and analysis systems must be sophisticated enough to extract relevant
and actionable information from this. A tension exists between programmer efforts in writing
code in a way that can be analysed, and the efforts of analysis designers in writing sufficiently
sophisticated analyses to explicit the behavior of code in as many situations as possible. There
are many possible avenues for such analysis, with diverse requirements, precision, and ease-
of-use for programmers. In this endeavor, the choice of programming language is supremely
important, as it serve as the interface between programmers and analysers. It dictates what is

explicit and implicit within programs.
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1.2 The Curry-Howard correspondence

Programming hasn’t always involved controlling computers with code. The first mechanical
and electronic computing devices were programmed by directly interfacing with their hardware
(by setting pins or gears, wiring, and setting individual bits). The very term “compiler” wasn’t
introduced until 1953|81]. Since then, the face of programming has changed, thanks to the
freedom afforded to programmers from programming as the machine demanded. This allowed
for higher productivity through the elimination of irrelevant work, and higher safety through
both automated code generation, and checks and balances implemented inside compilers which
can detect predetermined classes of programmer errors. The resulting increase in abstraction

led to the multiplication and success of high-level programming languages.

This bottom-up account of programming should be paired with another top-down account of
abstraction in programming. From the latter perspective, concepts and techniques from formal
logic and symbolic reasoning were applied to computer programming and software engineering.
Starting with McCarty’s LISP, whose function-denoting LAMBDA, acting through syntactic
substitution,was found to be a direct mimicry of A-calculus, formalisms from formal logic were
linked to programming tools, forming a fruitful bridge between disciplines centered around
the Curry-Howard correspondence (CHC). This correspondence is made of a vast network of
links between formal models of code, processes and logical reasoning. That is to say, processes
evolving in computers are linked to rewriting of their code, which can be mapped to reasoning

on their types, to derive in turn properties of the evolution of those very processes.

For example, a computer with a CPU, a call stack, and call/ret instructions can be pro-
grammed with A-terms. At type level, the abstraction Ax.e is given the function type A = B,
its argument ¢’ the type A, and the overall application (Az.e)(e’) the type B. There is then a
formal correspondence between, on the one hand, the transitions between the states before
call is executed and ret is, on the other hand, the S-reduction in the A-calculus, and on
the third hand the rule of modus ponens that turns A and A = B into B. This particular
correspondence between functions, implication, and stack machines is ubiquitous in the style
of programming using the correspondence to build programs in a principled way, namely

functional programming.
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1.3 Functional programming for safety and correctness

The CHC covers a wide portfolio of qualitative and quantitative machine behavior, program-
ming languages, and logical systems. The resulting construction is a “Rosetta Stone” of
prediction, that provides an ever-expanding corpus of mutually-compatible tools that link
predictions about machine behaviors with symbolic reasoning and rewriting theory. This di-
rectly enables the use of powerful techniques from mathematics and logic to help programmers
understand and justify the programs they write. Programming languages and accompanying
tooling can enable a higher level of correctness and safety from the use of the CHC and

high-level programming. To quote a folklore slogan: “Well-typed programs do not go Wrong’ﬂ

For example, functional programs written in any of the member of the ML family of languages
(OCaml, SML, Haskell, ...) are guaranteed to be free from invalid memory access, as opposed
to programs written in C/++, Java, or Python that provide nullable types, which can contain
undefined references (nullptr, null, and None respectively). It would be fairer to say that

well-typed programs do not go wrong in the ways the compiler checks against.

Functional programming also exhibits the inherent partiality of code analysis. For example,
OCaml exceptions are not tracked by the type system, and OCaml programs may terminate
unexpectedly and undesirably due to an uncaught exception, unless separate tooling is used
to alleviate this particular issue. On the other hand, Haskell’s monadic exceptions are tracked
by the compiler and are always coupled with a corresponding handler, preventing the risk of
failureﬂ If one wants to guarantee some correctness property of programs, one must type for it.
Since we want to predict resource usage of functional programs, we will build a resource-aware

type system capable of quantitative reasoning.

1.4 Memory safety for FP

Memory usage is an important concern for programmers, but guarantees in that aspect are
often not provided for in tooling of the ML-family. Indeed, the automatic memory management

necessary for their structural safety completely elides memory management in source code. For

!The aphorism is from Milner, of Hindley-Milner type inference fame, and recorded in |60]
?Haskell also possesses I0Exceptions which aren’t type-checked and may cause program failure, notably
used to define non-total functions in the standard library like head :: [a] -> a
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this reason, programs having stringent memory requirement or requiring multi-model memory
management are written in programming languages with manual memory management, using
its explicit nature to limit allocations to some specified bounds, and provide a lingua franca
between paradigms. In general, the entire topic of memory management in programs remains
a non-trivial problem, and many schools and techniques exists across languages, frameworks,

and projects.

This motivates the creation of general theoretical frameworks for memory analysis and their
implementations, to serve as laboratory benches to explore the design space it encompasses.
Furthermore, statically approximating or determining memory management is, a canonical
resource prediction problem. Indeed, memory is a recoupable resource: as opposed to time of
energy, memory can be recovered when freed and then reused without incurring extra costs.
It therefore subsumes resource prediction for non-recoupable resources. It also is minimal: the
answer of a memory bounding problem is a single number or numerical expression (an integer

numbers of bytes or blocks of memory) as opposed to more structured data.

While giving a comprehensive tour of those memory management techniques is beyond the
scope of this introduction, some are of sufficiently large adoption and are embedded deep

enough within programming practice as to deserve in our eyes closer attention:

Malloc The malloc function is the standard memory allocator for the C programming
language since the seminal “K & R” book|47]. Memory allocated by malloc is guaranteed
to be available until a call to another memory management function such as free for
de-allocation or realloc for size changes. Mismanagement of those calls leads of a wide
array of bugs such as use-after-free and free-after-free. Multithreaded programming
brings new classes of pitfalls, for example race condition between use and free in different
threads, which cause spurious and hard to reproduce crashes due to illegal memory
access. Due to its inherent lack of safety guarantees, malloc-style memory management

isn’t widely used in functional programming languages.

RAII Use of the manual memory management paradigm can be made easier with techniques
such as Resource Acquisition Is Initialization (RAII), in which memory is allocated only
at the creation of objects, who all possess destructors responsible for freeing the memory

those objects control, and calling other destructors when necessary. One significant
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example of RAII providing safe, statically determined de-allocation, and to which we’ll

come back to in the next section, is the Rust programming language.

GC Garbage Collection is a technique allowing memory management to be safely automated.
At the surface level, the programmer can dynamically allocate memory, and needs not
to care to free or re-use it after the data it holds has become useless. Behind the scene,
an automated garbage collector partitions memory allocations as “possibly accessible”
or “provably out-of-scope”, and frees the latter. This is done, starting from a set of
roots containing all directly accessible data, by following references transitively over all
accessible memory locations. This processing requires the program to be paused while
memory is cleaned. The orchestration of allocations in memory and of GC pauses in
time active topic of engineering and research. Garbage collection is used by OCaml,
Haskell, and Standard ML of New Jersey, but also JavaScript and Scheme, making it
the main memory management strategy in functional programming, both statically and
dynamically typed, and is also used in languages implemented on top of the Java Virtual

Machine (JVM), such as Java itself, Clojure, and Kotlin.

RC Reference counting is another approach to automated memory management in which
allocation reachability is computed ahead of time by mean of a reference counter
embedded in each allocation. Counters are incremented every time a new reference to
their host allocation is created, and decremented whenever one of those references goes
out of scope. When the counter reaches zero, the allocation can safely be freed. RC is
used in programming platforms such as Microsoft’s Component Object Model, Apple’s
Cocoa and Swift, and the Python reference implementation CPython. Note that RC and
GC aren’t mutually exclusive: A garbage collector may use reference counts to compute
reachability, but only free memory during pauses, and reference counting often uses
techniques coming from garbage collection to handle reference cycles in allocated data,
which otherwise would keep counters from ever reaching zero. CPython, for example,

can also be considered a GC implementation in this regard.

As this list suggest, the existence and variety of memory management paradigm causes the
memory footprint of programs to depend on fine-grained design choices and on implementation
details. This implies that, to figure out precisely the memory footprint of a program, an

analysis must take into account a wide variety of concerns: programs behavior depends not
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only on the size of data, but on its structure as well, which means simple numerical reasoning
is often not enough to compute tight bounds. Just as well, if a loop allocates at each iteration,
the total size of those allocations must necessarily depend on the number of iterations. When
looking at memory prediction for functional programming from this angle, as a canonical
example of static analysis of significant importance, it becomes natural to ask what can

memory management and complexity analyses learn from one another.

1.5 Reasoning about memory, size and resources in FP

When it comes to memory management, most functional typed languages have an automated
approach in which dynamic check are used to guarantee safety and attempt to use memory
as best as possible. But the Rust programming language uses a different strategy altogether:
all (de-)allocation points are statically determined from the source code of the programs.
Following RAII, data structures have ownership of the memory they occupy, and when those
structures go out of scope, that memory is freed. This is trivial if a unique reference to the
data exists, but for shared data, memory liberation is prevented for the entire lifetime of the
shared copy. To ensure this invariant is preserved across read- and write- accesses coming

from different threads, Rust uses a borrow checker.

The technique of borrow checking formalizes RAII in a sophisticated type system that provides
safe memory accessby construction thanks to the CHC. It is a part of a line of programming
languages that exploit linear logic for that purpose. Linear logic refines the usual classical and
intuitionistic logics by restricting duplication and deletion of logical entities. The entities that
cannot be duplicated or deleted are called linear, and enable a direct encoding of resources
in logical reasoning (and by extension, in programs). In Rust, a slight relaxation is used,
which allows the memory hosting a value to be automatically deleted when it is guaranteed
no more references to that value exists. This may pose problems in the case of cyclic data
structures, which require more work from the programmer. This can be done, for example, by
representing the cyclic structure and the memory hosting it separately, at which point it is
safe to free all the memory at once when no references to any part of the structure remains in

scope.

Since duplication of references is forbidden, read/write access to a shared allocation require

a borrowing for a certain duration. This duration is called the lifetime of the borrowed
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reference, and lifetimes are partially order under inclusion, allowing the borrow-checker to
guarantees that shared references cannot be misused, and that freeing allocations will not
cause a use-after-free, free-after-free, or race conditions during concurrent read/writes. In
general, this statically-determined ownership cannot be as precise and convenient as automated
techniques with dynamically-determined memory management points. Continuing the example
of a cyclic data structure, handling the entire memory extant of the structure as a whole

prevents freeing and reusing of fragments of it, even when that reuse in possible.

RAII and linear logic can form the core of resource and memory analysers for functional lan-
guages, and are, for example, a core feature of the Rust programming language, which validate
the feasibility of this method. But this does not suffice, as tools extracting computational

costs and complexities must be added to this base to obtain memory footprints.

We now turn our attention to those tools. Analysis of high-level source code (i.e. irrelevant of
machine consideration) was first done by hand on pseudocode for algorithmic analysis. The
programming model used matters for such analysis: each language has different constructs for
branching, iteration, looping, etc., which influence how programs can be written in theory and
which program is written in practice. This in turns determines which methods can successfully
analyse the complexity of programs. For example, Martin Hofmann proved in a seminal
result|36] that algorithms implementable in polynomial time on a Turing-machine are exactly
the functional programs on bit-strings implementable with high-order functions, structural
recursion, and no dynamic memory allocation. Here, “no dynamic allocation” is understood
in the sense that constructing data and closures consumes resource tokens that can only be
created by freeing other data or closures of equivalent size. In this result, linear logic is directly
used to represent preservation of a quantity of resources. Developments of resource analysis

for functional languages using such techniques will be presented in the next chapter.

1.6 Thesis of this manuscript

There is a plethora of useful but not generally applicable resource analysis for ML-style
languages based on the CHC. At their core, they use the correspondence between A-calculus
and minimal logic: predictions made on code remain true throughout execution because the
reasoning that justify them are stable under reduction. Formally, reduction of typed A-terms

with resources matches with normalization of proofs in minimal linear logic. But looking at this
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situation from the formal logic side, a possibility for improvement appears, as minimal linear
logic is not the most straightforward incarnation of linear logic (an account of this phenomenon
is given by Girard in [27]). A more efficient formalism to express linear logic is sequent calculus
which trades the minimalism of implication logic (only one operator) for a maximalist formalism
in which all operations possible on the state of a reasoning are given an orthogonal primitive
operator. This formalism has been at the heart of the development of powerful techniques
capable of analyzing their behavior of proofs in linear logic. Through the CHC, those become
techniques to control and analyse the behavior of abstract machines using type systems, in the
same way those type systems are used for A-calculus. This enables implementing sophisticated
type systems for functional languages while enjoying a comparatively low amount of proof

work.

We therefore assert that resource analysis for functional typed languages benefit from a
reformulation as type systems on a relevant abstract machine which we describe in this thesis,
together with a reusable analysis scheme. We shall go into detail about this approach at the
end of our description of the state of the art in chapter [2l To give a taste of this method, we

describe some salient points:

e We describe the resource footprints of programs as the size of an ambient pool of
resources used throughout the execution, to with all resource manipulation are logged.
This implies resource bounds are preserved along evaluation. This would not be the case
if the footprint was defined as the minimum amount of resources required for execution
to proceed correctly, which would decrease as costly operations are done execution. This
means that, the same way the type of a program does not change during evaluation, our

resource footprints enjoy subject reduction, and will not change during evaluation.

e We shall represent this pool and log as a single linear value, making it obvious that
resources are not spuriously created during evaluation. Also, as opposed to other current
approaches. This dispenses with sophisticated techniques required to account for all
resources spread around the program’s state as it runs. Nevertheless, we do not lose

precision compared to those resource analyses.

e Our machinery will be able to account for the precise operational semantics of source
programming languages: as opposed to theoretical A-calculus which needs to be wrangled

with to match the order of operations in a real programming language, formalization uses



Chapter 1. Introduction

focusing to match the reality of step-by-step program evaluation. This match between
theory and practice enables reuse of the machinery and analysis for new programming

languages.

e Finally, we make explicit in our formalism the use of key software component present
in implemented resource analyses, namely, Solvers Modulo Theory (SMT). All resource
analyses require numerical reasoning on unknown quantities, such as the size of data
structures, the number of iteration in a loop, and of course amount of resources. Our
system makes this dependency explicit, is formalized using first-order logic, which we
consider to be a neutral encoding. Not only is it directly understandable by SMT, It

allows specific formalisms to be ported and combined more easily.

With this setup, we are able to analyse a functional intermediate representation with algebraic
data types, recursion and amenities for monadic effects. Independently of this analysis, the
machine code is automatically re-written to manipulate resources explicitly. This elaborated
code can then be type-checked to compute a logical constraint on resources, which encodes an
implicit complexity bound in terms of user-chosen quantities. This constraint is expressed in
first-order logic, and can be sent to relevant solvers to obtain closed-form bounds or simplified

constraints on memory requirements.

This setup has several advantages to previous tooling made for resource analysis for functional
programming. It automatically mixes evaluation styles, both eager and lazy, within the same
program. This is used to implement monadic effects and resource-efficient structural recursion
schemes with iterators over user-defined data types. Also, to enable using a wide range of
specific algorithmic analyses in this setting, our method extracts generic logical constraints more
straightforwardly compatible with diverse analyses compared to made-to-purpose annotations,

without changes to the compilation frontend or our typing procedure.

1.7 Outline of the argument

Our argument will begin with an overview of resource analysis techniques for functional
programming in chapter 2] We begin with Amortized analysis in section [2.1) which we then
formalize and re-frame in sections [2.2] and Then, we describe the framework of Automated
Amortized Resource Analysis (AARA, sec, its application to automated analysis for

10
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functional languages a la ML (sec, and the algorithmic core of its inference system in
section [2.6] We shall then describe a theoretical universal framework for hosting resource
analysis called d/PCFin section and its direct application to amortized analysis in section
Finally, we introduce abstract interpretation in the context of resource analysis, and
explain its complementary nature to AARA techniques (sec, before giving closing remarks

on this review of the state of the art in section [2.11]

We will then start in earnest by presenting of the abstract machine-based approach that we
will use, in chapter 8] We begin by restating the definition of call-by-value and call-by-name
small-step operational semantics of A-calculus in terms of choices of evaluation contexts in
section [3.1] and reify those contexts to define a base abstract machine in section From
then on, we relate those abstract machines with focusing in logic, and show how it corresponds
to evaluation strategies for abstract machines through the CHC (sec . We then use this
correspondence to define call-by-value and call-by-name machines through minimal alterations
to the base abstract machine in section 3.4 and 3.5l This allows us to define in section 3.6] an
simultaneous embedding of A-calculus into the two abstract machines, which endows it with
call-by-value or call-by-name semantics depending on the target. We conclude with qualitative

insights giving a first justification to our abstract-machine approach to resource analysis in

section [B3.71

In chapter {4, we obtain an abstract machine combining the call-by-value and call-by-name
machine by finalizing the application of focusing, the result being acall-by-push-value abstract
machine. The base of the machine, its identity fragment is given in section and we follow
with its simple linear type system in section [£.2] Then, we proceed with the logical fragment,
in which we introduce the definition of new types (sec. , the usage of inductive data-types
(sec. , and of co-inductive computation types (sec. . We introduce thunks and closure
to the machine, which mediate between evaluation strategies, in section [£.7] and comment and
exemplify their use and relation to focusing in section [4.8] Finally, we introduce the structural
fragment in section [£.9] which concerns itself with shared data and recursive computations.

We conclude this presentation in section [4.10]

With this analysis in our toolbox, we show in chapter [o| how an ML-style functional program-
ming language can be compiled into the machine. Finally, we demonstrate how the choice

of abstract machine allows monadic effects to be taken into account without changing the

11
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core analysis procedure. The whole forms the frontend of our analysis platform, implemented

component-by-component on top of our reusable base.

Chapter [6] will then focus on the backend of the analysis, starting with its annotation system.
This is formalized as a fragment of first-order logic encoding relations between resources, sizes,
lengths, etc. used within the program, which we call parameters. This logical fragment is
then used to extend our type system with polymorphism over parameters and parameterized
simple types, and with the introduction of constraint within code. Well-typed programs then
include a constraint within their typing judgment, free variables representing approximations

of runtime metrics on manipulated data and computations.

We then introduce a representation of resources and potential using this system in chapter [7}
which allows us to implement AARA as a type inference procedure. The logical constraint
associated to the annotated program has then models which guarantee that enough resources
are present at runtime, giving our footprint. We extend this translation with, on the one hand,
annotations to datatype definitions, which allow us to encode a variety of resource analyses in
the literature, and on the other with shared values with bounded lifetimes, which enables an

analysis of memory-managed data structures.

In chapter [§ we describe our implementation of this analysis. Starting with a bird’s eye
view of our pipeline, we then spend time describe the mechanization of our type system
into an inference procedure using constraints-based type inference procedures. We show how
we extract a first-order logic constraint from our procedure, and provide initial solving and
optimization algorithms to obtain bounds in the case of polynomial memory complexity. We
then describe how our implementation interfaces with solvers and proof-assistants for external

processing of constraints.

Finally, chapter [9] is dedicated to an evaluation of our work against the state of the art
described in chapter 2] First, we show how our novel call-by-push-value machine enables
an increase in the scope of analyzable programs. Then, we discuss the effect of allowing
annotations in analysed code, especially in the context of higher-order programs, and the
benefits of allowing state-of-the-art constraints solvers to be used in AARA analysers as
opposed to standalone implementations of ad-hoc formalisms. We then discuss the relation of
our continuation-passing, focused abstract machine with the stack-aware type systems used in

state-of-the-art AARA systems, and open up a discussion about the possibility and difficulty

12
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of re-using past AARA solving procedure in our new setting. We finally touch on also the
opportunity a more standard first-order-logic formalism provides here. This will enable us to

conclude our manuscript in chapter

13



CHAPTER 2

Predicting resource consumption

When an program is functionally correct, its performance is a major concern for its authors
and users. In the earlier days of computers, programs would statically assign different segments
of memory for specific purposes, but the increase in complexity of programs and computing
power of machines relegated this approach to niches within the wider programming practice.
At it stands nowadays, and has been the case for decades, a programmer cannot be expected
to directly and easily derive the time, energy, and memory footprints required to run their
programs. This state of affair makes research into algorithmic complexity and automated cost

analysis a pragmatic topic of investigation.

A good point to begin a focused overview of the relevant corpus is the work of R. E. Tarjan
on amortized computational complexity. Of interest to us is the term “amortized” of this
nomenclature. Taken directly from the world of finance, to amortize a cost is to substitute a
bulk payment into a sum of smaller payments done ahead of time which, when accumulated,
cover the cost of the actual payment without inducing the corresponding large debit. For
example, if one expects to have to pay 1200€ at the end of the year, one can put aside 100€ a
month and pay the whole sum without having to handle the larger financial stress associated

with a 1200€ debit line. Let us dive in:

2.1 Amortized algorithmic analysis

The canonical reference here is|75|. In this paper, Tarjan introduces amortized complexity as

a finer analysis tool than worst-case cost analysis, while still remaining safer than average-cost

14
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complexity. Indeed, while the cost of a program is often close to the average, one exceptional
case is enough to cause failure. Likewise, always assuming that each operation independently
costs as much as it possibly can ignores all the possible optimizations performed thanks to the

clever design of its programmers.

A good first example for Amortized analysis is the functional queue, implemented using two
linked lists, £ for the front of the queue, and b for its back. The front of the queue contains
older elements, with the oldest one being on top, and the back contains the younger ones in
reverse order, with the youngest on top. Adding a new item to the queue just pushes it on
top of the back, and popping one just removes the topmost element from the front. If the
front is empty though, the back of the queue is flipped, putting its oldest elements on top.

This new list is then set as the new front of the queue. This is implemented as so in Ocaml:

type 'a queue = Q of ('a list) * ('a list)
let enqueue (Q (f,b)) x = Q (£f,x::b)
let rec dequeue = fun

| Q (x::f,b) —> (x, Q (£f,b))

| @ ([1,00) -> error (* no elements *)

| Q@ ([1,b) -> dequeue (reverse b, [])

Suppose we want to determine a bound for the time complexity for this queue data structure
in terms of list operations (i.e. set a cost of 1 for each case analysis and constructor call on a

list). The cost of reversing a list of length k is thereby 2k.

With this metric, a naive reasoning deduces that enqueue has a maximum cost of 1 per call,
and dequeue a maximal cost of 2k + 4, where k is the size of the back list. Therefore, if we
process n elements, each being enqueued and dequeued, the size of the back is bounded by n,
and we get a total cost C(n) bounded by 1n + (2n +4)n = 2n% 4+ 5n = O(n?), i.e. a quadratic

time complexity bound in the worst case.

But an amortized analysis provides a lower bound in the same setting, in fact showing that
this cost is bounded linearly. To do so, observe that each element is reversed exactly once:
after the first reversing, it ends up in the front list, where it is never reversed further. This

means that the calls to reverse over the entire lifetime of the structure are done on lists of
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sizes ki1, ..., k, summing to exactly n. The complexity C(n) is therefore bounded by:

Cn)<lxn+ max > (2k+4)=n+ Y (2x1+4)=7n=0(n)
Fitthp=n 22, 1<i<n

Therefore, the time complexity of processing n elements is always linear. This can more simply
be accounted for by imagining that each element added to the queue is endowed with 7 credits.
One of those credit is spent for the enqueuing. Reversing the back queue with k > 0 elements
has cost 2k + 4, but each element in the back possesses 6 time credit still, which means they
can afford to be reversed “out of pocket” without occurring a time spending. In the worst
case scenario (when the back contains a single element), the credits cover exactly the required
cost. This means that crediting the n elements with a total of 7n credits allows the entire
processing to occur without further costs, and that the worst-case time complexity is bounded
by Tn. Accounting for the behavior of the data structure over its entire lifetime, and loading
its elements with credits accordingly, we were able to obtain a significantly better bound than

was achievable via a nalve analysis.

Note that obtaining this tighter bound requires understanding an invariant about the stack: its
size is split between front and back, and each element is processed identically. To understand
how to derive those invariants and the tighter bounds they induce, we first present some

notations, which we’ll use throughout the manuscript.

2.2 Resource semantics for amortized analysis

Let ¢ € C be programs and let a deterministic, binary relation ¢ — ¢’ on programs denote a
small-step reduction (i.e. program c¢ becomes ¢ during evaluation without any intermediate
states). A full execution of a program is then a (potentially infinite) sequence (¢;); with

Ci D> Ciy1.

We lastly assume the existence of a function k : {(c,c’) € C? | ¢ — ¢/} — Z, which associates a
cost k(c, ') to a program transition c>¢’. Note that k can be negative, in which case it denotes
a reclamation of resources. This can occur most importantly if the resource in question is
memory, but not if it is time or energy (for those later cases, we can set k € N). The triplet

(C,>, k) is a resource semantic for C.
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Given a reduction sequence (c¢;);, the sequence (k(cj, cjyi)); is called its resource profile. We
define K;, the footprint at step i, as the partial sum Zogi <n Ki- Finally, the overall footprint
of the execution of a program is the maximum of the footprints over all step max; K; (or +oo
if no finite maximum exists). Note that the overall costs isn’t always realized as the footprint
at the last step: if one of the k; is negative, then K may be realized at an intermediate step
(think of a program that allocate a large amount of memory for its internal operations, then

frees it before it finishes).

With this formalism, the cost k(c, ') of a reduction step is determined dynamically. Using
small-step semantics, it is sometimes possible to determine this one-step cost at compile-time,
which unlocks a useful simplification which we now introduce. It consists in extending the
original set of programs C with a new construct called a tick. Such tick, written tick(c,k),

reduces to ¢ in one step with cost k.

Formally, given programs with a resource semantics (C,>, k), a one (C',>, k") is defined by
setting C’ the smallest set (least upper bound, or l.u.b.) containing C and all tick(c, k) for

c € (', endowed with the accordingly modified reduction and cost metric:

C' = lu.b. of map C'— CUC U {tick(c', k)| €C', ke Z}
(>) = () U{(tick(c, k), c) | ¢ € C'}
K, ) = {k when ¢ = tick(c, k)

0 otherwise

Then, we say (C,>, k) has statically determinable step costs if there is a map ¢ : C — C’ such
that all ¢ € C and ¢(c) € C' have the same resource profile, that is, its costs metric can be
faithfully internalized using ticks. In this manuscript, we shall only consider programs with

statically determinable step costs.

2.3 The banker’s and physicist’s method

The goal of amortized analysis is to find, given a resource semantics and a family of programs
with varying inputs, a common upper bound for their footprints. For example, the family
of programs for the previously introduced stack structure contains all sequences of n stack
operations, and we derived an upper bound 7n for their footprints. Tarjan provides two

systematic ways to derive such bounds over families of programs. Those two (equivalent)
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methods, the “banker” and “physicist” formalisms, are strictly equivalent. First, let us begin

by describing the banker’s method.

The banker’s method formalizes the idea of “saving now to pay later” . Formally, a new
amortized cost semantics k' is devised which satisfies K/ > K;. This suffices to cover
the footprint at each step, and therefore guarantees K’ > K. If this new cost semantics
is sufficiently simple, bounds can be computed closed forms. For example, the amortized
semantic for stacks we informally described assigns a cost of seven units per enqueue operation,
and zero for dequeue operation. Using the stack invariant, it is proved that this semantics
indeed gives an upper bound of the actual time footprint. Here, the “simplicity” requirement
is satisfied: a program with n operation has footprint at most 7n, the upper bound being
realized with n enqueue and no dequeue. The banker’s method is well-adapted to situations

in which relevant invariants are already well-understood.

When automated methods are required, it may not be desirable to derive a whole new cost
semantics for the specific family of program under consideration. Thankfully, an equivalent
characterization of amortization preserves the old semantics: the physicist’s method. In the
physicist’s method, each program ¢ € C is given a potential ®(c) € N such that ®; — ;1 > k;.
This last equation is the potential condition, and encodes the fact that the loss of potential
during evaluation covers for the program’s footprint. We write ®; = ®(¢;) for the potential of
an intermediate step when unambiguous. The following calculation shows that initial potential
d( of a program is an upper bound for all its intermediate footprints, and therefore its total
footprint:
K; = Z k; < Z (P — Piy1) = Po — @, < D
0<j<i 0<j<i

For the queue example, setting ®g = 7n suffices to guarantee ®; — ®; 1 > k; by the queue
invariant. In general, one can first pose ®y = f(n, @) for some free parameters @, find a subset
of those parameters which satisfy the potential condition, and finally minimize ®( by varying
the @. This method provides the skeleton of automated amortized computational complexity

analyses.

To finish up this introductory exposition, we show that the two methods are strictly equivalent:
one defines a banker’s cost semantics K’ from a potential ® by setting K. = &y — ®; and

conversely, every banker’s cost semantics K’ defines a potential by ®; = K| — K;. This justifies
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that, in full generality, to find an upper bound for the amortized cost of a family of programs

reduces to finding a potential.

2.4 Early days of Automated Amortized Resource Analysis

Over the last twenty years (from 2003 onward), the theoretical framework of Automated
Amortized Resource Analysis (hereafter AARA) was developed as a family of increasingly
syntax-directed and precise type systems for functional programs that implements automated

complexity analysis with the potential method|34].

The seminal paper here is Martin Hoffmann’s 2003 paper|37] which we briefly mentioned in the
introduction. Its results are eloquently summarized in a short abstract, which we reproduce

here in its totality:

“We propose a linear type system with recursion operators for inductive datatypes
which ensures that all definable functions are polynomial time computable. The
system tmproves upon previous such systems in that recursive definitions can be

arbitrarily nested; in particular, no predicativity or modality restrictions are made”

The A-calculus considered here has affine static semantics with functions, both pattern-
matching and projection pairs, and a predefined set of type operators (notably, homogeneous
lists, labeled binary trees, and binary-encoded integers) that come with their own structural
recursion primitives. The notion of “time” involved is not based on a particular model. Instead,
it arises as some integer-valued metric on reduction in another unspecified formalism. This
metric is constrained as to encode a sensible cost to the functional programs when they are

compiled to combinator algebra.

The main ingredient guaranteeing that execution time is indeed polynomial is a token type ¢
that is necessary to introduce and eliminate terms of each type. This encodes spending some
currency for program operations. For example, pushing an element of type A to a list oftype

L(A) is an operation of type cons : § —o A —o L(A) —o L(A), which means it has unit cost.

Correspondingly, structural recursion destroys constructors and frees a token at each step,
which can be used to finance further computations. As a result of this requirement, programs

in Hoffmann’s formalism which can be typed without { are non-increasing in size, which in
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turns means they either diverge by looping forever or converge in polynomial time. Since the

A-calculus under consideration is terminating, polynomial time is thereby ensured.

This result relies on two language features which makes it unsuitable as-is for resource analysis

of functional languages, which was overcome in further work:

1. Program source code is expected to explicitly manipulate tokens. This departs from the
usual programming style in ML languages, in which resources such has allocations for

constructors need not be dealt with.

2. Data structures (lists and trees) have to be specified manually, together with their
token-aware construction and recursion primitives. The correctness of the method relies

on the specific definition used and is not generalized to general-purpose algebraic data

types.

Nevertheless, this promising first result laid the groundwork for the automated resource
analysis developed by Martin Hoffmann before his unfortunate passing, together with his

student Jan Hoffmann, who continues the work up to this day.

2.5 The AARA formalism for static analysis

Jan Hoffmann’s work extended the result of Martin Hoffmann to an inference procedure
for ML-style languages, allowing polynomial bounds to be determined, first for a class of
program similar to those we mentioned in the previous section, and then for more mainstream
programming constructs. We describe in this section the formal setup this analysis uses, in
order to focus on more technical points in the next section. A bird’s eye view of AARA is

available in|34], and detailed proofs in J. Hoffmann’s PhD thesis|33].

AARA takes the form of a type system, whose typing relation is extended with static bounds
for the potential before and after evaluation of the typed expression. Those judgments are
then shown to be sound regarding a resource-aware semantic for the language. Bounds are
obtained by refining a preliminary typing derivation of simply-typed A-calculus programs with

resource-aware types.

Those resource-aware types are created by associating, to each node of a given type expression,

a potential annotation partially specifying the changes in potential incurred by introducing
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and eliminating that node. Those annotations are gathered at the root of the type expression.
We choose to keep those them unspecified until the next section: all annotations in this section
are replaced with the placeholder e, and all resource-aware types are written A®, where A is a

simple type.

At compile-time, an expression e of type A® holds some potential ®(e : A*) = ®4(o). The
function ®4 takes in annotations and returns a polynomial expression for the potential of
the expression, whose free variables encode the yet-unknown sizes, length, depth, etc. of the
runtime value of e. Symbolic reasoning on those expressions allows resource information to

flow through the analysis.
In technical terms, AARA typing judgements and reduction relations respectively take the
form
q m
I'*tFe: A% and V F e ~ v, where
q/ ml
e c is an expression of resource-aware type A®, which reduces to v;

e V is a runtime environment, and I'* a context of resource-aware types approximating it;

e and, m and m’ are runtime costs encoded in the banker’s way, and p and p’ are static

potential annotations providing sound bounds for them.

Then, the associated soundness theorem states that, if the typing judgment above holds, and
furthermore V' is any runtime environment typeable with I'® (i.e. each value in it typechecks
with the associated resource-aware type) then the resource-aware reduction relation above

holds as well for any values of m and m’ such that:

o m=q+r+ Y amyey Pale)
e m' >q +r+dy(e),

e and r is some amount of resources untouched by the evaluation of e.
The typing rules are defined on programs in administrative normal forms: all sub-expression
are named. Furthermore, programs are assumed to be syntactically linear: a named value is

used exactly once, and specific syntactic construct allow all variables to be explicitly shared

and given a vacuous use to satisfy linearity. An automatic pre-processing phase transforms
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programs into one satisfying those two conditions. Let us give some example of typing rules
to finish up this presentation of the core of AARA. We shall focus on pairs (figure and
functions (figure [2.2]). The rule for pair formation (AARA-PAIR) merely states that when two
components z,y of a pair are already evaluated, the additional cost of evaluating the pair
(x,y) is equal to some constant gpair. When pattern-matching on a pair, the potential of each
component is released from the pair, with an offset of gunpair- Note that there is in general no
reason that the potential associated to each component to be equal before packing and after
unpacking, and that the overall potential of the expression may have changed in between the

use of the two rules.

q + (I)A(.) + (I)B(.> 2 q/ + cI)A><B(.) + Apair
q
x:A%y:B*F (z,y): (Ax B)*
q/

(AARA-PAIR)

P p=d
I z:A%y:B*Fe:C*®
P’ q + (I)AXB(’) 2 P+ (I)A(’) + (pB(.) + GQunpair

7 (AARA-UNPAIR)
I, z:(AxB)*F let (/,y)=zine: C*®
q/

Figure 2.1: AARA typing rules for pairs

When extending those rules to iso-recursive, tree-shaped, algebraic data-types — that is, types
defined by a recursive equation T = A; x TF1 4 ... + A,, x TF each constructor is given
a separate direct cost, and pattern matching branches are analysed separately. Then, each
branch’s cost is over-estimated by a free cost variable as to line up with the other ones, which

may cost more.

Functions (potentially recursive) are the trickier case of the analysis, and require some
restrictions. First, currying is not made resource aware: the type system assumes potential is
only manipulated on saturated functions callsH Secondly, closures (which are fully synonymous
with functions in this context) may not hold potential: indeed, the potential of the values

they capture may change during evaluation. Furthermore, the closure’s potential is itself

!This limitation and its justification turns out to manifest themselves in a clearer way in the system we
introduce in this manuscript. For the moment, we hope the patient reader can take the well-foundedness of
this requirement at face value.
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liable to change due to external and recursive calls. As such, it is not possible to derive a safe,

non-empty potential for unrestricted closures.

Function terms have syntax fun f(z) = e, which extends the ML-style syntax fun x — e
to recursive definitions. Resource-aware function types are not annotated in the same way
as data structures. Not only do they hold the usual e annotation when they appear at the
top-level of a type expression, they also include an annotation context ©° giving annotations
for their arguments and result, and bear potential annotations ¢ and ¢/, denoting potential
before and after its calls. As such, a fully-annotated function type is (A ﬁ/) B,©*)*. This,
together with the previously stated limitations, and the type-level annotatqion on argument
and return types, immediately give the rules for function calls and definitions, so we only show
the rule for abstractions. Here, the annotation context ©° is built immediately by asserting
that the annotated types (A®, B®) encoding input-output pairs of resource annotations exists.
Note that the two potential annotations in the function’s type are unified with those of the

function’s body, definition, avoiding cyclicity in the typing rule.

P P =0
F.a<f5A£>37@.>,$IA'|—€IB. { F(.) c 4> q" + qabs
p’ p’ o

(AARA-ABS)

Figure 2.2: AARA: typing rules for abstractions

The case of high-order functions is a little more involved, as the resource behavior of a functional
argument influences the behavior of the high-order function using it. Such functional arguments
require a constraint on potential annotation to be defined at a function’s site of definition,
carried in their types, and finally instantiated in the type of the high-order functions that uses
them. This complexity only compounds as the order of functions increases, or as recursion is
brought into play. We will give more thought about those cases in the next section, where
we explore the mechanisms implementing the all-important potential annotations e and their

semantics function ® 4(e) in real-life analyzers.
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2.6 Type-level resource annotations for AARA

This section’s goal is to answer the questions left by the previous one regarding resource
annotations on types and functions: how are the e defined? How are they instantiated in
the type system? What is the algorithm behind the ® potential function? What kind of
algorithms can be tightly bound with it? To answer those, let us begin by presenting a general
principle, uniform recursion, and give an account of the annotations and potentials for linked
lists. This section has to be more technical than the preceding ones, as is presents the core of

the algorithmic and combinatorial reasoning of AARA type systems.

Uniform iteration When an algorithm loops or recurses, it often does so uniformly for all
patterns in a given data structure. This is for example the intended meaning behind Python’s
for x in yloop, OCaml’s List.iter and Haskell’s Foldable typeclass. In general, a pattern
is not merely a node in a data-structure, but may be a predetermined set of node directly or
indirectly related in a data structure. For example, pairs (I;,1;) of elements in a list { in order
of appearance (indices i < j), or all inner nodes of a tree with a label a under a node labeled
b. Potential in AARA is built up from enumerations of such patterns in polynomial datatypes,
that is, simple types 1" defined by constructors, each of those taking arguments which may be
themselves of type T'. Formally, those are exactly the smallest solutions to equations of the
form:

T A xTF + Ay x TF2 ...+ A, x TFn.

Example: sorting linked lists Let us see how those annotations enumerating uniform
iterations can be used to derive potential for list algorithm. Recall that linked lists are the
polynomial type L(T) =1+ T x L(T'). The patterns of nodes within a list [l1,...,1,] are
therefore tuples of lists elements (;,,...,[;,,) with of increasing index: 0 <i; < -+ < iy, <
n — 1. The number of such patterns of size m in a list of length n is immediately expressible
with as a binomial ().

As an example, consider the select-sort algorithm on linked list in OCaml shown in figure
23] This algorithm will iterate on all pairs of items on the list, and we have added print

statements to represent the costs of nested iterations. Namely, the cost of operation per pair

of elements is ¢o, the cost for processing one element is g1, and the unitary cost for the entire
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let select_sort 1 =
let rec select large min rest = (* exztract the minimum element *)
match rest with
| [ -> (min, large)
| y::ys ->
print_endline "This cost g2.";
if min < y then
select (y::large) min ys
else
select (x::large) min ys in
let rec sort 1 = (* put the minimum at the head of the list *)
match 1 with
I 0 -> 1
| x::xs ->
print_endline "This cost ql.";
let min, large = select [] x xs in
min :: (sort large) in
print_endline "This costs q0."; (* <= entry point for select_sort *)
sort 1

Figure 2.3: OCaml listing of the select_sort algorithm

function is go. In this setup, the total cost C'(n) of sorting a list of length n is

o) )l

n—1)(n—2
= Q2—( )2( ) +qn+qo
= gen + (¢1 — 56]2)” + qo-

This computation shows that bounding the cost of nested iteration can be separated into (1)
bounding the cost of each immediate step, (2) finding out on which pattern of which data each
particular step is repeated on, and (3) summing those costs using combinatorial identities.
The AARA annotations allow step (1) and (2) to be performed in the type system for all

polynomial datatypes in such a way that step (3) simplifies to a combinatorics problem.

Identifying patterns Let us assume we have a datatype T defined by T ~ A; x Tk +
.- 4 A, x T*n. This is written in AARA notation as T = (Cy : (A1, k1),...,Cn : (An, kn)).
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AARA inductively defines for each such datatypes a family of base indices which encode which

pattern in a value of that type is being iterated over at a point in a nested iteration.

To do so, for each pair of values v, u : T values, we write v < wu if u is a subtree of 1ﬂ In this

situation. The base indices Irare defined inductively:

e There is a trivial base index I = x encoding absence of iteration

o If T'="1T; x---xT} is a tuple type and I7, ..., I, are base indices for each component,
then It = (Ip,,...,I7,) is a base index.

e For each tuple of constructors (Cj,,...,C;, ) and base indices Ia, 5. 1a,, for the
arguments of each of them, there is a base index I = <(Ci1,IA,~1 )y (Cis IAim)>’

e The base indices *, (*,...,*), and () are identified

The patterns it iterates over are also defined inductively: Given a value v : T" and a base index

I for its type, it matches the following sub-structures of v:

o If I7 = x, it matches on v itself.

o If I = (Iry,...,I,), then v = (vy,...,v;), and I matches on all tuples (ui,...,ux)

where each u; is a sub-structure of v; matched by Ir;.

o If Iy — <(C,~1,IAZ.1), o (Cin,IAin)>, it matches over all tuples (bi, ..., bn) such that
there is a sequence t > t; > --- > t,, of subtrees of v ordered by inclusion, such that

tj =Cy; (aj,...) for some a; : A;;, and each b;; is a sub-structure of a;; matched by I Aij-

Potential annotations To each base index, AARA associates a potential coefficient in Q.
This means that for all non-function types 7' the annotated type T is just a pair (T, Qr),
where Qr = (g1, € Q)r,ez, is a finite family of rationals indexed by base indices in Zp.
Remember that types aren’t deeply annotated: annotations only appear at the top-level of

types, never in the inner nodes of type expressions.

This leaves the case of annotated function types. If (A4 4 B, ©°) is an annotated function
q/

type, then ©° is merely a finite set of tuples (Q)4|, Q|B‘) of annotations to be instantiated on

2Subtrees here are contiguous subtrees
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the argument and return expressions of a call site of the function. The operation |T| on types
merely erases all type annotations of the arguments and return type. This guarantees that
intractable higher-order functional arguments do not influence the potential estimate. Finally,
the potential of a value according to its annotated type ®(T, Qr)(v) is defined as a sum over
the family Q1 = (q1,)1,ez by setting:
O (Qr)(v) = Z qr; % card {u | IT matches on u in v}
Irel

This concludes the presentation of AARA analysis. The potential annotations it implements
are tailored to polynomial complexity. Indeed, given the definition of base indices and potential,
all expression involved in annotation are polynomials, whose free variables are the number of
sub-structures within its free variables. While different formalizations of potential have been
developed, only the polynomial ones described above are fully implemented. Furthermore, the
RAMI_E| tool developed by Hoffmann refines this type system with a separation between stack

and heap resources of resources to better model memory allocations for OCaml.

2.7 Dal Lago anda Gaboardi’s d/PCF

As we’ve seen in the previous section, AARA infers resource footprints of programs through the
enrichment of simple types with indices that approximate resource manipulation at runtime.
This requires analyses to implement reasoning over index expressions. The bespoke system
created for polynomial AARA has been successfully implemented, but its diverse extensions
to high-order functions, shared closures, logarithmic/exponential complexities, etc. are not
so straightforwardly implementable. This is a first, immediate obstacle to the design and

implementation of extensible and reusable resource analyses.

More recent work involving U. Dal Lago, B. Petit, and M. Gaboardi|20} 21| regarding complexity
analysis within type system allows those indices to be expressed in the formalism of constrained
type systems. Those systems are parameterized by a “constraint judgement”, that defines
which values can be assigned indices in types and programs by means of a logical constraint
(often in a fragment of first-order logic). Those type systems parameterized by a first-order
constraint enable mainstream techniques from constraint solving and tools such as SMT solver

(“Satisfaction Modulo (a first-order) Theory”) to be used for those analyses.

3raml.co
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Indices A significant model in this family is Dal Lago & Petit’s d/PCF|21|, which is a
parameterized type system that can — in theory — infer the number steps required to evaluate
a PCF term in the call-by-value SECD machine[51] or KAM call-by-name machine|49|. Recall
that PCF is the simply-typed A calculus with integers and fixpoints, with the following

grammar:

ttuvi=x|neN|t+1|t—1|xt|tu|fixe.t|ifz ¢ then u elsev

Note that since PCF is a Turing-complete language, and as such bounding the number of
evaluation steps, or even deciding when a program finishes, is a Turing-complete problem.
The authors nevertheless achieve an inference procedure up to a decision procedure for a
first-order theory. It is understood that such an oracle may not exist for all d¢/PCFprograms,

while classes of programs with sufficiently “tame” recursions are analyzable.

The type-level index language introduced in d¢/PCFincludes variables a for natural integers,
a fixed collection of n-ary functions f to and from the integers (including primitives for
constants, addition and bounded subtraction), a bounded sum over integers ¥, and a special

forest cardinality operator @ whose meaning will be clarified later on:

LK :==a| f(1)Y J|OMK

a<l

Constraints Indices are manipulated through a finite conjunction ® of inequalities con-
straints I < J. The free variables in ® are scoped from in a index scope p. Note that, in
the natural integers, the relation (<) also defines the relations (=), (#), (<), (>), and (>).
The semantics of those constraints are given by a valuation p that provides a value p(a) € N
to each index variable in ¢, and a equational program & that provide a partial function for
each function symbol f in the index language. The semantics of an index expression are
given (when defined) by the integer [/ ]]g which is defined in the natural way. Putting those
ingredients together, d/PCFdefines a semantic judgement on indices which can appear in the
type system:
©; ® Eg I < J iff for every p satisfying @, [[I]]i < [[J]]i

28



Chapter 2. Predicting resource consumption

Types This semantic judgment on indices enables the d/PCFtype system to delegate solving
index constraints onto a dedicated oracle distinct of the type system. As such, there is an
inference procedure that provides an indexed type to programs, but may not be able to
instantiate some indices should the oracle fail to solve the constraint. In any case, bounding
the number of evaluation steps boils down to bounding the number of shared copies of each
recursive value fix z.t that may appear in the code, whose calls may themselves cause more
copy of themselves to be created, etc. This is done with linear types and modal shareable types.
For call-by-value semantics, integer values are types Nat[I, J]| for an integer between I and
J, and are freely shareable. In call-by-name mode, integers are also linear, as a lazy integer
may carry some unevaluated terms would change the program’s cost if shared. Functions
are linear (not shareable) but can take in shareable arguments and return shareable results.
Lastly, shareable closures track the maximum number of copies a closure may have over the
lifetime of the program. Tracking this information allows the type of arguments and results
of functions to be parameterized according to the execution of the program. For example,
the bounds of integers in function results can depend on the number of iterations required to

produce them. The syntax for types is therefore:

A B:=0—oT (linear types)
0,7 = [a < I].A | Nat[l, J] (shareable types)

Sharing The shareable type [a < I].A is a closure value of type A that can be shared up to
I times. The index variable a tracks the number of copies, and is bound in A. This means
shared functions “know” at compile-time which copy they are. For example, let us consider
some function f to/from integers which, that, at runtime, makes five recursive calls to itself.
Let us assume that the first recursive call requires one copy of f, that the second one calls f
twice, that the third one calls f thrice etc., and that no further calls occur. In total, a call to
f will therefore need 1+ 2+ 3 + 4 + 5 = 15 intermediate calls over its five recursions, and

sixteen when counting the root call. Then, f can be typed as:

f:]a < 16].Nat|[I, J] — Nat[I’, J']

Abbreviating A = Nat[I, J] — Nat[I’, J'], This type can be thought of as a collection of copies

of f, each of them indexed by the number of times they are used in intermediate calls, and
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each of them recording their place in the evaluation: the root call has index ag = 0, the first

copy has index a; = 0; the second ag = 1, 2; the third one az = 3,4, 5; etc.
f:A® a1 < 1].A® a2 < 2].Alag + 1/a] ® - -+ ® [as < 5].Alas + 10/a]
Finally, when all sharing is expanded, f can be typed equivalently with

f:A[0/a] ® All/a] @ --- ® A[15/al]

The sharing induced by inner recursive calls is the most subtle data that must be tracked to
obtain cost bounds in d/PCF, and the one source of potential undecidability. This tracking is
done by the forest counting operator @é‘]K on indices. To understand its behavior, consider
a recursive function f = fix f’.t : B, where f’ is bound in the function body ¢. This function
may be shared, and each shared copy used to start one “root” call to f. Then, each call to
f may in turn start more intermediate call, who themselves call f, etc. Each call to f is
therefore the root of a tree of intermediate calls which describes the iterated expansions of the
body t of f. All those root then together produce a forest. Assuming the program terminates,
all those trees have finite depth and width, and the forest has finitely many trees. Then, to
know the full cost induced by all calls to f, it suffices to know the immediate costs of each call,
and the number of node in the forest. The @é‘]K index counts those nodes in by identifying
each node with an integer, starting at 0, and counting in the top-most left-most order of nodes.

Namely:

If J is the number of trees in the forest;

and I is the number of nodes of the forest already visited;

e and K, with free variable a, is the number of children of the a™ node of the forest;

then @i’JK denotes the total number of node to visit in the whole forest.

Note that this number may fail to be defined for certain parameters I, J, K, and it is Turing-
complete to determine if the forest counting index associated to f is indeed finite. Since
implementing the forest-counting index is out of the scope of this thesis, we shall stop its

description here, and redirect the reader to[21] for more information.
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Type inference The type inference procedure for d/PCFis based around the constraint
judgement ¢, ® =¢ I < J, in which we ask that some model € of index operations guarantees
that I < J is satisfied given some hypotheses ®. This judgment is the leaf node of typing
derivations. The main typing judgment and its subtyping judgment, both shown below, ensure
that the term ¢ of type T in scope I' evaluates to a normal form in at most K steps, with ¢, ®
and & keeping their previous meanings. Subtyping is standard, and uses reasoning on indices

to relax bounds in integers and amount of sharing in closures.

0, ®THet:T @ &FTCT

This type inference procedure remains simple, as the Turing-complete reasoning on programs
it may encode is delegated to the oracle E. Recall that £ resolves each index primitive into a
partial function N¥ — N. So far, its only significant use was in counting forest cardinalities.
This is extended in the following manner: when instantiating an index I in some scope
= Jina typing derivation, we assume £ contains some predefined function f; : NIl — N
representing [ and unify I = f7( ) in the entire typing derivation. This creates a global

collection of index functions fr, fs, ..., and instantiates all constraints judgements as:

Kok I<J
w K, 0f1(K)/1L, f1(K)/J) Fe g, J1(E) < f1(K)
w VE. 0[f(K)/L [1(K)}J) = fi(E) < f;(K)

Performing that transformation reduces the problem of typing the PCF terms for their time
footprint to a problem of instantiating the function symbols f; under a finite number of first
order constraints of the form VK. ® = fr(K ) < fi(K ) where @ is itself a finite conjunction
of inequalities fp (K ) < fr(K ) Note that the forest cardinality operator may occur in the
constraints, and as such, if the scope of the problem is not reduced, no hope of automatic
solving can be had. Nevertheless, this approach is in our point of view quite welcome, as it
realizes the same kind of enriched type inference procedure as AARA while using standard
first-order constraints and relates resource analysis to mainline topics of research in type

inference (linear logic, dependency).
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2.8 AARA with constraints: A\jor

Given the similar concerns of both d/PCFand AARA, as well as the generality of the in-
dex system the former introduced, it is far from surprising that an encompassing system
extending d/PCFhas emerged, implementing the potential method in this new formal set-
ting. This is exactly what V. Rajani, M. Gaboardi, D. Garg and J. Hoffamm achieved in
a 2021 POPL paper|69]|, where they introduce Aamor.- Technically, they introduce a family
of formalisms, parameterized by a higher-order signature for indices, that provide a type
system capable of reasoning over the notion of resources that this signature encodes. The main
features of Aamorcoming together to implement amortized analysis are (1) indexed types a la
d¢PCFallowing sizes and structures to be accounted for at type-level; (2) a potential-bearing
type constructor allowing arbitrary types to hold potential parameterized by their own indices;
(3) a cost-bearing construct that allow monadic computations to be guarded by spending
potential; and (4) linearity, which guarantees potential and costs aren’t spuriously duplicated
or omitted. With this setup, Aamorfocuses on the theoretical side of the resource analysis
problem. As such, the authors don’t provide an implementation, and do not take into account

recoupable cost, opting for a simpler formalism in which costs are merely accumulative.

Indices The indices consist of natural and positive real numbers with additions and subtrac-
tions, abstraction and application of index-level functions, and iterated sum ) ; A(a : N).J
with semantics ) 4., ;. Constraints on indices are conjunctions of equalities and strict
inequalities (both restricted to numbers). Finally, types in Aamorare either base types or types
depending on any number of indices (both number and functions allowed). The type system
is polymorphic. For example, consider lists of length n whose elements are of type type A and
havesizes 1(0),1(1),...,1(n — 1) respectively. The type of the i*" element will then be A(I(7)).
A map function over such lists needs to be aware of those sizes to be well-typed. This requires

its functional argument passed as a polymorphic function over the index i:

map : VA, B:N — Type. (Vi : N. A(i) — B(i)) — List(n, A) — List(n, B)

Types Reasoning on indices is implemented through three families of types: quantification

over indices, abstraction and applications over indices, and witnessing and assuming the
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validity of constraints. This gives the following fragment of the syntax of types:
T 2:=VaT|3aT |Xa.T|TI|C=T|C&T|...

Common data types are also implementable in Aymor, another improvement over d¢PCF.
Common linear types (lazy and eager pairs, linear sums and functions) are primitive, as well as
shared references and lists indexed on lengths. The shareable closure of d/PCFis also present
under of the form of sub-exponentials !4 T where the index variable a is bound in 7. Further
base types may be added as needed, such as integers. Note that the formalism developed in

[69] only includes lists as data structures, and doesn’t allow for algebraic datatypes.
T:=1|TQT|TeT|T—-T|T&T |'T |lociT | L™(T) | ...

This only leaves cost-bearing and potential-bearing types to be introduced. Those form a dual

pair which encodes the evaluation order of programs in Aymor-

Potential and costs Values of type T that bear a potential I have type [I|T. The index I
is a N-valued index expression made from the index variable in the ambient scope, which may
also appear in T'. Likewise, expressions whose evaluations spend I potential are typed M;T'.
A monadic structure is defined for M, which is graded on costs, that is to say the parameter I
vary in a suitable way in the types of the monadic Return and Bind. This is novel in A\ymor-
This monadic structure allows larger computations to be built up from smaller ones while
accumulating costs, and the ordering of bindings within monadic computations allows costs
to be accumulated in a specific order. Dually, [I]T is given a graded comonadic structure,
encoding that [I]T lives in an environment from which resources may be extracted in a given
order (with primitives Eztract, FExtend). This is essential, as assigning then freeing potential

is not equivalent to extracting then re-assigning it.

Potentials and costs interact to implement the potential formalism: a value of type T can be
promoted to a computation with cost I which assigns this potential to I, typed as M;[I]T
(Store). Spending potential is encoded as compensating for costs: given a computation from
A to B bearing cost I 4+ J, and an input A bearing potential I, a resulting computation can

be obtained which produces the B at cost J (Spend).

All those primitive can be obtained as simple macros over the monad/comonad primitives of

the monad/co-monad pair introduced above. As to encode a program point that uses some
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resources, a Tick primitive simply has cost I and returns a unit tuple of type 1. Finally,
subtyping allows potential to be under-estimated and cost to be over-estimated (Sub-//, Sub-
M), and linearity can be relaxed by erasing values with potential that can be wasted and

computations that don’t need to be run.

The related primitives giving potential and costs their (co)monadic structures are reproduced
here. In our eyes, they finalize — with the index setup taken from d/PCF- a translation of the

automated amortized analysis into mainstream type systems for typed A-calculi.

e Cost monad e Amortization
Return T — MyT Tick Mgl
Bind MjA — (A —M;B) —o M; ;B Store T —o M;[I]T

e Resource Comonad Spend (A — My ;B) — [J]JA — M;B

¢ Relaxation
Eztract [0]T — T

Extend ([I]JA — B) —o [[ + J]A — [J]|B Erase A —1

Sub-[| I<JE[JJTCT
Sub-M IZJ':MJTEM]T

Figure 2.4: Amortization primitives in Aamor

2.9 AARA through Abstract Interpretation

Abstract interpretation|16] is a versatile and composable formalism for static analysis with a
wide range of applications. As such, providing a thorough introduction to it falls well beyond
the scope of this section. In a few words, abstract interpretation approximates the denotational
semantics of values in a program in an abstract domain, a complete lattice whose order relation
formalizes the notion of “being a more precise approximant”. Abstract domains based on
combinatorics approximate bitvectors and abstract domains based on systems of numerical
equations approximate numerical values. Past this, tree-shaped structures can be endowed
with abstract domains focusing on some aspect of the data structure, such as height. Abstract
domains can furthermore be combined and can play off each other to increase precision, and
variations exists with distinct trade-offs in terms of precision, cost of analysis, difficulty of

implementation, etc.
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The program’s approximated state is computed using simplified semantics for control flow:
branching is evaluated by taking an upper bound of abstract states when control re-converges.
Iteration is treated by taking a computable approximation of the least fixpoint of the body
of the iteration, which may be non-trivial. The combination of those lattices and simplified

semantics give the technique its name.

As the complexity and/or cost of a program is a function of its inputs, it is natural to try
to obtain safe approximations of that cost from safe approximations of its inputs. This is
the path taken by the C’z’aoPPlﬂ static analysis software, built on top of the Ciao PrologE“Sl]
general-purpose logic programming language. Both are developed by the CLIP Labﬂ

The use of abstract domains for resource analysis will be discussed next section. For now,
let us focus on the range of programming paradigms and semantics that this analysis setup
enables. Computing the abstract domain for a particular aspect of a program boils down
to performing a certain computation in the category of abstract domains, which becomes
purely a problem in order theory. Built on this base, CiaoPP translates programs into a
logic-programming intermediate representation, on which is implemented the analysis itself.
As such, CiaoPP enjoys a wide range of applications. Over this analysis tool, size and resource
analyses have been built for Java source[57], JVM bytecode|63|, Logic programming [72], and
LLVM-IR|59].

2.10 Recurrence relations

Atop abstract interpretation, a corpus of work dedicated to resource analysis builds param-
eterized complexities using extraction of recurrence relations from source programs. Those
recurrence relations implicitly describe sizes/costs/complexities/etc., which then require a
solver to be compiled into closed form. The Costa analysis framework is based on this princi-
ple, and provides both a cost and a termination analysis (see [2]) for a tutorial presentation
of the methods). Costa has been used to derive safe bounds for time and memory costs
in bytecode-style languages, from Java source, the ABS modeling language for concurrent

systems|3|, and Ethereum smart contracts|10].

4https: //github.com/ciao-lang/ciaopp
Shttps://ciao-lang.org
6https://vavv.cliplaub.org, The Computational logic, Languages, Implementation, and Parallelism Laboratory
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At the core of Costa and related projects is the concept of a recurrence relation (or cost
relation)|9]. Those are partial, multi-valued functions in N¥* — N defined by part. Namely,
given arguments 7, each part of the function is a pair (e, ), where e is some expression with
free variables 7, algebraic operations, functions maz, log, and pow, and function variables ¢.
This expression is guarded by ¢, a set of linear inequalities over the @. The pair (e, ) defines
a partial function from {Z € N* | ()} to N whose value is e. A recurrence relation is then a
set of parts which defines a partial, multi-valued function ¢, and a recurrence system is a set

of mutually-defined recurrence relations.

The analysis proceeds by generating from a control flow graph a recurrence system, then
instantiating of that system. This enables both termination and cost analysis: when the cost
metric is time, any instance of that system is a witness of termination, and dually, every proof
of termination obtained by instantiating a recurrence system gives a cost bound. Nevertheless,
finding good bounds requires not only providing a witness, but trying to find a minimal or
small one, which is a significant area of study in that branch of resource analysis[4]. Given the
heuristic nature of the instantiation algorithms used and the flexibility of recurrence systems,

it is hard to give a firm class of programs, complexities, and languages it fully treats.

Memory bounding in Costa benefits from advanced support for garbage-collection aware
memory costs, allowing for different GC strategies to be taken into account to obtain realistic
bounds (GC runs when exiting scope, GC runs ideally, GC runs when the heap is full, etc.)|[11].
When aliasing and mutability of heap structures are added into the mix, Costa can rely
on abstract interpretation to infer reachability and acyclicity information. Otherwise, it is
restricted to programs where heap-allocated mutable variables are demoted to local variables on
which analysis can proceed normally. This is the approach we will take, compiling mutability
in imperative blocks to pure functional code. While Costa targets languages where mutability

may be pervasive, we limit ourselves to uses we know to be analyzable.

2.11 Insights from previous work
Having taken a tour of significant advances in resource analyses for A-calculus based languages,

some points appear as salient in our search for a reusable formalism, and some pain points

reveal themselves as obstacles to its implementation.
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Insights As we have seen in the beginning of this section, the problem of resource analysis
can be reduced, without loss of generality, to one of finding a potential function from program
states to resources satisfying some conditions. When programs are typed and functional, and
evaluation implemented by substitution, those conditions can be understood as static, that is
derivable from source code, and local, that is associated to individual nodes in the reduction

of programs. This allows the creation of a wide-ranging spectrum of resource analyses.

Furthermore, the work by M. Hoffmann and J. Hoffmann shows the theoretical possibility
and feasibility of this method, as to provide typing-based resource analyses. Inferring tight
potential functions requires not only reasoning on resources at type-level, but on also sizes
and number of patterns in data structures, as to derive algorithmic invariants. The index
system developed for AARA allows polynomial complexities to be inferred by revealing the

underlying uniform iterations in recursive programs over polynomial data-types.

While this body of work is itself impressive, efforts made to extend indexing systems and
rephrase them using more mainstream approaches have allowed constraint-based type-system
to be defined, as to encode the potential method. d/PCFand A,normake use of linear types
and (co)monadic programming to separate the concerns of resource preservation, ordering of
reductions in time, assignment of indices to types, and instantiations of those indices to derive

bounds.

This shows the possibilities of implementing more general resource analyses in a way that
separates concerns for compilation, typing, and constraint solving. This would not only make
for simpler implementations, but would also be a boon for further work, which would only
need to replace parts of the analyzer to change the scope or precision of the analysis. Given
the still evolving status of the field of research, such a “lab bench” for resource analysis in

general, and AARA analyses in particular, would be quite welcome.

Avenues for improvement Nevertheless, it is not obvious that such expectations can
be met as-is. While formalisms in the style of d/PCFhave been built upon, they remain
unimplemented. J. Hoffmann’s implementation of AARA only support the polynomial index
system presented in this section, while Hoffmann itself developed finer ones covering more
flexible types and finer complexities. There is no easy way to fill the gap between theory and

implementation: as shown by d/PCF, index systems may grow so much as to be intractable.
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Furthermore, all the systems shown above focus on a core language whose fixed semantics are
a limitation to future extensions. RAML operates only on call-by-value A-calculus, and both
d¢/PCFand Aamorhave separate type systems for call-by-value and call-by-name strategies. If
one wants to implement an effect system to recover some form of mutable state or exceptions
(to give two example), one must significantly extend the semantics of the base A-calculi.
Indeed, implementing monads as a library for call-by-value evaluations introduces higher-order
functions and the accompanying indices in trove, and ensuring those do not increase the

complexity of the index instantiation procedure is not trivial.

Our proposed solution In this thesis, we implement a novel resource analyzer following
the AARA method, which addresses those issues. First, the index system is implemented as
a constraint-based extension to a mainstream linear type system. Erasing the indices, we
recover established formalisms from type theory and proof theory, which opens the door to
integrating techniques and implementation from a wide-ranging corpus. The constraints we
use are a sub-language of first-order logic, and we interface off-the-shelf solvers to reuse as
much as possible standard algorithms in constraint solving. It also makes explicit the link
between AARA’s index system, d/PCFrelative inference procedure which instantiates indices
as function symbols, and Herbrand’s elimination technique30] for quantifier elimination. This

will give a thorough account of the privileged position polynomials complexities occupy in
AARA.

Secondly, we define and implement our analysis in a call-by-push-value abstract machine.
This setup allows us to immediately implement simultaneous call-by-name and call-by-value
strategies, and to mix-and-match the two in source programs. We show how the set of primitives
used by Aamorcan be significantly compacted using the relation between call-by-push-value and
(co)monadic programming. This allows us to reintroduce M. Hoffmann’s original linear tokens
into a modern formalism, closing an important loop. This formalism also allows monadic effects
to be supported at no cost for the analyser: source programs have a do-notation for nested
effects (mutable state and exceptions), compiled into the abstract machine without a need
for special primitives. Another significant technique in the implementation of full functional
languages is available to encode source programs more faithfully: first class and defunctionalized

continuations. Those allow for a first-class representation of computation context which greatly
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simplify the resource-aware typing of functions, and allow for computations with custom calling

conventions.

Plan of the rest of the manuscript We introduce the abstract machine we’ll use as the
core of our analysis in the next sections (3| and . Its runtime semantics are an instance
of the Call-by-push-value paradigm, which refines evaluation strategies for A-calculi. We
will justify this choice, then introduce a simple type system for the machine. This type
system will turn out to be exactly polarized intuitionistic linear logic, and we shall present
the significance of that fact for the theoretical backing of our framework. We then show
how source languages, independently of resource analysis, are compiled into the machine
. This frontend compilation step expands the monadic do-notation in the source language
into monadic primitives for mutable state and exceptions, and we will discuss how the call-
by-push-value formalism enables those primitives to be safely elided from the intermediate

representation without complex algorithm reasoning on the monadic laws.

Our extensions for static analysis will be developed in section [} Namely, we will present our
index system over the machine, in line with Aymer. Our system will diverge from the previous
work, as it enables a simpler representation of resource that subsumes Ao, and admits
automatic elaboration of resource manipulations, allowing source programs to automatically be
made resource aware. From that point onward, we will be able to present our resource analysis
for functional languages in [7] It takes the form of a compilation scheme to-and-from the
abstract machine. We will explain how the machine allows for separation of concerns within
the analysis, and how to enrich datatype definitions to bridge the gap between RAML-style
and d/PCF-style index systems.

Our implementation will be presented in chapter The tooling we implemented will be
presented, and our type inference procedure will be detailed. The choice of a constraint-
based type inference procedure will be justified as this point. We shall furthermore address
post-processing and solving the constraints created during type inference. This will feature a
discussion on quantifier elimination which will enlighten the favored status of polynomials
indices in AARA. This presentation will end with a presentation of how SMT solvers interface

with our code.
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Armed with a proved and implemented analysis, we will be able to compare our work to
the state of the art (chapter E[) The main evaluation will be against RAML. We shall also
comment on the limitation of our work, both the theory and implementation, which will offer
possible avenues for further work. Our contributions in terms of re-usability, extension in

scope and compatibility with external tools will be explicated.

Finally, we will be able to suggest avenues for further work and summarize the insights brought
on by this manuscript, which will allow us to open up the discussion beyond static analysis in
our final words (10J).
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CHAPTER 3

Abstract machines for operational semantics

In this chapter, we introduce the main principle backing our novel analysis: analyzing abstract
machines with good properties, which allows resources (de)allocation to be modeled as an
effect in a suitable type system. We present the non-deterministic, call-by-value (CBV), and
call-by-name (CBN) semantics of simply-typed lambda calculus, and comment on the problem
they pose for resource analysis of functional languages. Abstract machines for those semantics

are then introduced, foreshadowing our formalism.

3.1 )-terms and operational semantics

Full A-calculus Recall that we introduced amortized analysis as a transition system (C, > )
to which each transition ¢ > ¢ is associated a cost u(c,c’) by a cost metric u. The total
costs of a program is the largest partial sum of cost attained during reductions. Under this
setup, > represents the small-step semantics of a programming language. This is a problem
for languages based on A-calculi. To make things formal, we introduce A\-terms t, values V'
and contexts C|[] in figure Contexts are as usual A-terms with a single hole [], and values
are (for now) all terms. We add pairs to the language, equipped with both pattern-matching

let (x,y) = tint and projections 1 (t) and 7o (t). Those will come useful later.

We write C[t] for the A-term generated by replacing the only instance of [] in the context C1]

by the term ¢t. We define S-reduction under context as the closure under context of basic
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head-reductions. Formally, the small step reductions are:

(Ax.t)V > t[V/x]
let (z,y) = (V,V')int o t[V/z, V' /y]
mi((Vi,V2)) > Vi

C[t] » Clu] whenever t > u

This relation is immediately not deterministic. For example, in the term (Az.z)((A\y.y)z),
both x and y can be substituted. Nevertheless, two reductions sequence for a term will
always converge to the same value. This is unfortunately not a strong enough property for
our purposes: there is no easy way to compute, given a given cost metric for the A-calculus,
which of the possible reduction sequence induces the largest footprint. Furthermore, complete
reduction (within a function’s body for example) may not be desirable depending on the

programming language being modeled.

To solve this problem, we can limit reduction as to give priority to only one possible reduction
within a term, and to never reduce under a A (this later requirement is known as weak-head

reduction). This is done with an evaluation strategy The most common two are call-by-

value(CBV) and call-by-name(CBN).

Call-by-value In CBV evaluation, when two reduction rules can be applied to a term, the
deepest and right-most one is picked. This can be achieved by keeping the previous notions of
terms and B-reductions, and introducing restricted notions of contexts and values. Formally,

the syntax is as in figure [3.2]

With those by-value contexts, it is now impossible to reduce either, continuation within a

let...in, or abstractions before their arguments are fully evaluated. This guarantees that

tu=x|tul vt ] (tu)|let(z,y) =tint | mcg 2 (t)
V=t
Cll =[] Ct[+C] | Ma.CT | (L8 | (- CT)
| let (z,) = Cllint | let (z,y) = tinC] | 1(C])

Figure 3.1: Simply-typed A-calculus
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tuo=x|tu| et | (t,u) | let (z,y) =tint
Vi=x|xt](V,V)
Cl==01civitch @], V)|ECh)
| let (z,y) = CJ[lint | let (xz,y) = VinC|]

Figure 3.2: Call-by-Value A-calculus

all substitutions only reduce the down-most, right-most term that isn’t under a A, and it
can be shown (we shall omit the proof of this standard result) that the by-value S-reduction
hereby defined is indeed deterministic. This evaluation strategy is used by ML-style languages,

JavaScript, Scheme, etc.

Pattern-matching pairs The CBV A-calculus we introduced does not include the two
projection primitives for pairs. When building a pair (¢1,¢2) in the CBV semantics, both
components must already be evaluated, giving a value (V1,V3), and the binder let (z1,22) =
(V1, V2) int merely binds both components of the pair, leading to a term [V} /x1, Va/x2]. When
x; is not free in ¢, the component t; of the pair must still be evaluated to some value V;, as
[ti/x;] is not a valid substitution (we may only substitute values). Therefore, the syntax we

chose for pairs imposes the CBV semantics on them.

Call-by-name Other restrictions to contexts and values lead to other deterministic -
reductions. Of importance here, call-by-name reduction is the “dual” of call-by-value: it
reduces the bodies of applications before their arguments, the later being only reduced after
substitution. This is achieved with the choice term, context, and values below. This time, we

keep the projection pair and remove pattern-matching pair, as seen in figure [3.3]

~~

= tu| Avt | (81) | Tieq,23(F)
Vi=x| Axt| (tt)
Cllz=11 zCllClt[(Cl,8) [ & CT) | m(Cl)

Figure 3.3: Call-by-Name A-calculus
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Many more possible evaluation strategy exists, but those two have important benefits: if
reducing a term ¢ terminates with any strategy, then reducing it in CBN also terminates,
and if the CBV reduction of ¢ terminates, then it terminates faster than all other evaluation

strategies. In that sense, CBV is the fastest strategy, and CBV is the safest.

Projection pairs With CBN semantics, all expressions (¢1,t2) are already values, and
the projection m;((t1,t2)) reduces to t;, which itself reduces later to some V;. If the other
component ¢; (with i # j) of the pair is not projected, it is never evaluated. Once again, the

syntax we chose for pairs enforces CBN semantics.

Past A-calculus To encode advanced features of functional programming languages, both
evaluation strategies should be used. For example, an iterator on a data structure naturally
involves both a lazy thunk (the computation done at each step of iteration) and a value (the
thing being iterated over). Iterators should ideally be composable without overhead, and be
first-class values. But if the computation is encoded in CBV, extraneous closures are involved
and cannot be all optimized away. On the other hand, if the value being iterated over is
a thunk, the evaluation of the iterator will interleave iteration steps and generation of new
data structures node. This interleaving may increase the footprint of the program, and rarely
matches programmer intent when using an iterator. Neither pure CBV not CBN can encode
first-class iterators as desired. As such, we wish for a formalism that can mix CBV and CBN
evaluation. This requires combining the two conflicting notions of values. Abstract machines
will provide this unification with call-by-push-value semantics. First, let us present the abstract

machine account of CBV and CBN evaluation, as to slowly introduce notation and concepts.

3.2 Abstract machines

As far as providing a systematically-reusable formalisms for resource analyses is concerned, we
find that using abstract machines as opposed A-calculi provides a satisfying starting point. To
give an first idea of why this is the case, consider the reduction under context C[t] > C[t'],
with ¢ > ¢’ the head reduction being considered. It has to be assumed, in the general case, that
this reduction manipulates resources, and that this may involve a transfer of resource between

the context C[] and the sub-term ¢ being reduced. Therefore, if the reduction ¢ > t' releases
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resources from the term, where do they end up? Are they released 7 If they are transferred,
then where exactly ? Correspondingly, if ¢ > ¢’ consumes resources, where are those taken from
? If taken from somewhere in the context, A-calculus gives no information as to the origin of
those resources. Formally, it is far from obvious how to relate the local cost k(t,t") and the
global cost k(C[t],C[t']). This means that reasoning about resources cannot be done locally
without the aid of a machinery relating local and global costs. Abstract machines provide a
systematic answer to those questions: machines only involve head-reduction at the root of the
program, doing away with the notion of a surrounding context. Furthermore, we shall see in
later chapters that we can encode resource manipulations in such a way that resources stay at
a bounded depth we control, never being assigned to sub-terms “deep” inside the machine.
This will allow us to combine the simplicity of local cost expressions and the flexibility is

global costs.

Generalities and notation Abstract machines encode A-terms has a pairing of a term t and
a environment e, written (¢ || e) and a called a command. This is a continuation-passing style
formalism: t is the “thing currently being evaluated” and e is its continuation. Alternatively, e
is the “rest of the program” and t its antecedent. Those terms and environments do not to

map directly to A-terms and contexts.

Amongst terms, some are weak values V C t. We use the wording “weak” values to emphasize
that values need not be fully evaluated, only sufficiently determined, in the same way that weak
head reduction need not to completely evaluate a term. By symmetry, sufficient determined
environments are weak stacks S C e. We shall use the terms “values” and “stacks” without the
adjective “weak” for convenience. The key principle of abstract machines is that when a value
interacts with a non-stack environment, control is taken by this environment. Likewise, stacks

interacting with non-value terms wield control to the term.

Just as A calculus is first a non-deterministic term-rewriting system, on which some restrictions
can be applied to create determinism, the first abstract machine we’ll see is non-deterministic.
First, we give a core syntax of command, terms, environments, values and stacks. We shall
only introduce functions and pairs later, as to focus on the basic syntax and control structures

the machine uses. This core grammar is given in figure [3.4
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cu=(t] e (V|| p.c) BP e[V /x] (bind-V)
to=V (pa.c || S) >° c[S/a] (bind-S)
Vi=x| pa.c

en= px.(z || e) b€ e (eta-bind-V")
Su=al|pz.c pa.(t || a) o't (eta-bind-S)

Figure 3.4: Abstract machines: control structures

Command c are always a term ¢ interacting with an environment e, written (¢ || €). Values
contains variables x,y, z and stack contain stack variables a,b,c. On each side, a binder
denoted by p substitutes the other side of a command for a value/stack-variable in another
command: a value pa.c substitutes a stack for a in ¢, and a stack px.c’ substitutes a value
for  in ¢. We give two reductions (bind-V) and (bind-S) which are S-rules, written > .
We also define two eta-reduction, one for terms and one for environments, which eliminate
redundant g binders. Those arewritten >! and >¢ respectively. They aren’t required for

evaluation, only to provide normal forms to terms and environments within the theory.

The two (-rules do not apply under context. In fact, no notion of “context” has been defined
for commands, and none will be in this work. This means all reductions happens on the root
command of the machine. Since there is no context, all transfer of resource we may define
on the machine will happen between the left (value) side and the (right) stack side. In the
general case, reductions ¢ > ¢’ always have an active side in which ¢’ occurs as a sub-command
of ¢, and a passive side which ends up being substituted for a variable in ¢/. Weak values and
weak stack are always passive in this situation. When adding resources to the machine in the

next chapter, resource shall always flow from the passive to the active side.

So far, the machine is non-deterministic. The only critical pair in the machine (i.e. the only
command which has more than one possible reduction), is the command (ua.c; || pz.co).
Depending on the rule being used, the active side may be on the left or right. Determinizing
this ambiguity leads to a machine with CBV or CBN semantics, as we will see later in this
section. For now, let us briefly introduce some data structures to the machine. We shall
introduce some type constructors at the same time, while keeping the formal introduction of
the type system for the machine for the next chapter. Type expressions are written in capital
letters (A, B,C,...).
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Pairs The abstract machine formalism enables us to separate projection pairs and pattern-
matching pairs into different types. The case of pattern-matching pairs to the machine is
rather straightforward: given two values V, V', the pair (V, V') is a value of type A ® B. On
the right side, the binder px.c is extended to bind the two components of a pair, giving a
stack p(z,y).c. The reduction rule ((V, V') || u(z,y).c) > c[V/x,V'/y] merely unpacks a pair
into a new command c. Note that when this reduction occurs, execution proceeds to ¢, which

is on the right side of the original command: the right side is active, the left side is passive.

As for also are projections pairs, we use two projections m; and m that can be pushed on a
stack S, giving two new stacks 7y - .S and s - S, of type A&B. A projection pair value of the
same type then pops a projection 7; from the stack and yields control to a command that
eventually returns the projected component of the pair to rest of the stack S. Formally, the
pa.c binder is adapted to perform case analysis on the projection on top of the stack, the same
way pattern-matching would inspect a value and branch. The syntax is p(m(a1).c1, m2(a1).c2):
this value projects to its first component by matching on a projection m;, binding a continuation

to a;, and yielding control to ¢;. Reduction is then defined as:

<u(7r1(a1).cl,7rg(a2).02) H TG S> > Cl[S/al]

The syntactic additions and rules for those pairs and corresponding rules are summarized

below:

<
i

= (V,V") | u(mi(a).c,ma(a’).c') | ...
S = plz,y)c|m-S|m-S|...

(V1, Vo) || p(z1, x2).c) P clVi/x1,Va/zo] (match-pair)

(u(m1(a1)-c1,ma(as).co) || mi - S) 7 ¢i[S/ai] (proj-pair)
w(zy, x2).(r1 @ 22 || €) b€ e (eta-match-pair)
u(mr (@) || 71 - a)ma(an) (¢ | w2 - az)) o ¢ (cta-proj-pair)

Functions Functions are encoded in continuation-passing style: a function call is made
up of a function, an argument, and a stack representing the continuation on the call. They
have type A — B. The argument/continuation pair is stored on the right side by pushing
the argument on the stack: we write V' - S for the argument V' pushed onto the stack S. On
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the other side, a function is made of a binder that simultaneously binds the argument and
continuation, and jumps to a new command encoding the body of the function. As such,
functions value are denoted pu(x;a).c, where z is the name of the formal argument, a is the
continuation variable, and c¢ the body of the function. The reduction again unpacks one side
of the machine (the V' - S on the right side) into the other side. We therefore have a reduction
rule (u(x;a).c|| V-S) > ¢[V/z,S/a]. This is summarized by the following addition to the

grammar and rules of the machine.

V= p(x;a)cl...
Su=V-5|...

(u(wia).c | V- S) o cV/z,S/a] (fun)

wlxsa).(f || z-a) ot t (eta-fun)
This machine is non-deterministic, but its reduction is much more manageable than the
corresponding A-calculus. Indeed, there is only one critical pair of reductions which apply to
the same command. For example, the command (ua.c | p(z @ y).c’) can only reduce with

(bind-S), as the left side isn’t some (V,V’). The only ambiguous pair is given below:

(na.c || pa.c)

(biny wd-v)

clpx.d /a) dpa.c/x

To create a deterministic machine, it is only necessary to resolve this single conflict. By
making the (bind-S) rule apply, the evaluation of terms dominates the evaluation of their
surrounding environments, giving the machine CBV semantics. Making the other choice gives
the machine CBN semantics where terms are only evaluated when their environment can no

longer reduce without this evaluation.

3.3 Interlude: Focusing and deterministic machines (1/2)

The creation of deterministic machines from the non-deterministic one follows the principle of
polarization, which comes from the study of linear logic. Linear logic is a formal logic system
introduced by Girard in the 80’s|13} 27, 73|, whose polarized extension sheds lights on CBV

and CBN evaluation.
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Focused linear logic The abstract machine we have presented is a direct incarnation, as a
programming language, of a logical framework called focused intuitionistic linear logic. This
will be made explicit next chapter. When presented in sequent-style, focused intuitionistic
linear logic is a set of rules relating a sequent T' = A called the conclusion to zero, one, or
many other sequents called the premises. We focus on a subset of the system for this interlude.
A proof in linear logic is a tree whose nodes are all applications of rules, and each edge relates
the conclusion sequent of a rule to the premise sequent of another. The sequents themselves
are made up of a finite set of formulas I', and a single formula A, and each formula follows

the grammar

A:=X|ARA|1|ABA|T.

All rules of linear logic remove one of the connectives in this grammar from its conclusion, to
form smaller premises. This is the sub-formula property. Programmatically, this corresponds
to building up and breaking down data within terms and environments. The only exception
to this principle is a rule called “cut” shown below. In some sense, “cut” links up a proof
producing some data A on the left and one consuming it on the right. We say that the proof
cuts on A. Programmatically, this is the logical twin to our commands, and bring compatible
sub-programs together to interact.

T-A " AF A
ITFA

(cut)

Cut-elimination We shall not delve too long on linear logic itself here, but do mention
some important properties here to justify the approach. First, let us define the sub-formula
property properly. Let A, B be formulas. We say B is a sub-formula of A if its syntax tree
is a sub-tree of the syntax tree of A, and call it a strict sub-formula if furthermore A # B.
This is extended to sequents by stating that a sequent I' = A is a sub-sequent of IV = A’ if all
formulas in /Gamma U A are a sub-formula of a formula in IV U A’. A sub-sequent is strict if
at least one of its formula is a strict sub-formula. Finally, a proof has the sub-formula property
if for all rules in it, the premises are all strict sub-sequent of the conclusion. Figuratively, this
means every intermediate step of such proof involves “easier /simpler” sequents that the root
one. In linear logics, all rule except (cut) have the sub-formula property, every proof can be
transformed into one with the sub-formula property by removing all instances of the (cut)

rules, and there is an algorithm implementing this transformation called cut-elimination.
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Proofs as programs This cut-elimination algorithm is a rewriting on proofs, which replaces
a cut chosen non-deterministically with zero-to-many cuts further away from its root. Iterating
this cut-elimination is proven to terminate and to result in a proof without cuts. This is an
execution model for proofs: the starting proof is program which is executed by successively
rewriting it, removing a link between data production and data consumption, which eventually

terminates. Programmatially, cut-elimination is execution.

Compare this with typed A-calculi. A syntax tree is reduced by successively rewritten (through
B-reduction), which substitutes data having been created to a place where it is consumed. Cut-
elimination, as we describe it, is non-deterministic, but is made deterministic by introducing

polarity.

Polarization Polarization is a technique allowing a simpler proof system to be derived from
linear logic. The resulting system has a straightforward erasure translation to the original
linear logic, but is simpler in the sense that many proof which are “morally” identical but have
different cut-elimination behavior are removed. This is useful to use since, by the proofs as
program paradigm, those correspond to a simplification in the runtime behavior of programs,
while keeping all programs expressible. The principal tool of polarization is a partition of
formulas A into positive formulas AT and negative formulas A~, according to the following

gramimar:

Au=A"T | A
AT u=XT | AT @ AT | 1| A~
AT =X |A"BA | T|pAT

Polarities divide the formulas of linear logic according to their root connectives. This partition
of formulas gives proofs important properties regarding cut-elimination, which translate to
abstract machines. Namely, when all significant (in some way) cuts in a proof are cuts on
positive formulas, this proof can be simplified by breaking down the premises into either of X,
1, or YA~ (an “inverted” premise), then cutting one of those premises on with cut-free proof
(we say the proof focuses on this premise), and finally recursing on the remaining premise.
This has a straightforward translation into operational semantics. Indeed, a cut-free premise is

a fully-reduced “value”, and a cut below it passes this value to a yet-to-be-reduced continuation.
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This is the operational definition of CBV: control is passed to a continuation iff the term being

passed to it is in normal form.

A similar result exists on proofs which only cut on negative formulas: conclusions can be
iteratively inverted and cut along a negative formula, whose other premise is cut-free. This
gives an equivalent proof-as-program where no continuation is provided a term until that

continuation is fully reduced: this is CBN.

Inversion The restriction on polarity of cuts applies only to significant cuts, that is to say
to cuts of inverted sequent. Inverting a sequent means applying all rules of the system to
it as long as those rules are reversible (and therefore irrelevant, since they can be cancelled
later on). Inverting a sequent, while a pretty abstractly-motivated transform at first, as an
immediate translation to A-calculus and functional languages. Indeed, consider as an example
a CBV program in which a pair is created each component matched. We can, for example,
write the following two programs:

let z el in let z = el in

let t = €2 in match (x,y) = z in
match (x,y) = z in let t = €2 in

Those two program fragments are equivalent at runtime: one can evaluate e2 before or after
matching the components of the pair. This is what inversion does: it transforms the left one
into the left one, using the fact that the already evaluated pair z and two variables x and y are,
for all intent and purposes, the same thing. Inversion can therefore move the pattern-matching

as early as possible without changing semantics, giving simpler programs.

This gives the key to determinizing our abstract machines. Our non-deterministic abstract
machine corresponds to a subset of linear logic, which can be made to have CBV-like semantics
by making all relevant cut be on positive formulas, or CBN-like by making all relevant cuts
occur on negative formulas. This is exactly what we shall do by introducing first a CBV and

CBN machine, then a focused one combining both.
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3.4 Call-by-value machine

We annotate the syntax of the CBV machine with an exponent “4” to denote its positive
restriction, and only change the syntax of the two binders involved in the critical pair.
Continuation-capture is promoted to a full term, which we highlight so in in the grammar.
On the other hand, the dual binder pz.c is not promoted, and remains a stack. This is

emphasized so :

cu=(tt | e")

tt = pat.c | VT

Vte=at | uaTat).c| (VT V)

et n= 87

St u=at | pate |VT-ST|p@t,at).c

Let us comment and explain this change. In CBV A-calculus, data is passed around in function
calls, and CBV ensures functions cannot consume their arguments unless the latter is fully
evaluated. Making pa™.c a non-value prevents the (V* || uz™.c) from applying to it, resolving
the critical pair in favor of (bind-S). Then, given a continuation-capturing term in a command
like (ga™.c || ), the machine always ends up evaluating c[e™ /a™]. This means the command
evaluating the value-side are always run first, and that all reductions of et are blocked until
they bubble back up to the root of the program. This evaluation strategy is exactly the
inversion /focusing process seen above. In this system, any command involving u(z,y).c is

invertible, but p(z;a).c is not.

Pairs are provided as pattern-matching pairs: a term pa™.c must evaluate to a pair by reducing
to pat.((V;", V5) || a™) before the continuation u(z,™ y)T.c is able to match on the pair to
binds its two components. On the other hand, the term may at any time bind the entire

environment to a™, delaying its evaluation.

Next, consider the function f = u(x;a).ct, being called with an argument ¢ (which evaluates

to V') and a continuation b. We omit the exponent for brevity. This function call is written:

c=(t| py-{u(x;a).cy |l y-b)).
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The grammar imposes that t is either pd.cy, or a value V. If it is a value, then its evaluation is
over, and the only applicable rule for ¢ is (bind-V), giving the function call (u(x;a).cy || V -b).
Otherwise, the current state is ¢ = (ud.c; || py.(p(x;a).cy || y- b)), and the only applicable
rule is (bind-S). In this case, the entire right side representing the call is substituted into
¢¢, and reduction proceeds by evaluating the term, only now with an explicit continuation
instead of the variable d. In both cases, there is no way the function can capture its argument

before the latter is done evaluating.

Thanks for focusing and inverting, forcing a CBV evaluation strategy onto the machine doesn’t
involve creating contexts, merely upgrading a single construct (the continuation-capture pa.c)
from a value to a term. The relative simplicity of this method increases further when adding
pairs and functions, as it doesn’t require any changes to preserve CBV semantics. Compare
this to A-calculus, where new contexts must be added to preserve CBV semantics when adding
pairs (the same doesn’t apply for functions, which have special status in A-calculus). By

symmetry, making the dual choice of promotion, we can force CBN semantics.

3.5 Call-by-name abstract machine

Dually to CBV, let us promote the value-binder pz.c from a stack to an environment, protecting
it from being captured by pa.c on the other side. We furthermore add a “—" exponent to the

CBN terms and environments. This is highlighted in the following grammar:

cu=(t" |l e)
it =V~
VT ou=a | pa=.c | plx"sa).c| p(may).c1,m(ay )e2)

ST u=a" |V -8 |m S | m- ST
e u= px—.c | ST

The rules remain unchanged. This means that in the critical pair (ua.c || px.¢’) now only
reduces to ¢[pa.c/x] via (bind-V). In plain language, when evaluating a term pa.c with
continuation uz.c, the latter always captures the former. Both function p(x; a).c and projection

pairs u(m(a).cy | ma(a).c) are invertible.
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As an example of the CBN semantics of the modified machine, let us consider the same
function call as in the previous section, ¢ = (¢ || py.(u(x;a).cy || y - b)) . Whether ¢ is some
pa.c or not, is it a value, and the machine regardless reduces to (u(x;a).cy || t-b) and then
to cflt/z,b/a]. We can see the evaluation of the function call proceeds to the body of the
function and that its argument is substituted for the whole expression defining its argument,

and not its value.

3.6 Embedding A-calculus

The encoding of the simply-typed A-calculus into the machine is generic, supporting CBV,
CBN, and non-deterministic evaluation: the operational semantics is the term is fully decided

by the machine. Pairs can be added, with distinct encoding of CBV and CBN pairs.

The two translations from simply-typed A-calculus is provided below. Each A-term is translated
by a machine term. We write [¢]_ the translation of a term ¢, with e € {+, —}. The choice of
polarity determines the CBV or CBN semantics.

[2]. ==
[at]. = p(e-a) ([, | @)
[tul. = pa-(ft] || p(Tul | py-(2 |y - a)))
[ W]y = pa ([t | e (Tud - | py-((2 ) | a)))
[(¢, W] = p(mi(a) ([ | @), m2(0)-([u] - || b))
[let (z,y) = tinu], = pa ([t || pl, y)-([uly | @)
[mi(®)] - = pa (] || 7i - @)

Variables are translated as is. Abstractions are always values, and are directly translated
as function values in the machine. Application is the most involved translation. In CBV
semantics, the argument must be evaluated before the body of the function, while the opposite
is true in CBN semantics. To achieve this, the application tu, when compiled to the machine,
first computes the function value associated to t and binds it to a variable . Then, the
argument expression u is made to interact with a continuation that captures it as y, and

evaluates the call. With CBN semantics, this capture is successful and the argument expression

54



Chapter 3. Abstract machines for operational semantics

is captured as-is. In CBV semantics, the argument instead captures the continuation. Pairs

are translated as either pattern-matching or projections pairs depending on the polarity.

Example Let us consider the function ¢t = Az.z applied to the argument u = (Ay.y)k, where
k is some free variable. First, we compare the reductions imposed by the CBV and CBN
semantics in A-calculus. It shows that under CBV semantics, the application within u is
reduced first, then the reduced argument is applied to t. Inversely, in CBN semantics, wu is

substituted within ¢ first, and only them does the reduction within the argument takes place:

CBV CBN

tu= Az.x)((A\y.y)k) tu= Ar.x)((\y.y)k)
= (A\z.z)z — (A\y.y)z
-z -z

Let us now compile this term into the machine. We write id, as a shorthand for the identify
function pu(z - a)(zx || a), where the bound variable z is the argument of the function, repeated
in the shorthand for convenience. We shall a-convert the other variables to make them

all distinct during translation. With this in mind, let us apply the compilation rules to
tu= Az.z)((A\y.y)k):

[tu] = par ([e] | pz1-([u] | z2-(z1 || 22 - 1))
= pa(idg || pz1-(paz.(dy || pzs-(k || pza-(z3 || 24 as))) [l pze-(2 || 22 - a1)))

To evaluate this translated term, we make it interact with a fresh continuation variable x
(which is convention when continuation thought of as final are added to the machine). This
will eventually reduce to some (V|| x). We highlight the head command in red at each step
to facilitate reading. The beginning of the reduction is identical for both CBN and CBV

machines:

(par.(idy || pz1-(pas.(idy || pzs.(k || pea(zs || 22 - a3))) || pea-(z || 22 - a1))) [ )
> (idg || pa1-(pas.(idy || pes.(k || p2a-(zs || 24 a3))) | pze-(z1 || 22 %))
> (pag.(idy || pzs.(k || pza-(z3 || 22 - as))) || pze-(ida || 22 - %))

At this point, we end up in a command (uas. - - - || pze. - --) with behaves differently in CBV
and CBN semantics. Let us follow the CBV reduction, in which the pas binder has priority,
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and write >T for the CBV reduction. Starting from the last command, the reduction is:

(pas.(idy || pzs.(k || pza-(zs || 24~ a3))) || pee(ide || 22+ %))

3
ST (idy [ sk || (e || 2 pea(ids || 22 4)))
ot (|| pza.(idy || 2 - paa-Gids || 22 - %))
o1 (idy || k - pzo.(idy || 22 - %))
bt lidy || k- %)
= (k[ %)

The significant reductions occur between the last three lines, where the functions id, and id,
are called in that order. This indeed matches the order of reductions of CBV A-calculus: the
call to idy is evaluated before the call to id,. On the other hand, if we use the CBN semantics

(noted > ), evaluation goes as:

(uag.(idy || pzs.(k || pzacdes || 20 as))) || pzanfids | 22 )
>~ (id, || pas-{id || pzs-lk | pza(z | 21-as)) %)

> (pag.(idy || pzs.(k || pza-(zs || 24 - a3))) || *)
> (idy || pzs-(k || pza-(zs || 20 -%)))

> (k|| pza-(idy || 24 - %))

- (idy || k- %)

> (k|| %)

The CBN semantics has the call to id, occurring at the second reduction (between lines 3
and 4) and the call to id, at the last one, giving the reverse order of CBV semantics. Those
two reduction sequences, exemplify the change in resolution of the two-binder conflict, which
allows the machine to selectively assume CBV and CBN semantics. In the next section, those
two semantics will be straightforwardly joined together to produce an abstract machine whose
head reduction simultaneously embeds CBV, CBN, allowing for arbitrary compositions of the

two. This will be our suitable model to recreate resource analysis in a reusable setting.
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3.7 Closing remarks

Abstract machines formalize the small-step semantics of A-terms by turning all reductions
into head-reduction of the machine state. This ends up having a deep relation to resource
manipulations. We’ve seen when describing AARA that, at a given point in a program, typing
judgments endow types with potential annotation. Those annotations occur only at the root of
type expressions. On the other end, CBV and CBN operational semantics require performing
reduction under contexts. We can describe the problem this causes intuitively: since the
type of sub-expressions appear within the type of larger expressions, reduction under context
has an effect-at-a-distance on the type of the larger, surrounding expression. When using a
resource-aware type system, the consistent treatment of resources therefore requires ensuring

that as a program reduces, this effect on types is taken into account.

Using an abstract machine, all reduction in both CBV and CBN semantics are head reduction.
Since an AARA-style type system keeps resources at the root of types, and all reductions
occur on the root command, the entire treatment of resources during analysis occurs at the
root of the programs being analysed. Furthermore, focusing and inverting allows us to only
consider programs of a certain form, in which producing and consuming values/stacks happens
as close as possible to their production without changing semantics. Thanks to the strong
logical background of those methods, we will be able to embed resource information into the

types of programs in natural wau, following the inversion/focusing strategy.

This will allow us to construct a consistent-by-definition resource footprint analysis from first
principles, while dispensing with the most laborious proof-work. To begin this work, let us
introduce the final form of our abstract machine, the system-L. We shall as well introduce a
type system for it that encodes operational semantics, which will turn out to match exactly
with polarized intuitionistic linear logic, the fully-fledged form of the logical system we used

to define the machines of this section.
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CHAPTER 4

The System-L machine and
Call-by-Push-Value semantics

The target of our resource analysis is a fusion of the CBV and CBN abstract machine presented
in the last chapter. This machine is known in the literature under many names, and we
choose to call it the System-L, or just L machine. It was initially introduced by Herbelin
and Curien in [18] as a mean to elucidate which programming languages might correspond to
classical logic under the Curry-Howard correspondence, in the same way proofs in minimal
intuitionistic logic correspond to A-calculus. It was made compatible with the specification
of evaluation order in [19], and proposed as an intermediate representation by Downen|23].
It was the subject of a recent Functional Pearl as part of the ICFP’24 conference|15]. The
version of L we use in this manuscript is taken from [17], extended with algebraic datatype

definitions and guarded fixpoints.

We now introduce this machine, its encoding of data structures, recursion, and explicit scope
management. Its linear type system closely related to linear logic: taking a typing derivation of
a program and erasing terms produces exactly sequent-style derivations focused intuitionistic

linear logic, and vice versa.

4.1 Principle and main syntax

The L machine is, as the machines of the last chapter, made of commands ¢ on which small-step

reduction > is implemented, each reduction having either CBV or CBN semantics. Commands
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are made of a term ¢, some terms being values V', interacting with an environment e, some of
them being stacks S. Those five syntactic categories are collectively called ezpressions. An
n-reduction relation >! is defined on terms ¢ as the closure under context of basic n-reductions.
The same goes for environments e, on which we define the 7-reduction relation >¢. We also
define a cost-aware small-step operational semantics written >, for a cost k. We write > for

>, for simplicity.

All the syntax presented in the CBV (resp. CBN) machine is part of the L machine and we
briefly re-introduce them in this new formal context. We do so by fragments, starting with
control flow, introducing then data structures and computations, shifts between CBV and

CBN semantics, scope management, and finally recursive computations.

Overview Commands, terms, types etc. from the CBV machines semantics are positive,
and their CBN counterparts negative. Fach expression is unambiguously annotated with its
polarity, notated + for CBV or — for CBN. As previously we omit the positive/negative

polarity annotations when unambiguous as to lighten the notation.

Just as is the CBV machine, positive commands ¢t = (¢ || S*) are made of a term ¢+
interacting with a stack ST. Note that some positive terms are values V™, but all positive
environments are stack. Dually, negative commands ¢~ = (V™ || e7) from the CBN machine
are always formed of a negative value V~ interacting with an environment e~, which may be

a stack S™.

Value variables are written x,y, z, and stack variables a, b, c. Both can be positive or negative.
Term may have zero, one, or more free value variables, but no free stack variables. Command-
s/environments may have zero, one, or more free value variables, and always one free stack
variables. We call this free stack variables the final continuation of the command/environ-
ment. Execution proceeds by reduction with capture-avoiding substitution in commands, as
previously. Those substitutions are of values for value-variables and stacks for stack-variables.

Note that they are linear: each free variable in a substitution only has one occurrence.

There are two neutral commands that implement scope management and costs. Namely, the
command (o;c) applies the variable-to-variable substitution o to ¢. This substitution need not
be linear, and is the only structure of the L machine allowing weakening (removing an unused

variable) and contraction (duplicating a variable). The other neutral command is ($k;c), for
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pol. positive/CBV negative/ CBN neutral
c = (tr | s)* (V7 lle)” (Sk;c) | (o30)
tt u= Vt | uate V-
et St ST | pxT.c
v at |G e | opaTe | ()T
§* u= ot | pate | ()T |a | ()7
(na*.c || S%)* > ¢[S/a] (bind-S5)
(VE | prt.e)* o [V/a] (bind-V)
($k;c) > c (cost)
(oy¢) > co (share)

pr (x| eF)E e e

pa® (tF || aF)E bt ¢

(eta-bind-V)
(eta-bind-S5)

k € Z, is a tick which induces a cost k and reduces to ¢ (see section [2.2]). The cost metric for
System-L is the one induced by those ticks.

Control flow within a program is determined by the positive or negative polarity of its top-level
command, term and environment (which are guaranteed to all match). Positive (resp. negative)
polarity has CBV (resp. CBN) semantics: expressions with positive polarity are exactly those
of the CBV machine introduced last chapter, and likewise, the negative constructs are exactly
those of the CBN machine. The neutral commands only have a single direct sub-command,
and therefore have non-ambiguous reduction without the need to be polarized. The binders
still have the same reduction rules: the fact that pa™.c is a full term and not a value guarantees
that the positive fragment has CBV semantics, and, likewise, px™.c being a full environment

gives the negative fragment CBN semantics.

Control structures In the positive case, the L machine behaves as the CBV machine:
during reduction of the command (ua™.c || pz™.c'), the term pa™.c dominates the stack pz™.c/,
allowing the former to capture control by binding the latter to its continuation a. In the

negative case, on the other hand, goes along CBN semantics: when reducing (ua™. || pz~.c'),
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the negative environment pux~.c interact with the negative value pa™.c by capturing it as =~

without the value being reduced.

This forms the core of the machine, which we call the identity block. All additions to the
machine are defined by adding a new value/stack pair and a reduction rule specifying how

they interact. The positive/negative polarity of this new pair determines whether an extension
has CBV or CBN semantics.

4.2 Types and constraints

Type system we put on System-L is a sequent-style, linear presentation of Levy’s simply-
typed call-by-push-value A-calculus|52], enriched with a fragment of first-order logic (FOL) at
type-level. Our resource- and size-aware type system will then be defined as an enrichment
of this simple type system. We split our presentation accordingly. In this chapter, we define
the language of types with its FOL extension, but present only the simply typed machine.
This will allow us to focus our attention to operational semantics. Then, in chapter [6] we shall
present the full use of the first-order fragment, and its application to resource analysis. This
allows us to bring attention to the fact that this FOL extension acts as a formalism for static

analysis for a general purpose calculus.

Sorting and type language The type system separates type-level syntax in two layers:
types and parameters. We use the word type in the traditional sense, to mean a static
annotation on a expression. Types variables A, B, C, ... range over types. Types then have a
sort: positive (resp. negative) expressions have a type of sort pos (resp. neg). The sorts pos
and neg are called base sorts, and variables by, ba, ... range over them. We annotate sorts
for emphasis, writing A1 for a type A with positive sort, A~ for a negative sort, and A* or

A€ when we wish to emphasize both are possible.

The second layer implements resource analysis using first-order logic. We call first-order terms

parameters. Those have a parameter sort, such as ‘“natural integers”, which we formally denote

S1,89,.... Parameters expressions are written minuscule letter 71, 73,..., and parameters
variables «, 8,7,... or I,J, N, M. Finally, parameter operations are written ¢, ,... and
have sorts (si,...,8,) — s.
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In general, types will depend on parameters: for example, integers with statically determined
upper and lower bounds will depend on two parameters. Such types are therefore are type-level
functions of sort (si,...,s,) — b, which we call monotypes. We overload type variables
A, B,C, ... to also range over for monotypes and monotype variables. We also identify base

sorts b with monotype sorts with no arguments () — b.

Finally, programs may define new types as type synonyms or algebraic datatype (ADT).
Those definitions introduce type constructors. For example, linked lists, defined the usual
way for functional programming, are type constructors. Type constructors are functions from
monotypes to a monotype, with sort (mj,...,my) — m . We use variables ki, ko,... to

denote the sorts of type constructors, and variables K, L, ... to range over type constructors.

This yields the following grammar of sorts, types, parameters, and monotypes. Parameters
are either variables or an operation applied to parameters. Monotypes are a variable, the
abstraction or application of a parameter to a monotype, or a type constructor applied to a
monotype. Finally, type constructors are either the hard-coded constructors ! and fix, which
we’'ll introduce later, or a user-defined type constructor K. Note that while monotypes can be

partially applied to yield more monotypes, type constructors must always be fully applied.

S=s81,-",S, (parameter sorts)

b ::= pos | neg (base type sorts)
m:=b|s—m (monotypes sorts)
k:=(mj, - ,m,) > m (type constructors sorts)
Tua=al| p(7) (parameters)

A= ANa:s)A|A(T) | K(Z) (types)
K:=!|fix|... (type constructors)

We can now express the sorting rules . Sorting occurs in a context © = O4 U Op U O, U O
associating a sort to each type-level to variable (type constructors, monotypes, base types,
and parameters). The rules for application and abstractions are obvious, and we provide some

others below:

(A:b)E@b
OFA:Db

(sort-var) and likewise for other sorts
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OF A :m; K:(my, - ,my) > m

OF K(A1,--,4,) :m

(sort-cons)

OF!:neg — pos OF fix:neg — pos

First-order constraints FEach program is defined in the context of a first-order signature,
which defines a set S of parameter sorts, a set O of operators, and a set R of relations.
Furthermore, each n-ary operator ¢ in a signature has a sort ar(¢) = (s1,...,s,) — s, and
each n-ary relation R a sort ar(R) = (s1,...,8,). Signatures need not include equality, as

which is a primitive.

Assuming a first-order signature is given, we define first-order constraints, which belong to a
fragment of multi-sorted first-order logic. Conjunctions of relations and equalities makes up
simple constraints E,E’,.... On top of those simple constraints, full constraints C,C’, ...
are either true (T), false (L), a conjunction or assumption of a simple constraint (E A C
and F = C), or a quantification (Ja.C' and Va.C'). We use the standard capture-avoiding
substitution on first-order syntax, written 7/[7/a], E[r/a], and C[r/a]. The well-sortedness

relations © - E and © F C are assumed to be well-understood. This is summarized below.

First-order signatures
Sorts: s,s’,s”,---€ 8
Operators: @, 9, x, - € O
Relations: R, P,Q,---€R
Operator arity: ar(p) = (s1,...,8,) — 8
Relation arity: ar(R) = (s1,...,8p)
First-order constraints
Simple constraints: E =T |R(T)AE|7=7TAE
Constraints: C:=T|L|EAC|E=C|Va:$.C|3a:8.C

4.3 Defining types

Type definitions, extended with parameters and constraints, form the foundation of the
reasoning power within System-L. They come in four flavors. First, type defines a new type
synonym, i.e. a type constructor interchangeable with a type it abbreviates. Then, newtype

defines a type synonym with much be explicitly boxed and unboxed at compile-time, but have
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the same runtime representation as the type they are defined from, a la Haskell. Finally, data
and comput define algebraic types. We give here the sorting rules that characterize valid
definitions, but we shall not use those until later in the chapter. The syntax not part of the

simple type system are highlighted in blue . They can be safely ignored in this chapter.

We assume programs contain a “prelude” that simultaneously defines many mutually recursive
type constructors. As to allow the mutually recursive definition of types constructors, the
sort of each type constructor is explicitly stated in its definition. The first step of checking
type definitions is therefore to collect all type constructors K and their respective sorts k to
create a first scope Oy of all type constructors. Each definition is then checked within this
scope. The second preliminary step is thereby to check that all expression-level constructors
declared within type definitions are distinct. With this in mind, let us present and describe

the well-sortedness requirement of type definitions.

type definitions The definitions of new type-s introduce a new type constructor K(...)
from a type expression B. At runtime, both K(...) and B have the same representations
and are interchangeable. The syntax for type definitions is shown below. The defined type
— SN .
constructor K has monotype arguments A; : m; and parameter arguments o : sj, and is
declared to have a base sort b when fully applied. This means K can be seen equivalently as
a base type of sort b which depends on A—: and a;, or as a mapping from monotypes Z: to a

monotype of sort (si,...,sy,) — b.
type K(A;:my, ..., Ay,:my) (01381, ..., @miSm) @ b = B

A type definition as shown above contains a single type expression B as its body. This
expression can contain type variables A;, parameter variables «;, and any type constructor

declared in the prelude. Formally, the following rule formalizes the validity of type definitions:

®k,Ai : mi,OéiISil—Bib

type K(A; : m;)(a; :s;) : b= B is a valid def.

newtype definition While a type acts as a strict synonym for its definition body newtype
creates a distinct type from its definition body at compile-time, but with the same runtime
representation. Those are inspired from the feature of the same name in Haskell, and correspond

to a variation on the one-constructor datatypes found in OCaml. Just as for type definitions,
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the type constructor introduced in a newtype definition can either be seen as a base type with

arguments, or a mapping between monotypes. Their syntax is shown below:

newtype K(A; m;, ..., A, my) (a1:s1, ..., amiSm) : b=k of B
where f(;:s7, ..., B,:s,
with F

To go back and forth between a value/stack of type K(...) to one of type B, one must box
or unbox the expression-level constructor k£ defined with the newtype. Furthermore, that
expression-level constructor introduces and eliminates some parameters E; defined in a where
and a simple constraint F defined in a with clause. Both those clauses are optional, in which
case we take E; to be empty and E to be T. Those two new clauses are irrelevant for now,

and newtype can safely be understood as one-constructor datatype in this chapter.

As far as sorting is concerned, E is checked in context of the &; and E; , and B is checked in
context of all type-level variables in the definition. The rule describing the validity of newtype

definitions is therefore:

Ok, A; :m;, a5 :85,8,:s, - B:b aj 85, By s EE
newtype K(...)(...) = ... is a valid def.

datatype definitions Datatypes use constructors to represent algebraic data structures
with CBV semantics. Those include pattern-matching pairs and sum types. Each datatype
definition in the prelude exports a type constructor and a finite set of value constructors. An
example definition for linked-lists is shown below on the left, and the full syntax of datatype

definitions is shown on the right.

data K(A:m) (a:8) =

data List(A:pos) = i f B where B -5 with E
| cons of A ® List(A) | k1 of By where §; s wi !
| nil (* no argumentsx)
end | kn of En’ where B_,,::s;n with E,,
end

This syntax should be intuitive to the readers versed in functional programming with languages
of the ML extended family. Note the use of the linear tuple operator ®. Our type system is
linear, and ownership of a list value of the form cons(h,t) is identical to the ownership of its
head h and tail ¢. In general, a type defined with data is an n-ary version of a newtype: it

has many constructors, each with many arguments and its own where and with clause. When
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sorting, the same rule as for newtype apply, with the restrictions that K(...) always has sort

pos, and that all arguments 3; ; are positive as well. This gives the sorting rule below.

In the following, we omit the indexing on variables A, o, m and s, and the sort of type
variables, which are identical to those for the newtype definition. All premises that depend
on index ¢ should be iterated over all constructors, and those depend on (7, ;) should be

twice-iterated: once over constructors, and once over the arguments of each constructor.

@k,z, -O—Z,B:F Bz’,j . pos _C—J,E) F Ez
data K(...)(...)=... is a valid def.

computation type definitions Computation types are the lazy counterpart of datatypes.
Namely, whereas datatypes are defined by the constructors that they support, computation
types are defined by the accessors they support, that is, by what queries they can answer. As
opposed to datatype values, which are evaluated as early as possible (CBV, sort pos), the
result of accessing a computation type is computed as late as possible (CBN, sort neg). An
example definition of a stream type is given below.
comput Stream (A:pos, B:pos) =

| Charge of 1 —o Stream(A,A® B)

| Get of 1— B ® |Stream(A,1)
end
The Stream computation type has two accessors: charge computes a new value of type A
and adds it to the already-generated values. Successive calls to charge loads-up larger tuples
of values, all of type A. Once a required number of values have been generated, they are
simultaneously returned by accessing get. This returns a tuple of the loaded values and another
stream, ready produce the next values. The 1 — denotes the fact that those accessors do
not take any arguments. For now, we may ignore the two arrow f} and |}, which handle the
management of the lazy stream and eager values it generates. Let us now move on to the full

syntax of definitions.

comput K(A:m) (a:8) =

‘ k1 of 8171 ®"'®Bl,k1 — D1 where E):S_/;With Eq

| km of By 1® - ®Bp, g, —o D where s, with B,

end
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Just as datatypes, computation types have monotype arguments Z and parameter arguments
a. Each constructor k;they define also introduces parameters B: subject to a simple constraint
FE;. As opposed to datatypes, those constructors represent accessors. They are called with
arguments Ez with sort pos and have return type D; of sort neg. The sorting rules are similar
to those of datatypes, with changes made to accommodate the return type and the overall
negative sort:
Oy, Z, E,B: F B;; : pos e
data K(...)(...

—

,Z,Z{,B;I—Di:neg a, Bi - B

=... is a valid def.

Typing constructors in programs This concludes our presentation of type definitions.
As to be able to use them in programs in a well-typed manner, we should provide some
link between the type given to constructors in definitions and their use in program. As
such, we introduce two judgments, which should be familiar to readers acquainted with the
implementation of ML-style programming languages. The first one is constructor exhaustivity.
We say that a list of constructors ki, ..., k, is exhaustive for a type constructor K when
that list contains exactly the constructors defined as part of K, without duplicates. As such,
a pattern-matching expression with cases on constructors ki, ..., k,, then, it is total and
non-ambiguous for expressions of type K(...) iff the constructors k1, ..., k, exhaust K. We
write this judgment k1, ..., &k, — K and define it as

FEach k defined for K is some k;. All k; are distincts.
ki,-o s kp > K

The second judgment relates the type of a constructor in its definition to its type in programs.
Indeed, constructors in programs don’t literally use the type and parameter variables used
in their definition, but instead are used with consistent instantiations of those variables.
In general, a such an instantiation for a datatype constructor k™ (resp. computation type
constructor k) involves the monotypes arguments Z and parameters arguments « of its type
constructor K, the parameters B and simple constraint F' it introduces and its arguments B

(resp. its arguments B , and return type D). If all those are correctly instantiated, we write:
kY 3B.EAB - K(A) (@)

k™ :3B.EAB — D — K(A) (@)

Not all constructors involves all those variables: in the simple type system, @ and E are empty

and F is trivial; in datatypes, D is absent; and, in both computations and datatypes, the list
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of arguments B may be empty. In those cases, we either replace the corresponding elements
with the symbol ), or remove them from the judgment altogether, leading to judgments such
as:

Fnil : () — List(A)

cons : (0,0, (A, List(A))) — List(A)

F charge : Stream(A, A ® B) — Stream(A, B)

The rules defining the instantiation judgment encode that an instantiation is valid for a given
constructor when its contents are litterally those of the constructor’s definition, and that
instantiations remain valid after applying a substitution o sending @ to paramters and A to
monotypes (note that the bound parameter 8 cannot be instantiated). This gives the following

two rules for datatypes, and similar rules for computation types.

Fkt:3B.EAB - K(A)(@)
-k:33.Eo A Bo — K(Ad)(ad)

k is literally defined as such.
Fk:3B.EAB — K(A) (@)

This closes our presentation of type definitions. The rest of the chapter is dedicated to the

expression-level syntax and semantics of the machine, and their type system.

4.4 The simple type system

In this section, we introduce the simple type system of System-L. For now, only the judgments
and rules for the simple type system are described, as we reverse the treatment of parameters
and constraints for the next chapter. We begin with specifying the judgments used for the

different syntactic classes of expressions.

Judgments Terms, environments and commands are typed in context of a parameter scope
© = Oy, a value scope I' = m which associate a base type to each value variable in scope,
and a continuation with a base type A = (a : A). Moreover, each typing judgment is done
relatively to a constraint C' which the parameters in © must satisfy. This means that typing

judgments are all of the form (© = C) > (I' H A), which can be thought of as “for all
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parameters in © which satisfy C, a program with inputs I" provides an output on A”. This
can be seen as a two-level system, where first-order logic sits on top of linear, intuitionistic
sequent calculus. When this upper level is trivial — that is when © = () and C = T — we omit
it and write I' = A. We call this a simple judgment. The typing rules of simple judgment
follow those of [17], and form a term assignment system for focused intuitionistic linear logic.

Without further ado, the five typing judgment in the system go as follows:

Sort Full judgement Simple judgement
Commands c: OFC)> (T'FA) c: (TFA)
Terms O EO)> 't : A 't : A
Values OEO)> r-v:A r-v:A
Environments OO T e: AFA I'le:AFA
Stacks OEC)>T|S:AFA ['|S:AFA

Translation from simple types Most rules in the type system do not manipulate the
first-order logic fragment © = C. This means they can be expressed in the simple type system
without loss of generality, which we shall take advantage of. To this end, we formalize how

rules in the simple type system extend to rules in the fully-featured one.

Consider a generic typing rule with premises (I'; - A;) and conclusion (I' F A). In the
full type system, each sequent of the premises becomes enriched with a FOL fragment, and
becomes (0; = C;) > (I';  A;). In this situation, the parameter scopes of each premise
are concatenated, and their corresponding constraints are combined as a conjunction. This
gives a FOL fragment U;0; = A;C;, which then enriches the conclusion, giving a judgment
(U;©; = NiCy) > (T'F A). Visually, this generic transformation rule is:

Pll—Al Pnl—An — (@1)201)D(F1|_A1) (@n):Cn)D(Fnl—An)
A (UiBi = NiCy) > (T F A)

This automatic lifting of rules from the simple type system to the full one will allow us to omit
the management of parameters and constraints in this chapter, simplifying our presentation of

System-L.

First typing rules We now proceed with the typing rules for the syntax we have introduced

so far. The judgments for the terms, environments, values, stacks and commands defined so
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far form the identity group. Rules for variables are straightforward. Note that the scopes I'
and A must be empty of restricted only to the variable being typed, as the type system is

linear.

(id-var-L)

) (id-var-R)

r: Az Dla: AFa: A

Commands are typed using the cut rule. Polarization is exhibited as the difference between
terms/environments and values/stacks. The two polarities guarantee that terms and envi-
ronments never interact directly, which gives an unambiguous direction to cut-elimination at
type-level, matching our small steps semantics.
IHt: AT I"e: At A
e t) : (I,T'F A)

(cut)

In System-L, terms (resp. environments) are either a strong binder or a value (resp. stacks),
the latter also including a weak binder differing from the strong one only in polarity. The

binders have no effects at type-level, merely allowing passing between commands and terms or

environments.
:(Thkat: AT (z: A7 FA
c:(ka ) (idestr-r) T ) (id-str-L)
IF'Fpat.c: AT T'|pz-.ckA
(I'Fa™ : A™ (T, ATEFA
c:(UFa”: A7) g weak-Rr) —Si00? ) (id-weak-L)
F'kpa=.c: A [|pxt.ckA

4.5 Using datatypes

We can now move on to the use of datatypes in programs and their typing rules. They behave
as algebraic datatypes usually do in a linear functional language. We begin with introducing

standard datatypes definable in our system.

Standard datatypes Using constructors, common datatypes in linear functional program-
ming can be defined, namely: pattern-matching pairs and the unit type, and sum types with
their unit the empty type. The pattern-machine pair (V, V") of type AT @ BT is defined by a
single, two-argument constructor, written infix. We shall also use n-ary tuples (Vi,---,V},) of
type A1 ® --- ® A, also written (‘_/;) : E when notation requires an economy of space. The

unit datatype 1 is a just a tuple () of zero values. Tuples are defined as:
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data Tuple(A;:pos, ---, A,:pos) =
tuple of Ay ® -+ ® A,
end

The sum datatype has two constructors, 1o and t9/5, each taking one argument, with type
A & B. This corresponds to the Either datatype in Haskell. It also exists in n-ary variants,
with constructors ¢;/, for 1 <i < n and type A1 @ --- @ A, or AZE.B. The zero datatype is a

sum type with zero constructors (and therefore empty), with type written 0.

data Sum(A;:pos, ---, A,:pos) =
tifn of Ar | oo | 1y, of Ay
end

Usage of data constructors Formally, the syntax for constructors and pattern matching
is given below. In detail, the value k;(‘ﬁ) represents the application of the constructor kT to
the (positive) argument values ‘7; and type-level parameters 7. We index constructors with
k' instead of k;. Type-level parameters can be ignored for now. Only fully applied constructors
are authorized (i.e. no constructor currying is allowed). The value 0 and stack pOr a acts
as an absurd value and absurd stack, and are invalid in the simple type system. Those will
become relevant when we introduce size-aware types. For example, we will be able to derive a
value Op from an inconsistent constraint such as 1 = 2, all within a scope I' of variables. The

scopes within those absurd expression merely exists to preserve linearity.

Vtoa=ke(Vit,---,V,5) | Op
St = u(k:;-;(a:f).cl, e ,k:g-n»(:c;'{)cn) | 1Or A

The typing rules for constructors is shown below: a constructor application is valid if each

argument’s type follows the specification of the constructor under some instantiation.

T, VU, F kU — K(T))
T - k(V;) : K(T))

(data-R)

(no rule for Or)

—_—
Usage of pattern-matching The stack u(k;(7;).c;) represents case analysis on constructors:

each clause k;(Z;).c; represents one case, that matches on k;, binds arguments to z;, and
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passes control to the command ¢; where the newly-bound variables are in scope. When the
stack has only one clause, we may also write pk(7).c, eliding the parenthesis around the
singleton set of clauses. The pattern-matching must be exhaustive, and each clause must
match the specification of its constructor. As to simplify the presentation, we introduce
a purely administrative judement which states that a clause k(z;).c forms valid clause for
pattern matching;:

I | k(z;).c: K(Tj) F A cl.

Here, K is always a type constructor and T; are always the types its arguments. With this,
the rule (data-L) assert that a pattern-matching stack is exhaustive, and checks that each
clause is valid under the same instantiation of the constructor. The rule (clause-L) then
check that a clause correctly binds each argument x; of its constructor k with the correct

instantiated type, and that its body c is valid.

—

ke — K T | ki(Z).cit K(T)) F A cl.
— —

(data-L)

Fk:(ﬁ)%K(?}:pos c:(F,ml—A)
| k(D).c: K(T)F Acl

(clause-L)

The stack pOr A matches the absurd datatype with no constructor. This is used to encode
programs when no possible cases apply, i.e. dead code. It is annotated with a typed scope I"
and a continuation scope A which allow the linearity discipline to be preserved when matching

on the empty type.

L
I'|puOpa:0FA (zero-L)

(no rule for Op)

Reduction rules All being said and done, the runtime behavior of datatypes is as expected.
Both side interact by matching the constructor with the corresponding clause, which must
exists due to the exhaustivity check, binds each argument and parameter to its variable, and
proceeds with the body of the clause. This is rule (data). There is an n-law for pattern-
matching stack, which states that matching, unpacking, then repackaging a constructor value

is a no-op.
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The empty data-type implements the principle of explosion at runtime: when O interacts with
its stack 10, any well-type command cz,3,, in the same scope may follow. This is the strict
equivalent to the elimination rule of this same empty type in A-calculus. Finally, the n-rule
for the empty type states that the stack for the empty stack can likewise be replaced with any

well-typed positive environment in the same scope.

(RV) | ke (7)) T > cilVi/ i, 7/ B (data)
0z || pO0ga)™ > ¢, for anyc: (T'F A) (zero)
B (). (K (5) | €)) ot (eta-data)
J J
p0zq ¢ €T, for anyT |e: 0+ A (eta-zero)

This concludes the term-level and runtime behavior of datatypes. We now move on the same
description for computation-types. Those are symmetric to those for datatypes, but with the

left and right side swapped.

4.6 Computation types

In-keeping with the theme of symmetry of System-L, computation types are defined using
constructors, but on the right side. Namely, constructors push data on top of the stack, which
creates a call site for a computation with CBN semantics. This call site is captured by the left

side, which uses pattern matching to pop data off the stack.

Principle Computation types are dual to data types. Let us explain: datatypes are defined
by a set of constructors from which values can be iteratively constructed. The stacks they
interact with are completely determined by this left-side definition: they merely match and
deconstruct one layer of the value. This is reversed for computation types: a set of constructors
for the stack is defined, which allows call sites to be iteratively constructed. The value side only
matches and deconstruct this stack. Computation types are then the stack-centric counterpart
to data types. A computation may therefore answer many different calls. In this aspect, they
mimic objects in object-oriented programming, which have many methods they that can be

called on them.
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Formally, a constructor k is pushed on top of a stack S~ together with positive (i.e. data)
arguments and parameters to yield a new stack K ?(‘7;) - 57. On the left side, the value is
merely a set of pattern-matching clauses. First-order parameters are also present in the syntax,
but aren’t important for now. As to reduce the number parenthesis involved in clauses, we
write a clause k(7;a).c as opposed to (k(7) - a).c, and k(a).c as opposed to (k- a).c when k
has no value arguments. There is also an empty computation T with no defined constructor,
which is the negative counterpart to 0, and functions the same way. Overall, the grammar for

computation types is given by:

V™ oa= u(k%»l.(:lrf;al_)-cl, ,k%-(JUZSaT_L)'Cn) | uTr
S™ = k?(Vf', VY-S Tra

Constructing calls Given a stack 5™, a constructor k(‘ﬁ) can be pushed on it. This is
reminiscent of stack frames, a construct in low-level implementation of functional languages
in which the stack is split in level called frames containing arguments and local variables of
routines. For the pushed constructor to be valid, it has to satisfy typing rule (comput-L),
which requires each argument to be well-typed and consistent with the definition of the
constructor k, and demands the stack’s type is also valid by that same definition. The
constructor k is to be understood as a “tag” specifying how to dynamically dispatch the call
to its computation. The constructor T for empty computation is not valid in this simple

type-system.

riEv: U " S:UFA Fk:ﬁ;—OU’%K(?):neg
LI | k(V;) - S K(T) - A

(comput-L)

(no rule for T)

Semantics Reduction proceeds for computations exactly as for the data-types, with the
addition of the continuation passing (rules (comput) and (eta-comput)). Note that, when
finishing a computation, that is, when jumping to its continuation, the machine remains in
negative mode. This means that when a computation is over, the machine proceeds with
another one by default rather than producing a return value. A computation has then the
effect of iteratively consuming the calls that are required of it but never more than this, in

typical CBN fashion. The empty computation T implements the principle of explosion: since
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it has no stack constructors, computations of type Tmay proceed with any command. This is

formalized with the rules (top) and (eta-top).

— PR o — —
kT a)r) || KAV - ) o ¢V, S/ay,7/B) (comput)
(uTr | Tra)” »e (top)
(ke (5 a:).(t || k=(Z5) - ai)) o' ¢ (eta-comput)
(no eta-law for T.) (eta-top)

Standard computation types Let us see some example of computations, namely functions,

choices, and the never returning computation pT.

Functions in the L machines are uncurried. They have a single stack constructor, “call”,
pushing their arguments on the stack. The name of this constructor is often elided, and we
write (Vi,...,V,) - S for a stack where n function arguments are pushed onto of a stack S.
Function literal merely match on that stack, and have syntax u(zi,...,zy;a).c. The arity

requirement means that partial application is not possible (and no currying is possible).

comput Func(A;:pos, ---, A,:pos, B:neg) =
call of Ay ® --- ® A, —o B
end

Projections pairs are another computation type. They have two stack constructors 7/ - S
and my/5 - S, providing two distinct calls that a computation on the left side provides. Such a
computation is implemented as (7 /2(a).c, To/2(b).c'). They also exist in n-ary variants with
projections 7/, for 1 < ¢ < n. In the limit case of n = 0, we get the non-callable computation
pTr serves the same purpose as 1Or a. It serves to encode dead continuations. Since there is
only one continuation in scope, if it is dead evaluation cannot proceed. This represents global
failure of the machine, as opposed to the zero type, which represent local failure (only one
code path is dead).

comput Sum(A;:neg, ---, A,:neg) =

Tim 0of 1 — Ay | Tpm of 1 — of A,
end
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As we have said, computations only ever consume the stack, without “returning” a value.
Dually, data-type never consume stack constructors. To recover the full power of the CBV
and CBN machines, one must allow calling computations from positive code, and return data
from negative code. In other words, while we currently have a data machine (positive, CBV
semantics) and a computation machine (negative, CBN semantics) side-by-side, we still have
to express going back-and-forth between the two. We now tackle this fusion, which will finally
endow the machine with its full-powered semantics. This will allow us to recover the power or
mixed-semantics A-calculus, together with simpler handling of resources thanks the abstract

machine formalism.

4.7 Focusing with shifts and closures

As opposed to the CBV and CBN machines, in which all reductions go along a one of the two
semantics, the L machine allows programs to deterministically mix them in a syntax-directed
manner. Polarity determines oeprational semantics, and is preserved across evaluation. But
mixing those semantics is required to return data from a computation or pass a computation

to a high-order function. This is the goal of shifts, which complete the identity block.

Principle Positive and negative polarities respectively denote CBV and CBN semantics
within System-L. When expressing CBV semantics in a continuation-passing style, we say that
an expression captures its continuation, then proceeds through its evaluation, and eventually
passes its value to the continuation. On the other hand, CBN in continuation-passing style
imposes that when an expression interacts with a continuation, the continuation takes control
and proceeds with its evaluation straight away. Boiling it down, positive terms “win control”
over continuations, and negative continuations “win control” over terms. This forms the basis
of the two-faced operational semantics of L: choosing polarity determines which sides “wins”
control over the other. Shifts allow programs to temporarily assume another polarity as to

delay or force their evaluation.

Shifts were introduced by Levy in his Ph.D. thesis[52] in the context of A-calulus, and form
the core of Call-by-Push-Value semantics, which subsumes CBV and CBN semantics, at the
cost of a straightforward syntactic transformation of program. This system was ported by

Munch-Maccagnoni et al. in|17] to the L machine. Shifting allow negative values/stack to

76



Chapter 4. The System-L machine and Call-by-Push-Value semantics

temporarily bear CBV semantics, and positive values/stacks to temporarily bear CBN ones.

This is done by encapsulating them in a value/stack of the opposing polarity.

Closures and thunks In a nutshell, closures and thunks are one-arguments constructors
who encapsulate a value or stack while changing its polarity. Given a computation, represented
as a negative value V'~ the positive value (V' ~)" is the closure over V. This closure can be
opened to recover the inner computation (and return to negative mode) by deconstructing it
with the stack pllz™.c, in which the negative variable ™ is bound to the computation, and

control flow proceeds to ¢. The syntax, typing and reduction for closures is:

AT = A~
VT o= plVv-
St = plx™.c

r=v-: A" ] c: Tz A~ FA)
Pryy . ga (CosureR) — Tl A F A (closureD)
V|| pllx.c) > c[V/x] (closure)
pla. (|| et) >€ e (eta-closure)

Thunks are the formal dual of closures: they wrap a positive stack, which would otherwise
consume a value, inside a negative stack whose topmost frame blocks the computation. The
stack then waits for the thunk to run before consuming a value. Formally, a positive stack ST
is wrapped inside a call to the thunk by the syntax f} - ST. On the other side, a thunk is a
computation that matches on 1}, binds the stack as a™, and proceed to evaluate itself as the
command c. It is written pufla™.c. Since a must be the only stack variable in ¢, it represents
the final continuation of ¢: when triggered, the thunks runs ¢, which must eventually produce
a positive value which interacts with a (now S). The inner command is thereby blocked from
evaluating until the 1} - S stack enables its execution, and S is blocked from consuming this

result until it is produced. The syntax and rules for thunks is shown below:

A™ = fA”
V™ o= ufat.c
S~ = f-8T

7



Chapter 4. The System-L machine and Call-by-Push-Value semantics

c:(Tkat:A") riSt:ATFA
TF pat e qar opunkeR) oo e A (thunkel)
(ufr(a).c [l - S) > c[S/a] (thunk)
phha.(t | 1 -a) ot t (eta-thunk)

We can now close our discussion of operational semantics and abstract machines by presenting
how closures and thunks are used within CBPV semantics to switch between CBV and CBN

in a syntax-determined manner.

Summing up System-L embeds both a CBV and CBN machine, each delimited by polarities:
positive values/stack can only contain sub-values/sub-stacks of the same polarity, which means
that by default, the strict /lazy aspect of its operational semantics is preserved during evaluation.
Closures and thunks allow shifting between CBV and CBN semantics by enclosing a negative
value inside a positive one, and a positive stacks in a negative one. This is the essence of

Call-by-Push-Value (CBPV) semantics for functional languages.

In the System-L, polarities determine strict/lazy semantics by deciding which side takes
control when reducing the critical pair (ua.c || pz.c’): CBV has the left side take control, and
CBN the right side. The shifts allow this behavior be flipped by changing the polarity on

demand.

4.8 Interlude:Focusing and deterministic machines (2/2)

System-L is a fully polarized abstract machine, that covers all connectives of intuitionistic linear
logic (®,®,&,—) and their units. The two sorts of type, positive and negative, respectively
give CBV and CBN semantics. They can furthermore be combined with closures and shifts
to provide a mix of the two in the form of polarized semantics, which corresponds to the

reduction rules introduced in this chapter.

Those semantics match up with those of focused intuitionistic linear logic. In fact, when
removing the term-level syntax to only keep the typing sequent, every typing rule of System-L
lines up with either a rule of the logical system, or with a no-op, making System-L a term-

language for focused intuitionistic linear logic. In this system, types do not only describe
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a collection of set-theoretic values, but also evaluation semantics. Consider for example
pattern-matching pairs A ® B and projection pairs A& B. While denotations of both types
can be taken in the same Cartesian product of sets, the expressions of those two types have

different semantics at runtime (CBV v. CBN), which is tracked at type-level.

Example: From CBN to CBV with closures We now present a first example of shifting,
in which a negative command (therefore with CBN semantics) can be forced to have CBV
semantics by encapsulating the top-level term in a closure. We will again color commands in

red to emphasize their relative evaluation order. Let ¢y and cg be two commands such that:

cy > (V |la)”

cs b (x| S)”.

Then, the term pa™.cy can be said to eventually return V', since pa™.(V || a)~ eta-reduces

to V. Likewise, uz.cg will be said to return continuation S.

We shall use the fact that if o is a substitution, and ¢ > ¢/, then co > ¢/o. The whole program
(na.cy || px.cs) runs as shown below, with cg being evaluated before ¢y, as expected of

negative commands with CBN semantics.

(pa.cy | pa.cs)™

> cs[(pa.cy)/]

>* (z || S)[(pa.cy)/z] = (pa.cy || 5)
> cy[S/al

>* (V[ a)[S/a] = (V || S)~

The command defining the value V' cannot be run before its continuation, it is only run at
its point of use (i.e. when interacting with S). This may be a problem: for example, if V'
is a function and cy is the command defining it, this means the function cannot be define
before it is called! Closures override this behavior and assign CBV semantics to function, and

computations in general. To this end, consider now commands ¢y and ¢y g such that:

cpv > (V| a)t
cys B (y || pla(z || S)7)+
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This is the same situation as before, but now V is wrapped in a (positive) closure that the
continuation unwraps before passing V to S. The program now runs as show below, with
the command ¢y running first, eventually returning the closed V, then ¢ g runs, eventually
performing the actual call. This is indeed the expected behavior of closures over functions in

CBV languages: the term evaluating the closure has priority over the environment using it.

(na.cyy || py-cys)™

> cyv[(py.cys)/al

> WV [ @) [(py-cys)/a] = WV || py.cys)

> cys[UV/x]

> (y | pla (@ | SHV/y] = UV || pby-(y || S))
> (V[S)

Example: CBV to CBN with thunks Thunks override the CBV semantics of positive
terms. This allows us to delay the evaluation of some data until a specified point of a program.
Without thunks, positive terms are always evaluated at their point of definition. Thunks, or
the other hand, are not evaluated, until an evaluation context requests this evaluation (it
forces the thunk). To show this, we shall proceed the same way as for closures, skipping a

little exposition for brevity.

Consider a command cy defining a positive value V', and another c¢g consuming that value
through a stack S, namely:
cy ¥ (V|| a)™

cs o (x|l )T

As shown below, polarity has the evaluation of ¢y take priority over that of cg when both are

put together:

(pa.cy || pa.cs)™

> evl(ur.cs)/a]
" (VT a) [(nacs)/a] = (VT || pa™cs)
> cg[VT/at]

>t (2 | SHVT /T =(V || $)T
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Let us now embed this value inside a thunk: we have a command cyy eventually producing
a thunk ptb.(V || b) and a second, cqg, which eventually produces a stack 1} - S forcing this
thunk:

ey > (pd LV [[16)F [ a”)
cps B (@7 [ ST)

The whole programs now runs cyg before cqy: the continuation executes before the thunked

value, giving the intended semantics to thunks:

(pa.cpv || p.cps)™
> cps((pa”.cpv)/z7]
> (|| - 8) (™ cqv) /2] = (pa.cyy || - S)™
> cpvl(h-ST)/a7]
> (b (V[ 0) [ @)~ [(h - ST) /a™] = (u(d)(V [ )T [ 1-9)~
> (V| S)*

Example: CBV curried functions In System-L, functions have CBN semantics: this
means that the expression defining a function is not evaluated before that function is called.
Furthermore, they cannot be curried. The Call-by-push-value semantics of L nevertheless
enable currying functions with CBV semantics to have a systematic encoding. To begin, note

that System-L does have an equivalence between three basic functions types:
(Af, ,Af) B~ # (Al ®---®Af) B~ # A ... - A} — B~

Nevertheless, even functions of the latter type cannot be curried in the sense of CBV. A
two-argument function f : AT —o BT —o '~ can be called with an argument z : A, giving
a term pa.(f || « - a). But this term isn’t a value, and should we want to bind it as ¢g in a

continuation pug.c, the reduction of the machine goes as

(na(f || z-a) || pg.c)” > clpa(f || z - a)/g].

As we can see, the call isn’t evaluated before the resulting computation is passed to the

continuation: partial application is not complete. We can force CBV semantics and complete
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this partial evaluation functions by transforming the type A “BY B of CBV functions into
JA — {1 B. Applied to our function f, this gives

filA— B —fC.

With this new type, an intermediate closure over a function can be captured by a continuation
after the argument z : A is passed and the first of the two application complete: in the same

setting as before, reduction now goes as follows, with V' the intermediate closure:

(pa(f | b f (-1 pa)) || pgec)
> (L pdbf (2 ppgec))

> (fllz-1-pg.c)

> “c[V/g]

Introducing intermediate closure and thunk around a function therefore gives it CBV se-
mantics (thanks to the intermediate thunk), and allows it to be passed around (thanks to
the intermediate closure). We will see later that this scheme extends to one compiling CBV
A-calculus, and furthermore ML-style programming languages, to SystemL by introducing
new thunks and closure as to make the type of every compiled A-term positive. Another
such scheme turns all those types negative, endowing languages ¢ la ML with call-by-need

semantics, implemented using the other double arrow {1}

We shall furthermore use the two shifts to enrich programs with explicit resource manipulations
which match their operational semantics: in positive mode, control and resources flow towards
the left side, and vice versa in negative mode. Closures and thunks will serve as control points
in which resources are automatically passed between the two different sides: from towards
the left in CBV mode, and towards the right in CBN mode. We can furthermore account
for this change at type-level, allowing us to track the dynamics of resources manipulation at

compile-time within using the type system.

Before moving on, we do take the time present the structural block of the machine: constructs
for sharing and for recursive computation, with are the only constructs in the System-L which

aren’t linear.
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4.9 Sharing and fixpoints: the structural block

System-L can accommodate sub-structural type systems, which we will use to represent
resource-flow within programs. This requires limiting the use of structural rules in such
a way that only values of particular types can occur in a non-linear substitution (those
are substitution where terms are replaced zero or more than one time). This is achieved
by restricting the rules of weakening (not using a variable) and contraction (duplicating a

variable) within the type system.

Amongst the many possible choices of sub-structural type systems, we implement intuitionistic
linear logic with its exponential modality. Exponential types have weakening and contraction,
while all others do not. We have made this choice as to guarantee at the same time that
resources are preserved by program evaluation (linear), and data is freely shareable as in

high-level functional languages (exponential).

Sharing The exponential modality of linear logic is implemented by new value/stack pair
with a positive type, written !A for an inner value of type A~. They respect the following rules:
(1) only values with all free variables of exponential types may be promoted to exponential
values; (2) exponential values may be weakened and contracted; and (3) they might be demoted

back to the underlying value.

Weakening and contractions are usually structural rules, which involve no term-level syntax.
Instead, we create a new structural command which can implement this rule at term-level.
This command is written (o; ¢) where ¢ is another command and o a (non-linear) substitution
of variables for variables. Those substitutions may take the form [/x], which signifies that
the value V' is weakened (i.e. unused in c¢). Typechecking ensures that all other runtime

substitutions in L are linear.

The command (o;¢) has a neutral polarity, and is reduced by non-linearly substituting the
zero-one-or-more variables in ¢ and then proceeding to ¢. All variables being substituted

within o must have exponential types, which furthermore gives their types to the fresh variable
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they substitute for.

AT w=14"
ou=[|ola™/y"] | ol/a"]
c = (o;c)
(o5¢) > co (struct)

(no eta-law for (struct))

—_—
C: (F/, Y; : Az H A) TV - Yi 'A, TV - Zj L !Bj

(yi/zillJz)ic) : (T,1T F A)

(struct)

Promotion and demotion Promotion and demotion respectively pack and unpack the
inner value held within an exponential. Note that demotion can cancel promotion: if the inner
value is packed then unpacked, nothing is changed. On the other hand, an exponential of type
1A, once demoted to an A, cannot be promoted another time, as A is not a linear type. This
means we should have an n-law for introducing exponential values, but not for eliminating
them. As such, the binder on which the n-law applies must be on the value side, not on the
stack that consumes it, a departure from other positive types. This peculiarity put aside,
exponentials are straightforwardly implemented. The value pla™.c promotes the output of the
command ¢ to an exponential value, provided in only depends on other exponential variables,

and the stack ! - S~ demotes it to feed the underlying value to S™:

Vo= wa™.c ST ou=1.8"
(ula.c || 1-8) > x[S/a) (exp)
pla (tT || 1-a) ot T (eta-exp)
(Tka:A™ ris:A7FA
i = _) (promotion) | - (demotion)
T+ pla.c: 1A rr-s:1A-FA

To sum things up: values in the System-L are linear, and exponentials allow this constraint to
be lifted. We shall use this to encode ML-style languages, using explicit scope management
being used track the potential given to variables. As opposed to Hoffmann’s Resource-Aware
ML, we will use linearity to simplify the workings of resource preservation. Using linear logic

with the exponential modality allow those two types of entity, data and resources, to cohabit.
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Recursion Finally, we introduce recursive computations as a fundamental building block on
which to build algorithms. We do not seek to compute the complexity of arbitrary fixpoints,
for two reasons: (1) the problem is Turing-complete, which would doom our efforts, leading
to partial solutions with many pitfalls, and (2) the AARA methods all work through some
kind of structural induction on data structures. Nevertheless, simple fixpoints, such as those
structural inductions, are perfectly analyzable, and good theoretical behavior are preserved by

this addition.

Therefore, we choose to include fixpoints on our formalism, while controlling their unfolding
and proving that resources are preserved at every step of small-step reduction. We shall use
those fixpoints to define the usual iterators on algebraic data-types, and recover the precision

on those constructions provided by AARA.

Our encoding and study of recursive computations in System-L is, in our understanding,
novel. It mimics the well-known encoding of recursions in the A-calculus using fixpoints
combinators. Recall that, in the untyped A-calculus, a term Y exists such that for any
f, Y f reduces to f(Yf). Then, if f is implementable in a typed A-calculus as a function
f=X'Xxt:(A— B)— A— B then Y[ can be considered a recursive function, namely
the result of recursively calling f as f’ within its body. While Y is not generally definable
in a typed setting, it can be added as a primitive that, given a ¢t : A — A, returns a fixpoint
Yt : A such that Yt ~ ¢(Yt).

This means fixpoints are terms that are stable under a kind of continuation: a fixpoint
is defined by a functional t that preserves it. Skipping over some technicalities, they are
characterized as solutions to equations of the type x ~ tx. It is therefore natural to translate
fixpoints to the System-L such that, for every S with continuation variable a, there is a

fixpoint V' such that V' ~ pa.(V || S). This is the key to our encoding.

We need to add two alterations to obtain a construct suitable to our needs: (1) fixpoints should
produce exponential values (otherwise they either don’t use themselves and aren’t recursive,
or do consume themselves and cannot be returned), and (2) they should not be directly
evaluate to their unfolded equivalent, as to preserve our small-step operational semantics. The
first alteration is easily implemented by making fixpoints have type !fixA, and the second
one realized by guarding fixpoint unfolding with a constructor, forcing it to take a step of

evaluation.
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Formally, the stack constructor fix - S unfolds one level of a fixpoint and feeds the resulting
computation to S. On the other side, fixpoints have syntax pfix(a).(self || S), derived from
the syntax pla.c of exponentials. Note that self is not an identifier, it instead is part of
the syntax, evocative of a hole to be filled with the fixpoint itself during unfolding. The
continuation S within the value acts as the defining continuation of the fixpoint, making them

satisfy the equation V' ~ pa.(V || S). Their syntax is given below:

A" a=fix A~
V™ ou= ufix(a).(self || S7)
ST u=fix-S"

The accompanying reduction rule (fix), shown below, moves the entire fixpoint to the left
side of a new command, copies .S, feeds V to it, and passes the entire thing to the evaluation
context. Note that an implicit a-conversion occurs when applying this rule, which protects

the copies of S from unwanted substitution.

(ufix(a)-(self || S) || fix - &') > {fix(a).(self || S) || S)[S'/a] (fix)
(no eta-law for (fix))

Finally, here are the typing rules for fixpoints. They are also directly inspired by those for
exponentials.

ID|S:ixA™ Fa: A
Il F pfix(a).(self || S) : fix

IS A FA
I'|fix-S :fixA~ FA

e (fix-V) (fix-S)

4.10 Closing remarks

We have presented a CBPV machine that subsumes the CBV and CBN machine. Control flow
and data flow are made explicit by this extension: data, control and resources pass the || mark
of the top-level command at each reduction step, left-to-right in positive mode, and right-to-left
in negative mode. The machine enjoys a factorized type system: the identity fragment deals
with control flow, the logic fragment deals with data and computation, the structural fragment
deals with the non-linear aspects of scope management, including recursion. This explicitation

of control/data/resource flow is translated at type-level: if an expression has type {(!4) — ' B,
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then we know it evaluates to a linear CBV function, that then can be transported “out of its
scope of definition”, then opened to give a computation. This computation takes a shared
data/closure argument of type A and then defines another computation, that can finally be

forced later “within its scope of use” to produce a linear data/closure of type B.

Tracking the dynamics of program evaluation at type-level in such a way is key to our resource
analysis. This makes the System-L a relevant intermediate representation for resource analysis:
once compiled into the machine, the operational semantics of a host language are made explicit.
This allows us to build a systematic resource analysis for different programming languages,
with increasingly more features. For example, in chapter [5] we will compile an ML-style
language into the machine for analysis, and will then extend this workflow with monadic effects,
monad transformers, and a do notation, all of this without changing the compilation/analysis
of the core language. The factorization of concerns brought on by the machine will let
us define this reusable resource analysis by orthogonal components: resource-flow will be
added only by rewriting the identity fragment of programs to-and-from the machine, static
analysis for size, complexity, and resource quantity will be added only by extending the logic
fragment (with first-order constraints), potential will be added only by changing the structural
fragment, and finally AARA-style indices for amortized complexity will only require extending

data/computation type definitions with constraints.
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CHAPTER 5

Frontend : from ML to System-L

SystemL is a capable intermediate representation for functional languages. On top of it, we
build a frontend consisting of an ML-style functional programming language (CBV semantics,
non-linear, not continuation-passing). This “Mini-ML” is representative of the core of ML-style
languages, which are a lot closer to programmer concerns than the virtual machine. In between
those two representations sits a CBPV ML-style language, with linear types, which serves as
a convenient language to write libraries and advanced features such as monads and monad
transformers. Those advanced features can then be compiled into System-L, allowing for

resource analyses to be used on larger languages without having to extend the core analyzer.

5.1 A Mini-ML

The frontend for our implemented analyzer in a typed, functional programming language with
CBYV semantics a la ML. It includes algebraic data-types with case analysis and (mutually

recursive) functions. Its syntax is given below in figure and repeated in the appendix.

2

We use suspension dots “...” informally to denote sequences (possibly with delimiters) and
square brackets to denote optional elements. In what follows, x, f, g denote a variable identifier,

k a constructor identifier, A a type variable identifier, and finally K a type constructor identifier.

This language is given the well-known simple type system in line with the ML family of
languages. Type definitions are all implicitly mutually recursive, and extend over the entire

program, including expression which appear before said definitions. We assume all top-level
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(program) ::= (toplevel) ...

(toplevel) ::= (def) | (expr)

(def) = type ([A,...]) K= (consdef) |...]

(intlitt) == 0] 1]2]...

(intop) = add | sub | eq | le| ...

| let z = (expr) expry n= X

| let rec fx...=(expr) [and ...] < p(i’ntlz‘tt)

consdef) 11— o €) * (intop)
( def) = | k [of (type) * ...] (expr) : (type)
(type) == A k[C(expr) , ... |

K [ (type) , ...)] fun x -> (expr)
(expr) (expr)
(val) == (intlitt) let x = (expr) in (expr)
| = let rec x = (val) | and ...| in (expr)
| Kk [C(val) , ...))] tick (intlitt) in (expr)
I fun x -> (expr)

rec x = (val) [ and ...]| in (val) (clause) == | k [Cx , ...)]| -> (expr)

|

|

|

|
| (type) — (type) | match (val) with (clause) |...]| end
| |

|

|

|

|

Figure 5.1: Mini-ML syntax

identifiers for variables, types and constructors are unique. Lastly, all recursive definitions

must define functions.

In Mini-ML, values are either an integer literal, a constructor application, a closure containing
a function, or a recursive closure. The language also includes a tick k in e expression which
acts as the tick construct. The standard head-reduction, call-by-value, big-step semantics
for this ML language assumed. This frontend language, suitable for functional programmers
without with a low cognitive overhead, is compiled first to a Call-by-push-value ML, then to

System-L.

5.2 A Call-by-push-value ML

The Call-by-push-value ML (CBPV-ML) used to compile the frontend language is defined
below. This intermediate target enables addition to the frontend language without having to
work directly with the machine representation. This language is adapted from Levy’s original
Call-by-push-value A-calculus originally introduced by Levy in |54] and expanded in [53]. It

was furthermore the topic of Levy’s PhD thesis, which also gives a treatment of effects |52].
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(program) ::= (toplevel). .. (expr) k([(val),...])

|
(toplevel) ::= | closure (expr)
| data K[(A:+,...)] = [(consdef)...] | rec x = (expr)
|

=
| comput K[(A:% , ...)] = [(methdef)...] exp (expr)
| type K [(A : £, ...)] = (type) ‘
| let x = (expr) (expr) ::= (intop)
(expr) = (type)
(consdef) ::= | k|((type),...)] get (clause) ...end
(expr) .k ([(val),...]D
(methdef) == | k[((type),... )] -> (type) match (val) with (clause) ...end

|

|

|

| l

let x = (val) in (expr

(type) == A | K[((type),... )] | ' (type) i tick (inf&litti in éezﬁri

| thunk (val)

| force x = (expr) in (expr)

| open (val)

| unfold (wal)

| unexp (val)

(intlitt) == 0| 1]2]...
(intop) ::= add | sub|eq | le ...
(clause) == | k ([z,...]) -> (expr)

(val) == (intlitt)
| =

Figure 5.2: CBPV-ML syntax

Some syntactic adjustments were made to align its terminology with our own. Not only do it
refine the CBV semantics of Mini-ML, but it also is linear, with implicit sharing of exponential
types, inspired by Ehrhard [24]. Finally, recursive computations are implemented in the same

style as in System-L: recursive values are all exponentials, and all exponentials are closures.

Syntax the syntax and small-step weak-head reduction of this CBPV-ML is given in figure
Its simple type system is sufficiently similar to the one of the machine that we consider it

redundant. We also reuse the notations of System-L type for simplicity.

A CBPV-ML program is a set of declarations, followed by a single expression. Definitions
introduce data-types, computation types, type synonyms, and values. Amongst those, type

definitions are identical to those used in System-L.

Values in CBPV-ML are either an integer, a variable, a constructor application k(...), or a
closure (possibly exponential or recursive). As opposed to the matchine, recursive expressions

in CBPV-ML are disjoint from values. Expressions are either integer primitives, computations
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get ...end, method calls, case-analysis on a constructor, a let binder, a cost tick, a thunk,
the forcing of a thunk force, or the opening of a closure with open, unexp, or unfold. We
use the shorthand get z ->e for functions, f.(x) for application, (V, W) for pairs, and ¢, (V)

for sum types.

Reduction The CBPV-ML is equipped with a small-step operational semantics. It is
defined the transitive closure of the basic reductions in figure which sends expressions to
expressions with an integer cost k € Z. The let binder substitutes a value as usual. Pattern-
matching over constructors and methods is standard, and proceeds as presented for System-L.
Costs are incurred with tick in the obvious way. Integer primitives are computations with a
method call, which returns a thunk over its result. Opening closures with open moves control
to the inner computation of the closure (the same goes for unexp and unfold). Lastly, forcing
a thunk with force yield control to the thunk, which is reduced until it has the terminal form

thunk V', at which point the produced value V' can be substituted.

This lower-level representation combines the finer control of evaluation of CBPV with a lower
cognitive overload when compared to System-L. Nevertheless, the two remain quite close:
indeed, the System-L can be seen as merely the continuation-passing machine derived from
this CBPV-ML.

5.3 Compilation from ML to CBPV-ML

Compiling the Mini-ML to CBPV is done according to the translation originally developed
by Levy and cited above. In short, ML-expressions are transformed into CBPV-expressions,
with ML-values becoming CBPV-values or thunks over those values, depending on context. A
closure is used to provide CBV semantics to functions. We write [—] the compilation operator

for expressions, [—];,,. for the translation on type, and [[,,, for the one on ML-values.

val

Types The type-level translation is transparent for all type constructor, except the function

type, for which a closure and thunk are inserted. Exponentials are inserted throughout to
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letz=Vine —q e[V/x]
open closure(e) —q €
unfold recy=e — e[(recy=e)/y]
forcex=eine” — . forcex= e in €
forcex = thunk V ine — e[V/z]
unexp expe — €
tickkine —p e

matchk (Vi, ..., V,) with
lk(Cx1, ... ,xn) ->e
| —0 e[Vl/xl,...,Vn/mn]
end
e k(Vy, ..., Vi) — e k(Vy, ..., V)
primop .call(n,m,...) —>g thunkp
(get
| kCxy, ... ,zn) —>e€
| —o e[Vi/z1, ..., Vi/xy]
end).k(Vi, ..., V)

Figure 5.3: CBPV-ML reduction
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allow well-typed Mini-ML programs to remain so when compiled to the linear CBPV-ML.

(Al =14
[x@)], . =K@ Ty)

[Tl - TQ]]type :!U([[A]]type - ﬂ[[B]]type)

Top-level Whole programs are translated piece-wise, each toplevel definition in turn. First,
a new type declaration fun-decl for functions is added. Then, one-by-one, type declarations are
transformed into datatype definitions, and value definitions are translated. Mutually-recursive

definitions get special treatment, which will be detailed later.

fun-decl = comput (A:+) - (B:—) = call(!A) - B

HM; eﬂ = fun-decl; Hdedﬂtople’uel ; [[6]]
prog

[evpe k(D) =K(T)], = data K(A:7) = K([T],,,.)

[letz =e€];ppepe = letx = (lety = force[e] in expy)

Values ML-values (integers, constructors, primitives, and functions) are translated to values
in CBPV according to the following translation. It is transparent for all values except functions,

which are wrapped in a closure to preserve their CBV semantics.

[[x]]val =T
], =7 (integer literal)
lop],u = closureop (integer primitives)

[+l =+ (== 7],.)

[funz — €] closure (get call (z) — [e])

val —
Expressions ML-expressions are translated into CPBV-expressions. ML-values are wrapped

in a thunk, and all sub-expressions are forced before being used. This forcing guarantees

CBYV semantics of translated programs. Local definitions of recursive functions are treated
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specifically once again.

[V] = thunk exp [V],,
[letz =eine'] = letz = force [e] in [¢]

[tickkine] = tickkin[e]

[k(€7)] = forcez; = [e;] in thunk exp [k(Z;)],u
Hmatchewith mﬂ = forcey = [e] in
force z = unexp [y] in
match zwith m
[e1 e2] = forcex; = [e;] in

forcexs = [ez] in

(unexp z1). call (z2)

Recursion Finally, let us consider the case of mutually-recursive functions. ML has direct
support for them, but CPBV only support one recursive value at a time. This causes no
problems, as an intermediate computation can be created, which has each of the mutually-

recursive functions as methods.

To perform this transformation for mutually-defined functions z;, the intermediate computation
y is defined with methods method IZ encoding all recursive values ;. All instances of x;
within the definitions are accordingly replaced with a call to the k; method of y. This allows
y to be a simply-recursive value equivalent to all the x; combined. Once y is defined, each x;

can be exported as a mere call to k; on y.

To define this intermediate y, a fresh computation type definition rec-decl(;) is created with
methods IZ . As to dispense with a type-inference step for the translation, the type A; of each
of x; is taken as a parameter by the new type constructor, which allows translating the mutual
recursions without knowing the types of the z; in advance. This gives the implementation of

both let rec constructs, local and top-level.
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tevy = (recy = get (10— [e] [set ) /=1 ))
let x; = get;(y)
lety = (recy = get (k:l() — [ei] {W})) in
let z; = get;(y) in
€]

geti(y) = exp ((wnfoldy) k()
rec-decl(Z;) = comput K(Z: t—) = m

—_—
[let recz; = ei]]tople’uel =

[[let recr; = €;in e’]] =

Soundness This compilation scheme admits the following consistency theorems, which

relates the cost-aware small-steps semantics of both languages:

1. Given an ML term e and with whose one-step reduction is e — ¢’ (disregarding costs),

then there is a sequence of small-step reductions [e] — -+ — [¢/] in CPBV-ML.

2. In the same situation as (1), when the single step has cost 0, (i.e. we have e —¢ €’),
then the reduction sequence in CBPV-ML has all zero costs as well, i.e. we have

fe] —o -+ —0o [€]

3. In the same situation as (1), when the single step has cost k (i.e. we have e — €’), then
e = tickkine’, and the reduction after translation is a single step of cost k. That is,
we have:

tickkine — e

[-] -1

tickkin[e'] ——, [€']

4. As a result of (2.) and (3.) the footprints of e and [e] are identical.

5.4 Compiling CPBV-ML to System-L

We have seen in the last chapter that the A-calculus can be compiled to the CBV and CBN
machine. Call-by-push-value A-calculus can correspondingly be compiled into System-L. We

now present this compilation scheme and its main properties regarding cost-aware reductions.
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We still write [—] the compilation operator, this time from CBPV-ML to simply-typed
System-L. Types and type definitions need no transformation between the ML-language
and machine-language. The translation of CPBV-ML terms is presented in figure [5.4l The
translation of values is literal, while the one of expression usually involves a continuation-
capture followed by a command implementing the computation step. The n-reduction property
in the System-L guarantees that those extraneous continuation captures can be safely removed.
Lastly, the implicit structural rules of CBPV-ML are transformed into explicit commands as
required in our presentation of System-L, but this explicitation of sharing is standard and

elided from the figure for simplicity.

Top-level While type definitions need not be transformed between CBPV-ML and System-L,
value definitions do. Those are compiled in two steps: first, all top-level 1et definitions are
folded into a single expression with let ...in binder, and second, this single top-level entry

point is compiled into the virtual machine.

This entry-point be given special treatment for technical reasons: indeed, CBPV-ML term
are translated into System-L terms, but, in System-L, reduction is defined on commands.
This is dealt with resolved by introducing a fresh continuation variable to serve as a “final
continuation”. Following already established convention in the literature, we write x this
continuation variable, and translate the one expression that makes up the whole CBPV-ML

program into a command ([e] || *).

5.5 Results

1. Given a CBPV term e and a small-step reduction e — €’ (disregarding costs), then there

is a sequence of small-step reductions [e] — --- — [¢/] in L.

2. In the same situation as (1), when the single step has cost 0, (i.e. we have e — €’), then

the reduction sequence in L has all zero costs as well, i.e. we have [e] —¢ -+ —¢ [€/]

3. In the same situation as (1) when the single step has cost k (i.e. we have e — €’), then

e = tickkine’, and the top-level reduction after translation is a two-step reduction
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CBPV-ML Values V — System-L values [V]
[[x]]val =
[[n]]val =n
[[k(‘—})]] val - k(M))
[closuree],, = {[e]
[rec s = ey = p(self - a).(self || pa-([e] || )
[exp V],u = pla([V] || @)

CBPV-ML expressions e — System-L terms” [e]
[letz =V ine] = pa([V] || pz.([e] || @)
[tickkine] = pa.($k; ([e] || a))
[thunk V] = pfra([V] || a)
[[forcea; = eine/]] = pa.fe] || 1 WU-<[[€/]] | a))
[open V] = pa{[V] || plz.(z || a))
[unfold V] = pa([V] | fix - a)
[unexp V] = pa([V] [|!-a)
[oP]yar = op
V] =[V]a
[ get k(@) — cend | = u(k(a)-([] T af)
e+()] = pafle] | K(@VT) -a)

[{matcthithk(?c? — eﬂ = pa- (VT w(k(Z)-([e] || a)))

*Compiling CBPV-ML expression also involves adding an explicit sharing
(o5 -++) to each newly created term, which is elided here for simplicity.

Figure 5.4: Compilation from CBPV-ML to System-L
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with the same cost profile:

tickkine b e
-1 -]
(pa.(Sk; ([T (| a)) | ) —— (Sks ([T | %)) ——, ([T [ %)

4. As aresult of (2.) and (3.) the resource profiles, and thereby footprints, of the CBPV-

expression e and command ([e] || x) as are identical.

5.6 Implementing monad transformers in ML

As to extend the scope of our analysis system and present its extensibility, we now implement
imperative blocks into Mini-ML. This extends the expressive power of input languages without
increasing the complexity of the analysis. Those imperative constructs remain local in
scope: that is, local mutable variables, iteration with early return are provided, but no
global mutability or non-local control flow outside the imperative blocks is allowed. The
implementation of those effects as monads and monad transformers within Call-by-Push-Value
dispenses with nested closures, as opposed to an implementation native to Mini-ML. Let
us begin with presenting the new primitives added to Mini-ML: monads|62] and monad

transformers|[55|. Let us briefly recall the basic definitions related those concepts.

A monad consists of a type constructor M : Type — Type endowed with functions bindys :
MA — (A— MB) — MB and returny; : A — M A subject to the following coherence laws:
bind x return = x
bind (return x) f = f x
bind (bind x f) g = bind x (fun y — bind (f y) g)

A monad transformer consists of a type constructor T : (Type — Type) — Type — Type,
together with a monad structure on T (M, —) whenever M is a monad. We also denote
this monad as T o M. Furthermore, a monad transformer is endowed with a function

liftp : M A — Thr A subject to the following coherence laws:

lZfﬁT bz’ndM = bz’ndToM
lifty (bindy @ f) = bindron (liftp x) (lifty o f)
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Finally, a runner for a monad transformer 7' consists of a type constructor R : Type — Type

together with a function rung : T(M, A) — R(MA).

Identity, State, and Exception monads We provide one monad and two monad trans-
formers in Mini-ML, the identity monad and the state and exception monad transformers.
Those are abstract types in Mini-ML, and will be defined in CBPV-ML as negative types,
not positive types as the rest of Mini-ML expressions. For reasons which shall become clear
later, the primitives will be implemented as a family of functions indexed by the monad
they implement. We encode then as macros, which can take expressions are parameters, but
they can also be implemented as functions taking closures as arguments instead. The two
implementations are equivalent in our setting, provided one runs a straightforward inlining of

said functions and simplifies the resulting open closure e it induces.

The identity monad I(—) merely provides CBN semantics to the computations encapsulated
in it. It is endowed with a “run” functions which performs the computation and returns the

computed value. The primitives of I(—) are:

Identity monad I(A)

return; A — I(A)
bind; : I(A) — (A— I(B)) — I(B)
runl : I(A)— A

The state monad transformer Sy (—, —) extends a monadic computation M (A) with the ability
to mutate a local variable of type V. It does so with primitives get and set, and provides
a runner that demotes a stateful computation to a function taking an initial value for V as

argument and returning a final state together with its result. The primitives of Sy are:

State monad transformer Sy (M, A)
returng : A — Sy (M, A)
binds : Sy(M,A) = (A— Sy(M,B)) = Sy(M, B)
lftS : M(A) — Sy (M, A)
runS : Sy(M,A) -V — M(V x A)
get : Sy(M,V)
set : V= Sy(M,1)

The exception monad transformer Ex (M, A) extends a monadic computation M (A) with

the possibility of throwing an exception of type X when run, which short-circuits the rest of
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the computation. It has a throw primitive taking the exception X as a parameter. Its runner
runk takes a computation of type Ex (M, A), and returns a computation of type M (X + A),
that is, a computation which may return an exception. This is implemented with the following
primitives:
Exception monad transformer Ex (M, A)
returng : A — Ex(M,A)
bindg : Ex(M,A) = (A— Ex(M,B)) — Ex(M,B)
LftE : M(A) — Ex(M,A)
runE : Ex(M,A) — M(X + A)
throw : FE — Ex(M,A)
Using those primitives, local imperative blocks can be added to the purely functional Mini-ML,
while preserving the compilation scheme to CBPV-ML. First, let us see what those blocks
look like. Then, we can proceed with the implementation of monads and monad transformers

in CBPV-ML.

a do-notation for Mini-ML The payoff of implementing monad and transformers lies in
the ability to port some imperative algorithms to our purely functional analysis setup through
the use of a do-notation. This permits imperative blocks made up of statements, conditionals,
and iterations with early-returns, break, and continue keywords. This imperative extension
for purely functional languages is taken as-is from Ulllrich and De Moura’s work on the Lean
proof assistant |78, |77]. This syntax of imperative blocks is given below, and grouped into
four families of statements that we shall present separately.

(expr’) = do (stmt) | (expr)

(stmt) ::= return (expr)

| let x <- (stmt) ; (stmt)
| let x = (expr) ; (stmt)

| let mut x := (expr) ; (stmt)

| x := (expr) ; (stmt)

| if (expr) then (stmt) | else (stmt) | end ; (stmt)
| return! (expr)

| for x in (expr) do (stmt) done ; (stmt)

| continue!
| break!
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This extension technically splits the syntax into two sorts of expressions: pure expressions
(expr) and possibly imperative expressions (ezpr’). Impure expressions may include imperative
blocks, but blocks themselves cannot hold impure expressions. This implies imperative blocks
cannot be nested. This separation can safely be ignored, but doing so induces some unusual
semantics for nested blocks: a mutable variable declared in an outer block becomes non-mutable

in its inner blocks, for example. We therefore choose to not allow it for simplicity.

We shall present the fours families of statements in fragments. Compilation-wise, imperative
blocks are progressively translated into calls to the monadic primitives we introduced above.
This compilation is done first for the last block, then the third, etc. until only ML-expressions
and monadic primitives remain. the use of effects changes the monad used for the bind and
return primitives in basic blocks, which is why return and bind are indexed by monads: the

particular monad they implement will change depending on which effect a block uses.

Identity monad The first family comprises the basic monadic do-notation: an expression
might be a do block containing a statement, which itself is a sequence of assignments terminated
with a return. The let = <- b statement assigns the result of evaluating the effectful block b
to x, while the let x = e statement is merely an assignment of the value of a pure expression.
Those blocks are translated to the identity monad: return e is implemented with returnli,
the effectful assignment with bindl, and finally the pure assignment via a combination of
bindl and returnl. This translation scheme should be familiar to readers who are versed in
programming with monads. Finally, the compilation of do b expressions wraps b with a call

to runl, which provides the return value of the block.

Mutability with Sy, The second family introduces the first proper effect: local mutable
variables. The let mut binders declares a new mutable variable and initializes it. This
variable’s scope extends to the end of the block. Then, the assignment statement z := e
provides a new value for x. Finally, imperative conditionals if ...then ...else allow for
mutations guarded by a boolean test. The then and else branches each bear a block returning
a unit type, who can read and write mutable variables, and the assignments they make are still

in effect in the continuing statement conditional block, as expected in imperative languages.

Mutability is compiled to the primitives of the Sy transformer. Each new declaration of a

mutable variable in a let mut = := e ; b turns the block b of type M (A) into a block of
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type Sy (A), where V is the type of e. The modified block is wrapped in a call to runS where
the initial value of = is provided. This translation occurs for each declaration of a mutable
variable, meaning a block with n mutable variables will eventually have a body whose monad

is Sy, 0---08y,.

Access to the mutable variable z is implemented by binding a normal variable of the same
name with a let x <- get binder. Each sub-block of b likewise incurs a re-binding of z
through get after its evaluation, which shadows the old binding with one containing the
freshest value, effectively resulting in a single-static-assignment form for the compiled block,
up to a-equivalence. Assignments x:=e are compiled to set e followed by further binding of

x.

Early returns with Ex  The third family of effects implements early returns from imperative
blocks. This is used within branches of a if statement to bypass evaluation of the continuing

statement of the conditional, as in this example:

let x <- b;
if x = 0 then return! ey end;

return €,ormal

Here, the usual return statement of the first family of statements could not have been usedon
the second line, as both blocks of conditionals must return unit types. The new return!
statement instead has a polymorphic return type, as does the throw expressions in OCaml

and Haskell. Typing ensures that the values of all returns (both final and early) match.

This third family of statement is compiled before the first two using the Ex transformer.
First, the entire block is wrapped in a call to runFE with acts a catch clause for when the
early-returned value which might be thrown. Inside the block, early returns become throw,

and each normal return is wrapped in a LiftFE as to satisfy the required types.

Imperative iterations with Exy Finally, the last family of statement implements iteration
over generic data structures (we implemented it for linked lists), together with the capacity
to short circuit to the next iteration of the loop with continue, or to bypass the rest of the

execution entirely with break, as is usual in imperative languages. The inner body of loops
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are statements returning a unit type. In the case of nested loops, breaking and continuing

only applies to the innermost loop.

This iterating structure requires a new primitive to fold over data structures, namely, for a

data structure T'(A), we need a foldM function, reminiscent of list folds, which has type:

foldM : VM. (A — B — M(B)) - T(A) - B — M(B)

Compilation of this final family in done before the other three, and in the same style as for
early returns: each loop is wrapped in two runE': one outside the loop for break (called the
outer one), and one inside for continue (the inner one). Since loop bodies are blocks b : M(1)

returning a unit type, this means the compiled bodies will have type E1(E7 o M,1).

Inside the body of the loop, break statement become throw () (which are caught by the outer
runE), and continue statements become liftE (throw ()) (which are caught by the inner runFE).
This transformation is not applied to break and continue inside the bodies of nested loop,
which are instead treated when the most nested loops are themselves compiled. Finally, final

returns are lifted accordingly to their depth (two liftE per loop body they sit inside of).

Compilation of monad transformers (1/2) The monadic primitives of Mini-ML are im-
plemented as typed macros in CBPV-ML, which allows for direct manipulations of expressions
with negative types. First, monadic types are translated as follows, extending the translation

of ML-types into CBPV-types:
[[I(A)]]type = TT[[A]]type

[[SV(Mv A)]]type = ![[V]]type - [[M(V X A)
[[EX (M7 A)]]type = [[M(X + A)

]]type

]]type

We can now present the implementation of primitives. This can only be done by inducting on
the monads transformed monads, which means typing information is required to dispatch the

correct implementation. First, runners are all trivial:

[runi](e) = [runS](e) = [runE](e) = e
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We can then implement the rest of the monads, starting with the identity monad. Its

implementation as thunks also make its implementation trivial:

[returns](e) = e

[bindr](e1,e2) = forcex; = e ines.(xq)

The state monad transformer is implemented as a function taking a state, and returning a
computation that will eventually produce a new state and a value. As such, its primitives
all get take initial state s as argument, then call a primitive of the underlying monad with

arguments that thread the state through the computation:

[returncs, onn] () = get s -> [returny](force # = e in thunk (s, z))
[bind s, onn] (€1, €2) = get s -> [binda](e1.(s), get (s, ) ->ea.(x).(s"))
[[lzftS ﬂ (e) = get s ->[bindy] (e, get x -> [returnas]((s, z)))

ngt(SVoM)ﬂ = get s -> [returnys]|( thunk (s, s))

[setisyonn)] (€) = get s -> [returny](force s’ = e in thunk (s, ()))

Finally, the exception monad transformer is implemented as a computation that returns a
sum type. Its primitives are thereby implemented directly as call to the underlying monad,
whose arguments may dispatch on the constructor on the sum type to potentially short-circuit

the rest of the computation:

[return(gyonn] (e) = [returna] (e2(e))
[bind g onny] (€1, e2) = [bindpr](er, er)
where €, = get x -> matchz with
vy (err) => [returnys]( thunk ¢q (err))
t2(y) -> [bindps] ( thunk y, es)
end
[[hftE(ExoM)]] (€) = [bindu] (e, get x -> [returna] (t2(z)))

[[throw(EXoM)]] (e) = [returnps](e1(e))

This translation does not introduce any extraneous closures in the resulting CBPV-ML code,

and, to our knowledge given empirical evidence, admits good simplification properties in the
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presence of inlining and normalization-by-evaluation, leading eventually to direct-style, purely

functional programs in System-L of comparable complexity to the original imperative block.

5.7 Closing remarks

With this frontend in place, now is a good time to stop and review our analysis setup. The
input language is an ML-style, call-by-value programming language with algebraic data-types
and recursive functions. It is extended with imperative blocks, which are implemented without
incurring extraneous closures thanks to the implementation of monad and monad transformers

in call-by-push-value.

After compilation into a Call-by-Push-Value ML language, the ordering of reduction steps is
syntactically determined even in the presence of both CBV and CBN aspect in the source
language. Then, compilation in System-L transforms ML-style CBPV programs into an
abstract machine representation that provides first-class continuations. This does away with
the notion of evaluation context, as reduction on the machine head suffices to represent

weak-head reduction of CBV, CBN, and mixed style programming.

As far as resources are concerned, the resource profile of the original program is preserved
by this compilation scheme, which means we now have access to it from System-L. This has
two benefits. First, since the reductions ordering of the program is syntactically explicit, the
ordering of costs also is, which is essential to a re-usable resource analysis. Second, since the
machine does away with implicit evaluation context in the reduction rules, potential that may

flow to-and-from this unknown context is no longer a problem.

This allows us to derive an analysis scheme on our intermediate representation that is simplified
compared to similarly-powerful AARA implementations: following the explicit control flow
in System-L programs, resources move through the program. When values and stack in the
machine are substituted during head-reductions, the potential they hold can interact with
those resources, which implement amortization. The linear type system we put over the

abstract machine will be essential in implementing this flow of resources safely.

The rest of this manuscript describes how this analysis on System-L is designed and im-
plemented. Starting with an extension to our linear type system, numerical annotations

called parameters will be added to types allowing for sizes, data-structure shapes, amount
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of resources, and potential to be approximated at type-level. Then, using a CPBV effect, a
state-token will be passed along the flow of the program (using the explicit control flow of
CBPV). Linearity will ensure that resources remain centralized as this token moves around,
greatly reducing the amount of proof work required to show the soundness of our resource

bounds.

106



CHAPTER 6

Extending the machine for static analysis

System-L forms the intermediate representation our resource analysis is based on, a choice
motivated by its good theoretical properties and ability to syntactically encode operational
semantics. For the analysis proper, we will extend the type system presented last chapter
without altering those properties. Namely, reduction rules shall remain unchanged and no new
term-level construct shall be added, except optional user-given annotations. The extended

type machine then has an erasure procedure which is compatible with reduction.

The extension to the type system takes the form of a logical fragment at type level, which
affect the typing procedure as to output, together with any well-typed program, a first-order
constraint, whose free variables (called parameters) are exactly its free type-level variables.
Any assignment of those parameters satisfying the constraints (called a model) gives program .
An obvious application will be, for example, the size of a list or dynamically allocated array.
We will also introduce resource manipulations, once again without effects on the reductions.
The minimal model of the amount of those resources will be our safe resource bound. Finally,

a compatible notion of potential will be introduced, which will enable AARA analysis.

6.1 First-order constraints

The first step of our work in this chapter is to create a general-purpose static analysis framework
for System-L. We want this framework to be as “neutral” as possible, as to support many
different theoretical frameworks, and also want to stay as close as possible to the core of the

CHC, and use the fact that the System-L is a term language for sequent calculus to minimize
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proof work. As such, we choose to design and implement this static analysis system as a
fragment of multi-sorted, first-order logic, embedded at type-level in programs. This first
section merely defines the usual machinery accompanying first-order logic, namely models and

the intuitionistic sequent calculus LJ.

Models Given a first-order signature, and a set C of first-order sentences expressed with that
signature called a theory (those sentences not necessarily taken from our limited fragment),
a model M for that theory consists of an assignment, for each sort s of a set [s], for each
operator ¢ of arity (5;) — s of a function [¢] : II;[s;] — [s], and for each relation R of arity
(s7) a subset [R] of IL;[s;].

A scope of variables © = o $is given by a function o, written as a substitution, assigning to
each a a value ao € [s]. We write © |= o in such cases. This gives a model for terms [7],
defined as [a], = ao and [p(7)] = [(p]([?])) This allows us to define whether a model satisfies
a constraint C, written o = C, using Tarski’s “definition of truth”|76]. This is given by the

following meta-theoretical rule system:

e 0 =T always, and o = L never.

e O ): 7 = 7/ whenever [7—]0' = [T/]O"

o = R(7) whenever ?];} € [R]

o | E whenever o is a model of every factor in the conjunction E

o= ENC whenever 0 = FE and 0 = C

o FE= Cifeithernot c FEorol=C

o = Ja @ s.C whenever there is some z € [s] such that o[z/a] = C

o = Va : s.C when for all x € [s], we have o[z/a] = C

Reasoning We restate here the fragment of sequent calculus relevant to our fragment of
first-order logic and its soundness theorem. This will be useful in the rest of the chapter

to embed constraints in our sequent-based type system. Given a theory, as a set of axioms
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C, the intuitionistic sequent-calculus LJ of Gentzen|25| 26|, when restricted to the fragment

(T, L,A,=,V,3), is defined by the following rules.

Identitv: —————= _Cec TL,CEA  TkHC LkA
o LCRC "TRC T A T[r/a] F Alr/a]

A T, T'F A
LT A I,I'FA

: A
Logic (T/1): w=rx TFT T,lFA

Structure:

IC,D+ A r=cC '-D

Logic (\): w5 pra TFCAD
Logic (w): _LFC  L.DEA  T.OED
) IC=DFA '-C=D
. I'Clr/a] - A T-C
L V)L Sl
ogic ) 0 Fr A THvad
Logic (3)': rLcrA '+ Clr/a]

I'Jda.CFA I'FJa.C

We can now state a variation of the soundness theorem for this fragment of LJ: if © F C;
for all ¢ and © - D are well-sorted constraint, and 5: F D holds in LJ, then for any model
© = o such that o |= C; for all i, we have o = D. In other words, formal reasoning held in

LJ preserve validity in all models.

Utility in the type system Since LJ and the focused linear logic we use for our type
system are two instances of the same formalism, there is a natural way of combining them
allowing logical reasoning on programs at type-level. This allows us to use parameters to
denote sizes, lengths, amounts, etc. in a well-scoped manner compatible with first-order

reasoning.

6.2 Integers and polynomials in constraints

The first-order signatures used in the full type-system can be specified by users, by declaring
sorts, operations, constants, and relations within preludes. We introduce the sorts of natural

integers, resources, and polynomials, which are required for our analysis scheme.

'Here, o must be renamed in C as to be fresh when the quantifier disappears as the rule is applied
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Integers Natural integers have sort nat, and support addition and multiplication, with
operators (0,1,4,x). Note that the partial operation of subtraction and divisions are not
required. We can nevertheless describe the difference between two natural integers: instead
of writing C(n — m), we instead write 3k.(m + k = n) A C(k), and likewise for division.
This guarantees that models are always well-defined. Resources are, in practice, integers
representing discrete amount of time, memory, or energy. As such, we give them sort nat, but

also use the synonym res to clarify which parameters are resources.

Closed forms of shapes and resources Polynomials are the most important primitive we
use at constraint-level. Indeed, the goal of the AARA is to infer a closed firm for a resource
footprint. But our parameter system returns a constraint, which then needs to be solved
to provide such closed form. In this work, those closed forms are multi-variate polynomials
from N to N. Other choices of formulas are of course possible, which would be achieved
by a different specification of the first-order signature (for example, by adding logarithms
or exponentials). Nevertheless, multi-variate polynomials have a considerable advantage as
opposed to larger classes of closed forms: the first-order theory of polynomials with rational
coefficients admits quantifier elimination [58, theorem 3.1.4]. This means the constraint
generated by the type-system can be reduced to one in propositional logic, and then further
into an optimization problem over the rationals, which can be solved by third party solvers to
derive a minimal (or close to minimal) closed form of the resource footprint. We shall go into
detail into this in chapter [7], but for now, we only need to specify the first-order sort we use

for multi-variate polynomials, and introduce some useful syntactic sugar.

Multivariate polynomials Multivariate polynomials have a first order signature which
encodes their algebraic structure and their support for composition. This is not obvious:
indeed, given two polynomials p, g : N> — N, defining their composition r = Az, y.p(q(x, ), y)
apparently requires a binder to introduce variables. But it is also possible to use a first-order

signature with the same effect.

Namely, multi-variate polynomials with coefficient in N, domain N*, and image in N (called

polynomials hereafter), are defined by the following first-order signature:

e Sorts poly,, for all n € N for polynomials in n variables;
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Addition + : poly,, x poly,, — poly,,;

Multiplication x : poly, x poly, — poly,, ;

Constant cst: nat — polyy;

Variables z}! : poly,, for all 1 <k <n which represent A(z1,...,2y).2x;

Compositions o : (poly,,)* x poly, — poly,, defined by

(P1,-- Pk @) = (D1, 0k) © ¢ = AZ.q(p1(T), . . ., pr(D));

Evaluation eval : poly, — nat;

Equality p = q for p : poly,, and q : polyy;

and comparaisons p < q and p < ¢q for p : poly,, and g : poly;, defined by:

p < ¢ < p(n) < q(n) asymptotically as n — oo.

With this signature, algebraic expressions on naturals can be represented as polynomials,
and common operations are available, in point-free style. For example, the polynomial
r(z,y) = p(q(w,y),y) from above is represented as (g, z3) o p, and if a, 8 are two natural

parameters, then the value of the expression 2p(q(«a, 3) + 1, ) is represented by:

eval((((est(a), est(3)) o q) + est(1), cst(B)) o p x ¢st(2))

We shall freely use the informal notation for polynomial in the rest of this work. Furthermore,
when O is a parameter scope, we write pg for a polynomial variable, whose arguments are the

variables of © of sort nat.

Having presented constraints and parameters, we may move on with the parameter-and-
constraint type system proper. We shall now introduce this. To begin, we show how the with

and where clauses in type definitions introduce constraints at type-level.
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6.3 Typing with constraints

The extended type system with constraint and parameter uses the constraint language we

introduced in chapter 4] reproduced here for convenience.
E:=T|R(T)ANE|T=7TAFE

C:=T|L|EAC|E=C|Va:$.C|3a:8.C

The judgments for the extended type system are also recalled below. They have the following

form, in which the parameters in © are in scope in C, I', and A:

Commands c¢: (0 =C)> (T FA)
Terms OFC)>T Ft A
Environments OFC)> T |e:AFA

With this added expressive power, it is possible to create static analyzers by adding parameters
and simple constraints to type definitions with the with and where clauses. But first, let us

cover some baselines.

Extending rules for simple types First, the rules we introduced last chapter for the
simple type system all hold in extended variants in the full one. Those variants accumulate the
parameter scopes and constraints of the premises into the conclusion. Here are some examples.
The case of commands and variables are:
OEC)>THt: A; OEFEC)>T;e: AFA
(tle:(OFC)> (I'T'FA)

OT)pbz:ArFz: A OFT)>0|a:AFa:A

Binders have typing rules with only one premise. This means the first-order fragment is
preserved as-is when rules for binders are applied (except for pattern-matching ones). We give
the rule for the pxz~.c binder. The same transformation applies as well for the three other
binders, as well as for closures, thunks, exponentials, fixpoints, and pattern-matching with

only one clause.

c:OFEC) > T,z : A~ FA)
OEFEC)> T'|pr~c: A~ FA)
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In the case of a constructor with many arguments like functions, or a pattern-matching with
many clauses (like sums), the first-order constraint for all different branches are added together.
Note that the constraints are not accumulated with a disjunction, but a conjunction: all
constraints must hold simultaneously.
OFEC)>»TFV:A OEFC)>I"|S:BFA
OEO>I, | V-S:A—-BFA

01:(@|:C)D(F1,J}1:A1FA) CQi(@lZC)D(FQ,%'Q:AQFA)
(@ ): C) > I, T | /,L(Ll/Q(ZL'l).Cl | LQ/Q(:L‘Q).CQ) AT DA A

Extending the type system in this manner guarantees that every program typable in the
simple type system as (I' = A) is typable in the extended type system as (0 = T) > (I' - A).
Note that if type definitions are modified to include parameters, this no longer true. Programs

remain typable for some context © and constraint C'.

Zero and Top In the simple type system, the types O and T types have “elimination” rules
but no “introduction” rule. In the extended type system, we can introduce values of those
types, provided the current constraint is unsatisfiable. This represents code that we know
is dead because its related constraint cannot be satisfied. Formally, we add two new rules,
allowing the creation of a value Or and a value Tt a. Those values incorporate references to

the two current scopes as to preserve linearity. The two new rules are:

(@)ZJ.)DF"OF:O (@):J_)DF|TF,A:T|—A

Parameter and constraint management Some new rules in the full type system involve
managing the parameter scope © and the current constraint C'. First, we add weakening on
parameters, which allow superfluous first-order variables to be removed from O (fol-weak).
Then, we introduce a “subtyping” relation on constraints. This is to be understood as passing
from a constraint with a large set of models to one with a smaller one, included in the first.
(fol-sub).

©O©EC) > (TFA) ([, A,C) C ©
0,0 =0) > TFA)

O EC) > (TFA) O=C=C
OFEC) > (TFA)

(fol-weak)

(fol-sub)
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Type annotation with parameters It is useful is practice to allow terms and environments
to be annotated with types and parameters. To typecheck, it then suffices to unify the annotated
and inferred type of the annotated expression. But unification of parameters is delegated to
the constraint in our system. The rule for type annotations must therefore unload checking
parameters for equality to the constraint. This leads to the following rule, where an annotated
term ¢t : A(7) can be typed as A(77 ) (same monotype A, different parameters) when —
and 7 are well-scoped. The same holds for annotations on environments, values, stacks, and
bound variables.

O C) s THt: A(r) OFr:s OFA:S—+

OECAT=1)> Tk (t: AD): A7)

(term-annot)

Equality in constraints Working with first-order equality is done with two rules which
encode unification for first-order terms. Namely, (fol-refl) introduces a trivial equality o = «,
and (fol-unify) allows a non-trivial equality 7 = 7’ to be added to the current constraint
when its two sides can be unified during type-checking. We show them for a generic typing
sequent, but they apply to all expressions of System-L.
OECAa=a)> (T'FA)
OEFEC) > (TEA)
(O F=Co) > (I'0F AD) 0 = mgu(r = 7')
O,z,yECAT="7)1> (I'FA)

(fol-refl)

(fol-unify)

Those rule is often used in combination with (fol-sub) as to bring an equality 7 = 7’ at the
head of the constraint. Those two rules are not syntax-directed, but can be dispensed with in
implementations. Indeed, substitution and equality of first-order terms can be handled with

traditional unifiers.

6.4 Manipulating type-level constraints at term-level

We can now start showing the typing rules that manipulate constraints. Those will be
introduced step-by-step. First, we introduce the existential quantifier, then its universal
counterpart. Those two form a positive/negative pair. Then, we’ll introduce a second pair,
namely conjunction and implication. Once this is done, we will handle parameterized data
and computation types, which combine the two pairs. Finally, those parameterized types will

be used to defined analyzable data and computation.
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Extending constraint scope with quantifiers Let us now begin in earnest. The first
step is to extend the language with constructs for manipulating quantifiers. We want to do so
in a way that matches both System-L and LJ. Recall the two rules dedicated to existential
quantification in the LJ sequent calculus, where « is a fresh variable in the first rule.

T,CHA T+ C[r/a], A
I[3a.CFA  TF3aC,A

Note furthermore, that the left rule for the existential quantifier is invertible in LJ. This tells
us that the existential quantifier is a positive connector in LJ. As to match this, an existential
quantifier should only be introduced by positive types in L. Likewise, universal quantifiers

should only be introduced by negative types.

This justifies the following implementation. We define two newtypes with argument A : s — b
that quantifies a parameter of sort s. In the positive case, the parameter is existential, and in
the negative case it is universal. This parameter is bound by the with clause, whose purpose
is to introduce new parameter variables.

newtype 3 (A:s — pos) : pos = pack of A(a) with a:s

newtype V (A:s— neg) : neg = spec of 1— A(a) with a:s

The 3 type defines a constructor pack which consumes a value V' : A(7) and introduces
pack, (V) : 3(A4), in which the parameter 7 is hidden but witnessed to exist. On this other
side, the binder ppack,(x).c binds V to z and 7 to a. The inner command ¢ doesn’t know
the value of 7, and must therefore be satisfied for all possible values. For this reason, the
constraint for the binder is Va.C’. This gives the following two rules:

O ECt/a]) b THV : A(T)
(© = 3a.C) > T'Fpack, (V) : 3(A4)

(3-R)

c:(©,aE=C)> (Izx: AFA)
(© EVa.C) > T' | ppack,(x).c:3(A) - A

(3-L)

Universal quantifiers operate the same way: the stack constructor spec takes a stack of
type A(7) typed under C|[a/7], and returns a stack of type V(A) under constraint Ja.C. A
universally quantified value introduces an arbitrary parameter « to stand for 7, and therefore
is typed under some Va.C’; which is what we wanted. This gives us the two rules below:

c:(©,aE=C)r (I'Fa: Ala))
(0 EVa.C) > T'+ uspec,(a).c: V(A)

(V-R)
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OECT/a))pT|S:A(T)F A
(©E3Ja.C)> T |spec,-S:VY(A)

o (+L)

During reduction, the witness packaged with a constructor is substituted for the variable on

the other side, leading to the following rules:

G (V) | 13a(D)-) > clr/a, V2] (data)
(uVo(a).c || Vs - S) > c[r/a,S/al (comput)

Hypothesis management Following the same principle, we can add term-level additions
to the language which handle the E A C' and F = C constraints. We shall introduce those

two more briefly, as the same principle apply as for the last paragraph.

The constructor AA B is positive in LJ, as LJ admits the equivalence sequent (I, EAA F A) <
(I',E, A+ A). Likewise, the = constructor is negative, as (I' - E = A, A) <> (I,EF A, A).
This justifies the interpretation of the where E clauses, which introduce simple constraints.
By analogy with dependent type theory, we define, for any simple constraint o : s - E two
types as:

newtype EA(—) (A:S— pos)(a:8) : pos = witness of A(d) where FE
= )

newtype £ = (—) (A:$— neg)(a:8) : neg = assume of A(d) where E

For the E A A type, the right rule adds F to the constraint, and the left rule (the eliminator)
assumes F, which has already been witnessed on the other side. This is reverse the £ = A:

the right side assumes F, and the left side must witness it. The generated typing rules are:

OEC) s TFV:A®

— (/\_R)
(O E E[r/a]AC) > T+ witnessg(V) : (EAA)(T)
c:(OEQC) > (T,z: A(T)FA) (A-L)

Ch= E[%] = C) > T' | pwitnessg(z).c: (EANA)(T)F A

c:(OEC) > (TFa:A(P)

— (=-R)
(© E E[r/a] = C) > T'+ passumeg(a).c: (E = A)(7)

OEC)>T|S: AP A
(O E E[r/a] = C) > T | assume - S : (E = A)(7) F A

(=-L)
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This concludes the addition of constraint management to the type system. In summary,
the with and where clauses of newtypes allows simply-typed programs to be enriched for
constraint-level manipulations. As to simplify the rest of the presentation, we freely write the
new types as Ja.A, E A A, etc. This principle is applied for datatypes and computation types,
on a construct-per-constructor basis, which let us define such types as nested data structures

with shape-aware types, and resource pools.

6.5 Defining parameterized types

We now combine data and computation types with the where and with clauses, which allows
us to define resource aware structures in the machine, but also to relate the shape of a value
and the resources assigned to it. We begin by giving an example of this added power in the
context of list data structures. We then move on to typing parameterized datatypes, and

finally parameterized computation types.

Parameterized data structures Typing parameter-aware data structures requires changing
the argument’s types. For example, using lists defined as an ADT List(A), a list of lists of
integer may be represented as List(List(N)). When adding length parameters into play, there
is only so much information once can encode at type level while keeping List a type constructor

of sort pos — pos.

Consider instead a refined list constructor using a nat integer parameter to encode length as

List : (nat, pos) — pos. This allows bounding the types such as:

e Ja, 5. List(a, List(8, N)), lists of « lists of 3 integer;
e Jda. List(«, List(a, N)), matrix-like values of o X « integer entries;

e Ja.(a < K) A List(e,36.(8 < L) A List(3,N)); another matrix-like list of list, whose

shape is contained in a K x L rectangle. This type is equivalent to

Ja, . (o < K AN 5 < L) A List(ey, List (8, N))

e More generally, any rectangular shape which can be defined by a first-order equation
when other parameters are in scope, by replacing (o < K A < L) by an arbitrary

system of (in)equations E|«, 5].
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This offers some flexibility, but doesn’t allow for a significant kind of dependency in shape:
The length of an inner lists cannot depend on its position within the outer one. This means
that, for example, triangular shapes, where the i element has length i cannot be encoded.
But since type constructors can have arguments depending on parameters, we can encode
more shapes of nested data structures. Consider new a type constructor for linked lists defined
as

List : (nat — pos,nat) — pos

A list of type List(Aa.A(«), ) is a list of § elements, where the ith element has type A(7).
For example, the type List(Aa.List(N, « + 1), 8) is the triangle-shaped list of list we couldn’t
define before. For another example, let us say we want the length of the inner lists to decrease
as the index in the outer list increases. This could be realized by passing the parameter g — «
to A, but subtraction isn’t total on N, which pauses technical issues. On the other end, we
can define the type:

3B. List(Aa. 3. (v + o = B) A List(N, ), )

This has the triangular, decreasing shape we seek, using a constraint and the well-defined
addition operator on natural numbers: the first inner list has type List(N, ), the second has
type List(N, 8 — 1), etc. Using parameterized type constructors and first-order constraints

together, the shape of data structures can be successfully tracked at compile time.

Parameterized datatypes Recall that datatypes are defined with the following syntax,
which involves parameters arguments and bound parameters per-constructor in where clauses,
both of them subject to a constraint in with clauses:
data K+(A:m) (a:s) =
| k1 of Bf where E}STJ with F;

oA

| kn, of Bl where 3, with E,,

end

In this definition, The type constructor K is a datatype with monotype arguments A and

parameter arguments «. Each constructor k; has type-level parameter arguments E, which
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must satisfy F;. Each constructor defines a judgment defining its acceptable instantiations,

written as:

ki (B Ei, B) — K(A)(@)
For example, lists of length o and elements of types A(0), A(1), etc. are definable as:

data List(A: nat — pos) («a:nat) =
| cons of A(a) ® List(A,3) where g:nat with (a = f+1)
| nil with (a = 0)

end

For parameterized lists, the values for o and each g of each Cons are completely determined:
the parameters are only used for computation not specification. But we also allow partial
specifications of parameters, in which case the parameters are reasoned on. For example,
consider two definitions of the Nat type using Church encoding. The first one provides integers

typed as Nat(«), where o : nat is a natural parameter specifying the exact value of the integer.

data Nat (a:nat) =

| z with a =0

| s of Nat(a') with o with a=d +1
end

The second one shown below, on the other hand, has two parameters «, § : nat, specifying
an upper and lower bound for the value of that integer. This means that, at type-level, it is
known that the integer belongs to the interval [a, 8], but no more information is available. It
is implemented by stating that the value 0 belongs to every type-level interval [0, 5], and that
n + 1 belongs to [«, 8] whenever n belongs to [/, 8] with « <o/ 4+ 1 and /' +1 < .

data Nat (a:nat, S:nat) =

| z with a =0

| s of Nat(<d/,8) with o/ ,5 :nat with a<d' +1 A f/+1<p
end

Parameterized computation types Recall, like before, the definition of a computation

type:
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=

comput K~ (A:m) (a:s) =

| ki of B — B~ where B, :s| with E;

| kn of Bl — B/~ where B—W:STWZ with E,,

end

Using those, we can define, for example, the parameterized type of streams, which lazily
provides values of type A(0), A(1), etc., and canbe destroyed to recover an internal state of

type B(«a), where o denotes the number of elements already emitted.

comput Stream(A: nat — pos, B : nat — pos) (a:nat) =
| next of 1— ff(A(a)® |Stream(8)) where S:nat with § = a+1
| destroy of 1— {1B(«)

end

A resource token for safe (de-)allocation Parameterized types can be used to define
static approximations of program footprints. Recall that with the physicist’s method for
amortized complexity, a program holds two kinds of resources, used and free, whose sum

remains constant as programs reduce. This can be encoded as a parameterized datatype.

To this end, consider a free parameter variable T' : nat representing the total footprint. At
a given point of evaluation, we can represent the state of resources as a pair (F,U) of two
nat parameters (U for used and F' for free) constrained by the equation F'+ U = T. Without
loss of generality, the program can be considered to begin with no allocated resources, such
that F =T and U = 0. During execution, resources can be allocated, causing a transition
from (F'+ K,U) to (F, K +U) keeping T" constant. The converse happens when resources are
freed. We can encode this behavior with the parameterized datatype ST (F,U) defined as:
data S(F,U: nat) =

| alloc of ST(F',U') with K:nat where U'=U+K A F=F'+K

| free of ST(F',U') with K:nat where U=U'+K A F'=F+K
end
We often abbreviate S(F,U) as S;;. With this definition, allocation of K resources is just
packing a token st into allock (st), and likewise for freeing. Note that no closed value of type

S(F,U), and that there is no way to destroy a token, since it is a linear type. This means that
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a program wishing to manipulate resources must take a token as argument and return it as

part of its final result.

Also, note that, as resource manipulations accumulate and constructors are layered on top of
the token, they create a log of all resource manipulations done in the past. This preservation
the resource history during evaluation is crucial. Indeed, of the case of a program that uses
a lot of resources in a first half of its execution, but less in the second half, the footprint
required for the second half will be lower than the total footprint over the entire execution:
the footprint of a program is not preserved by reduction. On the other hand, with our setup,
the history of this higher resource requirement is preserved, and therefore the higher footprint
is as well. This type shall be the keystone of our analysis, and shall be used extensively in

chapter [6]

Having shown how parameterized types are defined, let us now show how typing rules deal

with the token and another parameterized types defined by constructors.

6.6 Using parameterized types

The typing rules for parameterized datatypes are merely a mix of those for simple datatypes,
existential quantification, and witnessing. When typing the application of a constructor kT—;(V),
the constructor is first instantiated as some k : 3&.EA U — K (Z)(?’) from its definition.
Then, the arguments V are typed against ﬁ, and the witnesses 7_'7 are unified with @ , which
yields a constraint © = E [7"-/02] The constructor application is then typed as K (Z)(?) This
is rule (data-R).

0, 3=C)sTHV U Fk:IFEANT - K(A)(P)
— " — — —
OEJaCAEANa=T)> TFkx(V): K(A)(T)

(data-R)

When typing a pattern matching clause kz(7).c with the same constructor, a fresh instance
of the constructor is likewise generated. The parameters o and variables z: U are added to
the scope, and the command c is typed, giving a constraint C'. Then, the @ are quantified
universally and their constraint F is assumed to hold. The value the clause matches against
is meant will provide terms for the o and a witness of E. The overall constraint is then
Va. E = C. This is rule (clause-L). When many clauses are present, they are checked for

exhaustivity and their respective constraints are accumulated. This is rule (data-L).
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Fk:3EEAT - K(A)(?) ¢ (0.FEC) b (Na:UFA) (clause-L)
(OEVE.E=C)> T |k (i’)c K(z_‘l’(ﬁ)FAcl
PR K OO k(@ KA@EAL o0

— — I ——
(BT o T | ulea(@0) : KA)(F) - A
Parameterized computation types and parameterized newtypes follow the same principle,

where constructor application introduces 3 and A at type level, and clauses introduce a

matching V and =.

6.7 Closing remarks: A resource-aware program

In this chapter, we have extended the simple type system of System-L, namely intuitionistic
linear logic, with a first-order fragment which allows types to be parameterized by first-order
variables. Those first-order variables are then subject to a constraint, and typing holds only

for the values of those parameters which satisfy this constraint.

The language of types was extended with the capability to introduce existential and universal
quantification, and witnessing and assumption of first-order relations between parameters.
Those types are transparent at runtime: then can be erased before execution. Furthermore,
those reasoning primitives were embedded within algebraic datatypes and computation types.
This enabled the shape of nested data structures, the usage of computations, and the ressource

footprint of programs to be approximated at compile-time.
To close this chapter, we give an example of a time analysis of the append function on linked

lists. For reference, an OCaml implementation of those functions is:

let rec rev_append 11 12 = match 11 with [] -> 12
| h::t -> rev_append t (h::12)
let append 11 12 = rev_append (rev_append 11 []) 12

Below is the code of those two functions, together with their simple types. We write (—) for

the erased parameters, and S for the resource token type.
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revappend : ! fix V(—). S — L(A) — L(A) — (S ® L(A)) =
p(fix - a).(self || pf.
(/,L(spec(_) ~stely -l b).

(ol p
| nil.(u(fhd.(st @ Iz || d) || b)
| cons,s (h, t).(f [|!- fix - spec,_, - alloci (st) - £ - cons—) (h, l2) - b))

I'a))

append : V(=). S — L(A) — L(A) - (S ® L(A)) =
,u(spec(_) cstelycla - a).
(revappend || ! - fix - spec(_) - st - Iy - mil - - u(st’ @17).
(revappend || ! - fix - spec_) - st 1l a))

When typing this function with the full type system, those two functions can both be typed

under the T constraint, and given the following types.

revappend : ! fix Vn,m, F,U. S; """ — L(A,n) — L(A,m)
=S,y @ L(A,n +m)

append : Vn,m, F,U. S; """ — L(A,n) — L(A,m)
- ﬂS?ﬂ+m+U ® L(A7n + m)

Here, n and m denote the lengths of the two lists to be appended, U and F' denote the used
and free resources, and the resource token type is Sf;. Both append and revappend pass the

token as state, and a unit cost is used each time a new cons constructor is used by revappend.

As we can see, a call to revappend, which reverse-and-appends a list of length n to the left of
a list of length m uses n resources, and a call to append uses 2n resources, and is therefore
independent of the length of the second list. This is a basic example of the kind of analysis we

can automatically undertake thanks to our time system.

We can now move on to porting this analysis to high-level programming languages in the ML
family, and on to extending it to support more sophisticated source programming and get

finer bounds. This is the purpose of the next chapter.
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6.8 Soundness of constraint generation

We now relate our constraint annotations to the runtime behavior of the System-L. The main
point is that, when a command generates a constraint, models of that constraint remain valid
as the command is evaluated. We do not provide full proofs of those results here, merely

sketches of the salient points. The reader can safely skip this section on a first reading.

First state a lemma regarding constraints. Consider a constraint C' using the literal T. We
write C' = C[T] implicitly using the notion of constraint context. Note that T cannot occur
as part of an equation £ with this definition. By induction on the syntax of constraints, if
O F C[T]AC’, then © F C[C’]. That is, moving a constraint C’ deeper within another C

preserve provability, and therefore models.

We can then give a first result, which is that value substitution preserves models. Stack
substitution proceeds the same way. Consider a typed command c: (0 = C) > (I',z : A+ A)
and a typed value (0’ =C") > I" =V : A. The instance of x in ¢ generates a constraint T
within C', which gives the following typing of (V || ux.c):

O ET) bz Az A

: c:(®|:C'[T])l:>(F,a::AI—A)
O@EC)rI'FV:A OECT]) b prc: AEA
(V|| pz.c)y : (6,0 =C[TIAC") » (I, A)

Then, (V|| pzx.c) reduces to ¢[V/z], which has the following typing, where the typing of V

has replaced the one for x:

O@FEC)rI'FV A

c[V/z]: (0,0 C’[C’]) > (O,TF A)

Therefore, the constraint C' A C[T] of (V|| px.c) implies the constraint C[C'] of ¢[V/z]. This

forms the basis of our proof of soundness.

Indeed, this first result suffices to prove, by induction, that all other reduction rules, except

those for parameterized data/computation types, also preserve models. In the case of the rule
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(struct), which implement scope management, multi-hole contexts are required. Remains to

show that reduction of parameterized types, rules (data) and comput, also preserve models.

We now show that reduction using the (data) rule preserves models. As a matter of legibility,
we only present to the case where the constructor involved only has one argument. The
case of many arguments, and of comput are similar. Let us consider a constructor with
one argument, specified as k : (ﬁ,E(E),B(B)) — K(Z)(&') We write T' for K(Z)(a') By
definition, a well-typed command that reduces with (data) using that constructor is typed in

the following way, which we describe in three steps:

e A value k(V) is typed. The inner value V has type B(7) under constraint C;.

Ch= Cl[?/*])é T -V :B(?)
(@1 ’:CQ) > Fll—k;’(V):T

with: ©1F T=... (witnesses for V)
©1FCy=... (constraint for V)
©1FCy= 3Be. E[B] AN (T = ﬁg) ACy  (value constraint)

e A pattern matching clause k(z).c is typed. This involves creating free parameters E;
quantified universally, which are used when typing x. When c is typed, it generates
a constraint Cs(f3) = C3(f3)[T] which is a constraint context over the constraint T

generated when typing x:

(B3 = T) > x: B(Bs) Fx: B(Bs)

¢ (O35 - Ca(B)[T]) > (Ta < B(F) - A)
(©3 = C4) > T's [ kg;(2).c: THAcl

with: O3, fs F Cg(Bg) [T]=... (constraint context for c)
O3 Cy = VP3. E[fs] = Cg(%) [T] (stack constraint)

e Finally, the value and clause are combined in a command. The stack of this command

also involves other clauses, which will not match the value. We write O35 their collective

125



Chapter 6. Extending the machine for static analysis

first-order scope, and C5 their collective first-order constraint.

CEE }1 Fk(V):A (63 Cy) b T3 |:k(:c).c TAF Acl .
(kz(V) [ kg (@)c|...)) - (61,05,05 = Ca ACy A C5) & (D1, Ty F A)

with: ©5 = ... (scope for the non-matching clauses)

O5 FCs = ... (constraint for the non-matching clauses)

This yields, for the overall command, the constraint ©1,03,05 = Cy A Cy A C5, which
we now have to compare with the command after reduction. The reduction in question is

(k=(V) |l ,u(kﬂo;(x)c |...)) > c[?/ﬁ, V/x], which types as:

@ EC) o T FV B

C[?/,Bg,V/J:‘] : (@1, @3 ': 03(7'))[01]) > (Fl,rg H A)
We therefore have to prove the following statement:

For:
©1, O3, O3 arbitrary contexts
©1 - (1 an arbitrary constraint
O3, 55 - Cs (@) [] an arbitrary context
O5 - C5 an arbitrary constraint
O1+ Cy= 3B B[R A (F=B2) A C)
O3 - Ci = Vf. E[f3] = C3(5Bs)[T]
If:
©1,03,05 ECa NCy N Cs
Then:
©1,03 = C3(7)[C1]

If suffices to show that the provability of the first implies the provability of the second. We do

so with the following chains of formal reasoning steps, which concludes the proof.
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01,03,05 - Co ANCy AN Cs

01,03 CyNCy by elimination for A
01,03 - (3Bs. E[Ba] AC1 A (7= Ba)) A Ca by definition of Cs
04,03, E; H E[B_ﬂ ANCLA(T= 5_2’) A Cy by elimination of 3
01,03+ E[T]ACy A Cy by substitution ofﬁ_g) =7
01,03 F E[7] A C1 AV Bs. E[B3] = C5(B3)[T] by definition of Cy
01,03 E[T]AC1 A E[T] = C3(7)[T] by elimination of ¥V
01,03+ Cy A C5(7)[T] by elimination of =
©1,03 F C3(7)[C4] by the previous lemma
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Implementing resource analysis for System-L

At the end of the previous chapter, we presented the code of an implementation of the append
function in System-L. Its type verified the time complexity of this implementation. The
question is, how can this setup be systematized, to a large corpus of programs and arbitrary

(step-wise statically computable) cost metrics ?

This is the topic of this chapter. We show how to automatically transform programs to-and-
from the simply-typed System-L as to explicitly encode resource manipulation at type-level.
This is done by enriching programs with resource-passing, cost centers, and potential on shared
values. This produces programs that implement type-level resource analyses. We use this as a
backend to an analysis framework for ML-style languages. Since our frontend embeds pure
ML programs into the simply-typed System-L, this next step suffices to create resource-aware
versions of source programs. After this transformation pass, a type-inference phase in the
parameterized type system will generate a constraint representing the resource footprint of

the program under analysis.

Taken as a whole, those fully-automated transformations turn programs and type definitions
from simply-typed ML into shape/complexity /resource-aware ones that implemented a generic
resource analysis. The parameter constraints of the transformed programs generate specify
their resource footprints, while changes to type definitions encode which parameters can
footprints depend on, and the models of potential metric chosen by solvers determine a space

of potential functions under consideration.
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To begin with, we present the general principle of the transformation and its main primitives
in section [7.I] Then, we present the transformation itself in two parts. This is done with a
CBPYV effect that automatically passes around a central resource token through programs.
We present its linear fragment in section and its non-linear fragment in section We
then present the implementation of the token and of potential primitives in section [7.4] which
completes the presentation. Section [7.5]is dedicated to presenting a soundness result, and [7.0]

to the automated translation of type definitions that implement polynomial AARA.

7.1 First steps

The input of the translation is a simply-typed System-L command, together with a parame-
terized prelude of type definitions. It outputs a parameterized resource-aware command ready
for parameterized type inference. This transform uses some primitives we define later, as to

factor the presentation.

Principle The transformation has two goals, which are achieved simultaneously: to pass
a resource token along control flow in programs, and introduce binders for parameters as to
quantify free parameters and constraints that will occur when type-checking. The example of
CBYV function is enlightening. A function | A — {} B takes control when |} is opened, consumes
an A, then yields control when {} is forced, and produces a B. Its transformed will be typed
as:

IVa. E = SEA —o 36. E' ASEB

This transformed function takes control when the closure is opened, takes the resource tokenﬂ
Sf and an argument A, for some @ such that E. Then, when the thunk is forced, it yields
control, a new token Sf, and a result B, parameterized by some E such that E’. The function
works for all parameters @ such that F, all tokens S/, and all arguments A, and returns some

parameters E such that E’, some token S/, and some return value B.

This generalizes to arbitrary types: any closure takes control and accepts all calls with
parameters A and ressources S, as long their parameters « validate some constraint E;

thunks yield control over some data and resources, specified by parameters —5 such that E’.

'Namely, a State token Shwith a free resource amount F and an used resource amount U, whereby the
notation S¥.
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This justifies the following translation scheme. We write the transformations to-and-from
expressions and to-and-from types using double-brackets [...]. The translation of closures

and thunks are:

[LA] = W& E=SE—[AT]
[#B*] = #35. E'ASE © [BY]

The translation does just that, extending programs with token-passing through the thunks and
closures, and inserting inference points that will eventually be filled out with quantifiers V or
3 and constraint £ = (—) or E'A (—). Using this scheme as a backbone, costs and potentials

are encoded when relevant using primitives which we describe in the next section.

Primitives The translation does not manipulate parameters, but instead uses some types
in which placeholders are used to represent parameters and constraints to be instantiated in

the future. Those are:

The token type S», understood as the type S/, where the parameters F' and U are yet

unknown;

e A positive type Pot(A™), which represents exponential values of type !A* charged with

indeterminate amount of potential.

e A positive type 37(—) for the existential binder, which is to be filled out by a type
Ja. E A (—), together with its constructor J»(V);

e A negative type V7(A7), which is to be filled out with a type Va. E = (—), together

with its constructors Vs - S.

e For each value and stack constructor k, a parameterized version k» whose parameters

are replaced by placeholders to be filled in during type inference and constraint solving.

As to encode costs and potential, the translations involve macros specified below, which are
inlined into the transformed program before type-checking with parameters. Those macros
take arguments, understood to be terms x, variables st for the token, continuation variables a,

and parameters 7. We shall need four such macros:
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e cost(c,7): a command that, given a cost 7 and a command ¢, accrues 7 and moves on

to ¢;

e relaz(st,a), a command that, given a token st and a continuation a, returns a relazed
token to a, in which an amount of resource R have been allowed to leak from free to

used, for some fresh variable R.

e load(x,a,st), a command that given a value = :!A, a continuation a, and a token st,
returns a pair (y, st’), where y : Pot7(A) is a version of x charged with some indeterminate

potential, and st’ is a token in which that potential as been allocated;

e unload(x,a, st), dual to load that, given a value with potential z : Pot7(A), a continuation
a, and a token st, returns a pair (y, st'), where y :!A is a version of & without potential,

and st’ is a token in which that potential as been freed.

7.2 Explicit resource manipulations in programs

Translating types The type-level translation of types merely extends the closures and
thunks with quantifiers and tokens. The exponential and fixpoint types will be treated

separately, and are therefore omitted in the definition given below:

1] = 1 ] = T

o = o [A-&B] = V(A])&V([B])
[A*®BY] = [A*]®[BY] [A* < B7] = [A*] —[B]
[A*©B*Y] = 3([47]) & 2(B]) AT = 43S @ [A*])

[LAT] = V(S — [AT])

Contexts I' are translated point-wise. When a variable in I' is positive, it is translated as-is.
If it is negative (i.e. has a computation type), its type is modified as to accounts for an extra
token argument of type S». Indeed, when a negative variable is used, it will be eventually
substituted with a computation type which will take control, and must therefore receive a
token with it.

[(z*: A7), T] = (a*:[AT]), [I]

[(z=: A7), I (27 Sy — [A7]), [I]
W = 0
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Continuation contexts A which hold a positive continuation a : AT are upgraded to a : Sy @A™,
Indeed, any stack of command will receive a token, and therefore must return it. If the
continuation is negative, this means the stack/command does not return the token immediately

(as it does not yield control), but waits for a thunk to return it.

[at : AT] = at:S; ®@[AT]

[a=:A7] = a :[A7]
All programs that perform a reduction or take control are typed with a resource token in scope.
This means commands, terms, and environments all have some st : S7 in scope. The case of
values and stacks is more subtle, but tractable thanks to polarity. In a positive command
(V* || ST), the value wields control to the stack. This means the token should be on the
left side, and be substituted into the right side together with the value when the command
reduces, as part of a pair. The converse happens in a negative command (V= || S7): the left
side takes control, and the token, from the left side. This is done with an extra argument to

the computation. The prototypes for the transforms are therefore as follows:

[e: (THA)] =] : ([T],st: S+ [A])

[CHtt: AT =[], st: Sk [t7] : S2 @ [AT]
[L|ST:ATEA] =[] [ST]: S [AT] + [A]

[V AT =Tk [VT] : S — [AT]
[Tle A" EA] =[], st: 8| [e] : S — [AT] F[A]

Costs A program specifies its costs via the use of a cost metric. Recall that a cost metric
p assigns to each head-reduction ¢ > ¢’ a cost p(e, ') € Z. In our case, > is a deterministic
reduction, and we write p(c) = pu(c, ') for the only possible reduction from ¢ (or 0 if no
such reduction exists). Furthermore, we assume costs can be determined at compile-time.
That is, cost is well-defined for commands with free variables as opposed to closed commands.

Furthermore, tick commands may have been used to incur costs manually. The first step in
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the translation of commands is to accrue its cost before moving on:
cost([[c],., u(c)) if ¢ is not a tick and p(c) # 0
[ = { cost([], k) if e = ($k; &)

lc], otherwise

Commands, terms, environments The rest of the term-level translation for commands,
terms, and environments is merely the simplest one that validates the given prototypes. This
specifies the transforms for all commands ¢, terms ¢, and environments e. The positive ones

are on the left, and negative on the right.

[ 199 = (@71, 1 19710 [(V= e = (V71 I le7l

lua*.d, = pa*.[d e, = pa[d]
V*, = ste[V*] [57], = st-[S]
[$Hl, = wlst@ ).l | [S7]) VT, = wist-a){V-1] )

Variables As to match the new types of positive stacks and negative values, negative

variables and positive continuation variables hold the token for the other side.

[+*] = ot [a7] = a
[a*] = pat(stoat||a) [+7] = pa(e | st-a”)

Data structures The transformation of constructors for values and stacks is mostly trans-
parent, but care as to be taken around branching. First, parameters describing shapes may
take incompatible values between branches. Second, the different clauses involved in pattern-
matching need not have the same cost associated to their bodies, but they all receive the same
token, which only has one type. The first problem is solved by placing term with sum types
under their own placeholders to collect the specific values parameters takes separately in each

case (or more precisely, to collect their partial specifications).

Secondly, in order for all those branches to accept the same resources to pay for differing
costs, the token is relaxed separately in each branch before their bodies take contro]ﬂ This
relaxation increases the footprint of each branche by some flexible amount, and is implemented
by the relax primitive. We shall give more detail about the process of relaxation in the next

section, but we can give its use immediately:

2Relaxation is not a relaxation of the resource model to a larger, better behaved one, but a relaxation from
exact constraints such as (R = R’) to inequalities R < R'.
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[xD] = 200D
[ @)e)] = pGe(R(V)) {aretaa(st, a) | pst.[ei]))
[V 5] = v k(@) 157]
[ (@ ai)e)| = Vo (B35 i) (pa.relaa(st, a) || pst.[e:]))

When a data or stack constructor is used, it is wrapped in a placeholder which catches the
free parameters and equations that occur when it is typed. The placeholder is 3- for positive
data types, and V- for negative computation types. Note that since the V; placeholder is used
in stacks (on the right side), it binds the parameters and equations existentially. On the other
side, when a constructor is matched, the placeholder is also matched on, which binds those
parameters and equations universally. Lastly, since matching on constructors may induce

branching (i.e. case analysis), it is necessary to call relaz to equate the costs at each branch.

Closures Closures involve a more sophisticated transformation, as they escape their scope
of definition. This means the parameters and constraints used to type them at their point
of definition may no longer be available at their point of use. Therefore, the parameter-level
data needed to infer their footprint must be transported to their point of use. The same goes
for the token: there is a token in scope at their point of definition, which pays for the cost of

creating them, but they must be used with another token, the one at their point of use.

Closures are positive values V'~ : Y A7, and are thereby transformed without a token in scope
when defined, but their inner value V'~ : A~ is negative, transformed with one in scope. It

suffices to turn A~ into a function S — A~ to get this token.

Likewise, the constraint generated by V'~ need not be satisfied as its point of definition, but at
their point of use: the inner V'~ specifies how it is used, allowing all matching environments
to interact with it once the closure is opened. To encode this behavior, a binder for the
placeholder V; and the token is added around the inner value, to store this specification and
transport it to the closure’s point of use. There, the environment instantiates those parameters
and constraint using a transformed stack V- - S. This instantiation is done as late as possible,
only when the variable bound to the inner value of the closure is used. This specifies the

following transformation:
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[WAT] = {V2(S? — [A7])
WVl = Yuve-st-a)([V7] | a)
[wlz.c]l = ply.[e]lpay || V2 - a) /]

When the closure is opened (ullz.c), the translated computation must instantiate those
parameters and get control over the resource token. This is done by replacing x with a
computation that instantiate the parameters using the V7 constructor, while the token is
already passed to the resulting computation by the general translation of stacks. This
guarantees resource manipulations in the closed computation are done only at its call site, but

that the information it depends on is transferred from the definition site.

Thunks Thunks are dual to closures, and are treated accordingly. A closure value quantifies
its parameters universally and takes a token, and a closure stacks instantiates those parameters
and provides a token. Dually, a transformed thunk value instantiates parameters and returns
a token when it finishes evaluating, while the stack quantifies universally and captures the
token. This translates the fact that a thunk returns some value and token, whose type and
parameters were determined at its point of definition, but only accessible at its point of use.
Once again, the universal quantification occurs as early as possible, and the instantiation as

late as possible.

WA = 143:(8; @ [A*])
litac] = phblellua.Go(x) | b)/d]
M-St = f-u2(stoa). | [ST])

7.3 The case of exponentials, sharing, and fixpoints

Programs involve linear and exponential values, only the latter being shareable. This has
fortunate consequences on potential: linear values need not have potential. Indeed, in AARA,
potential isn’t held by values per se, but by variables in scope. In our analysis framework,
the token is also always a variable in scope, right next to those variables. We can then meld
the potential held by those values and the actual resources in the token. On the other hand,
exponential values may close over other exponential values, or more precisely over some copies
of those values. This means some potential must flow between copies and dependents of

exponentials. This sharing of potential does require an explicit handling. This is handled with
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the Pot(A) type of exponential values with (yet undetermined) potential, and the load and
unload commands. At type-level, the type !A is transformed to Pot?(A), and the term-level

transform is the topic of the remainder of this subsection.

['A] = Pots(A)

Sharing The potential stored inside shared values must be split when they are shared,
recovered when they are deleted, and released when they are demoted to linear values. Recall
that, in the System-L, sharing is achieved via the command (c;c), where o is a substitution
of the shared variables of ¢ to those of available in its surrounding scope. This command is
transformed to implement splitting and recovery. Namely, when a variable is omitted, the
token first recovers all potential from that variable, and when a variable is shared, the token
redistributes potential to each copy. We present here the case of a single shared variable x
being shared as n-times as y1, ..., ¥y, (and omitted if n = 0), the general case being handled
by iteration of this simpler construct. Precisely, the structural command ([z/y1,...,2/yn]; )

is transformed as:

[[<[.%'/y1, cee >$/yn]§ C)]] =(pa.unload(z, a, St) H w(z, St).<[£L‘/y1, B x/yn];
(ub1.load(y1, b1, st,) || p(y1, st).

(..
(by-load(yn, by, st) || (s s1)-) ..)))

In the transformed command, x has type Pot?(A). First,  is unloaded, which releases its
resources to the token, and provides a raw exponential value. This exponential can then be
shared normally. The n fresh copies y1, ...,y of z are then charged individually charged with
potential. Note that the potential held by x and the one held amongst the n copies may differ:
resources may be allocated or freed during the sharing. This is in line with the paradigm of
amortized complexity: the difference in potential before and after sharing may be used to
derive a lower bound for the footprint. It is only during type checking and constraint solving

that the potentials are instantiated and amortized cost of the sharing is determined.

Exponentials Exponential values are built from other exponential values (and only expo-

nential values), and those values may carry potential, which may be carried from the older
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values to the new one. But this means some extra work must be done to combine exponentials

values and potential. Formally, we need to translate values V :!A such that:

[[g;i BV !A]]t = 2;: Pots(By), st : Sy - V' : Poty(A) @ Ss.

The type system guarantees that this original V' : 1A must be a ula.c which closes over the
(necessarily exponential) free variables in c¢. To translate this value, it suffices to unload all
those variables before building the exponential, and to reload the potential once the exponential
is built. This transformation in shown below, and is implemented by re-using the load /unload

macros to move potential:

[pla.c] = pbo.(ubi.unload(xy, by, st) || p(x1, st).

(...

(ubp,.unload(xy, by, st) || pw(zn, st).

(Wa.c] || n(st @ y).
load(y, b, st)))...))

On the stack side, S :!A is necessarily some ! - S’, and must be transformed into some
S : Pot7(!A) ® S7 as to match the value-side. It then suffices to bind the token and exponential,
and then to unload and demote the exponential. Namely, this translates as below, where the

token is already in scope, as usual for negative stacks:

[!'- S] = px.{ua.unload(x, a, st) || u(y, st).(y @ st || [S]))

This transformation of exponentials and sharing also applies to fixpoints, which always have
type !fix A when built. But when the fixpoints are unfolded (layer-by-layer), potential should

be involved as to allow for potential to progressively pay for each round of computation.

Fixpoints The body of a fixpoint is copied when it is unrolled, and fixpoints therefore need
to be loaded with potential at each layer of the unrolling. To do so, we treat the fixpoint
like a closure over itself: as a positive type that holds a negative type (this negative value
being the unrolled fixpoint). Following this pattern, a type fix A is transformed into some
fix V7(S? — A’). This also has the benefit of enabling calling the fixpoints many times with

different parameters, which is essential to encode, for example, structural recursion.
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Given the type-level translation, the unfolding stack fix - S is translated as fix - V7 - st - [S],
which merely unrolls, instantiates parameters, and passes the token to the freshly unrolled

body of the fixpoint.

The translation of on the value side is a more involved: to remain compatible with the original
language, self-references must still be exponentials, but the transformed fixpoint has to be hold

potential, be polymorphic, and take a token. The translation achieving this is given below.

[[ﬁx A_]] = fix \V/?(S? —o [[A_]])
[ufix(a).(self | ST)] = pfix(b).(self || px.(u(V7 - st - a).{ud.load(x, st,d) || [ST]) || b))
[fix-S7] = wp(st@z)(z|fix-Vo-st-[S7])

Note here the sleight of hand: the value ufix(a).(self || S), where a is bound in S, is
transformed into some pfix(b).(self || S’), in which the new stack S’ returns to a new
continuation. This “trick” is essential: the inner stack S (which returns to a) is wrapped
with code that handles the parameters and token. The transformed body S is only invoked
(with continuation a as required) after the surrounding code has done its work. With this,
the transformation scheme is complete. It now remains to see how the primitives we used are

implemented in terms of the core parameterized System-L.

7.4 Implementing the primitives

The resource token is the core of our implementation of ressource analysis. With this token,
we implement cost centers, potentials, and relaxations, which form the high-level specific
interface of the analysis. The token, and thereby the whole interface, are already definable in

the parameterized type system, as we shall now see.

Definition and primitives We reproduce the definition of the resource token, a parame-
terized datatype Sf; (it is a normal datatype to which we give a shorter syntax). It has to
nat parameters representing a quantities of resources: U denotes an amount of ressources
currently in use, and F’ denotes an amount of currently free resources. During analysis, we
use a placeholder S, for the token type, which gets filled out with specific F' and U during

type inference.
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data S} =
| alloc of S, with K:nat where U'=U+KAF=F +K
| free of S/, with k:nat where U=U'+KAF =F+K
end
This token supports allocation and release of resources, written alloc and free respectively.
Note that closed value of type Sf; cannot be built, which ensures that no extra resources can

be created by programs, they have to get a token from the environment, as specified by the

transformation.

With this type, we can represent allocation and freeing of a variables amount of resources
©(@) using type annotations. Those primitives operations are implemented as commands with
a free variable st for the token, a for the continuation, and possibly a parameter argument.

They have type:

alloc(st,a,7) = (alloc,(st) || a): O ET) > (st: S "Fa:Sf, )
free(st,a,7) = (free;(st) || a): (O = T) > (st:SE, Fa:S;')

Those two commands allow us to define all the primitives in the analysis. Let us begin with

the implementation of costs.

Cost centers Cost centers are implemented using the relevant constructor on st, either alloc
or free. The computed value for the amount of resources moved [ is stored in the constructors,
providing a history of the resource usage as they are progressively stacked. The cost primitive
is implemented as transformed as so:
(na.alloc(st,a, k) || pst.c)y  if k>0
cost(c, k) = < (ua.free(st,a, —k) || ust.c) ifk <0
c if k=0

Using type annotations and parameterized types, it is also possible to encode non-constant
costs. For example, consider natural integers are defined by a Church encoding as:
data Int(a:nat) =
| z with aa =0
| s of Int(a’) with o&':nat with a=d +1
end
Consider, also an abstract type Array(A, ) of arrays of elements of type A with size « : nat.

A function that allocates an array of size « and initializes it with copies of a shared value of
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type !A can be typed as:
array init : Int(a) —!A —o ftArray(14, «)

which takes an integer n and a value V :!A and returns an array of length n containing V'
in all fields. This function can be wrapped with a cost ¢(«), where ¢ is a variable of sort
nat — nat, which can be user-defined or merely declared. This gives cost-aware function

array nit’, defined below using the high-level alloc primitive and the original array init:
array_init’: Ya. Sh 7 —o Int(a) — 14 —o Sy 4 ) @ Array (1A, )
= u(spec, - st (n:Int(e)) -z -1 - a).
(ub.alloc(st,b,p(a)) || pst.
(array_init || n -z -1 - py.

((st,y) |l a)))

Costs center can therefore also be implemented in the case where costs vary depending on
input values, which makes our analysis more general: variable costs for user-defined primitives

can be specified, and inlined during constraint solving.

Relaxation Relaxation produces approximations of resource usage, which are required
when control flow is not deterministic. For example, a program with a if ...then .. .else ...
expression has a different cost depending on the branch taken in the conditional. It is, general,
not possible to separately bound the footprints all possible code paths within a program. It
may even not be possible to known in advance which of them would incur a larger cost, as
one branch’s cost may overtake the other depending on the values involved. This makes the
token’s parameters hard or impossible to instantiates when the two paths rejoin. In general,

any use of pattern-matching with many clauses will cause those problems.

Relaxation allows the resource footprints of different code paths to be rejoined under the same
type. This is done by increasing the footprint of each path, as a first step after they branch.
The many flexible increment can then be chosen to have the many footprints line up. The
relevant primitive is obtained from the alloc command using a free parameter variable R : res.
The parameter R being free allows the amount of relaxation to be flexible, being determined

later on under a global optimization. Its implementation is:

relax(st,a) = alloc(st,a,R) : (O,RET) > (st: S " a5, )
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As an example, of the inner workings of relaxation, consider a program with two code paths,
and a resource token being passed through it. When both paths begin to diverge, they both
have control over same token Sg‘; But when they end, they return some possibly distinct
tokens, ng and Sg‘i respectively. But suppose they are each relaxed beforehand to give tokens

351 and Sﬁ; respectively, and then unified into some token Sg This is illustrated below.

i) Fy
SU1 SU3

S‘g‘; branch+relax execute branches converge Sg

/

Those tokens are constrained by the type system to respect the following equations, where R;

Fy Fy
St Sy

is the amount of the resources relaxed when going from Sgg to ng:
Ui+ F;, =U; + F (4,7 €]0,5])

U > Uy F <Fy

Uz > Uy Fy < Fy
Us=Uy=Us Fy—Fy—F;
Ri=U;—-Uy Ry=U;—0Up

In short, the right half of the diagram induces exact correspondences between states, and
the left one partially specifies the initial state required to cover for either evaluation path.
Solving this system for Uy, Fp and the two relaxed quantities Ry and Ro, in terms of the other

quantities, we obtain:

U() S min(Ul, UQ) F5 Z maX(Fl,FQ)
Ry > max(O, U, — UQ) Ry > IIlaX(O, Uy — Ul)

We see that the relaxed approximations of used resources Uy at the beginning of the program
is lower than the used resources at beginning of both branches U; and Us, and likewise the
approximated amount of free resources Fy is larger than its two real counterparts F; and Fb.
That is, branching allocates enough resources to cover both footprints. The original tokenis

therefore sufficient to cover either branch, and Uy 4+ Fj is a sound footprint.
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The amount of resources wasted by performing this approximation is the value R’ defined
below. It is null when the resources relaxed in the low-cost branch are exactly enough to cover

the high-cost one. In this case, the relaxation still provides exact results.
R/ = maX(Rl, Rg) — max(Ul — UQ, Ug — Ul).
The relaxed token Sgg can therefore be explicitly written as Sﬁ;ﬁ}gg; ;g. The implicit encoding

of those expressions using constraints does not require the min/max operators or the use of

the non-total subtraction on natural integers.

If R’ is zero (which is desirable), the relaxation merely picks the higher footprint of the two,
and does so without needing to choose one of the path. This is essential, as which of the two
has the highest cost may change depending on inputs, may not be statically determinable,
or simply too hard to compute in practice. Furthermore, adding the waste terms gives a
safe approximation, even in the case where maximum /minimum of the symbolic expressions
involved cannot be statically computed. This waste term enables solvers to replace the complex

min/max term by a simpler but less precise term if exact bounds cannot be determined.

Relaxation thereby allows bounds for the resource footprints of programs to be computed
when control flow diverges between branches, and to recover a sound approximation of resource

footprints when two branches converge back.

Potential Potentials allow resources to be allocated in the approximated footprint before
they are actually used by the program, and associated to values whose access unlocks said
resources. This allows resource footprints to be smoothed: in a queue, for example, potential
can be associated to elements on their insertion, and used to pay for their processing as the
queue is consumed. As we saw in section [2.1] this allows proving that the cost of the queue
over its lifetime depends only on the number of insertions, as opposed to depending on a

specific sequence of insertions and accesses.

In many resource analyses, resources are associated to variables in scope, which allows for
a natural implementation of potential, but requires a guarantee that resources are soundly
manipulated when those variables are accessed. In our setup, all resources are held in the
resource token, and their total quantity are preserved by definition. This directly guarantees

soundness, but implies that values cannot hold potential directly. Instead, we represent a
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value holding a potential P by a value that, when given control of the token, releases P
resources from its used section to its free section. With this setup, having potential is not
having resources, but having the ability to release resources. As such, resources can remain

within the token.

More precisely, consider a value V :!A(7) parameterized by 7, that we want to bundle with a
polynomial potential P = (7). To do so, we define the type Pot(A, ¢, 7) as a function that
frees ¢(7) resources when called and returns a shared value without potential. This gives the

following type definition, which replaces the Pot7(A) placeholder during type inference:

Pot(A, ¢, 7) = WWF,U. S, ., — fi (swm@ !A(?))

This type can be introduced by passing a value A(7) without potential and a token with
at least o(7) resources, and returns a Pot(A4,p, 7) and a token where those resources are
used. It then can then be eliminated by a calling the function underlying the Pot(A, p, 7),
which recovers the shared value and the ¢(7) resources, now ready to be used. The amount
of potential p(7) is not specified during translation. Instead, a fresh function variable is

introduced for ¢, to be instantiated and optimized later on during constraint solving.

We can now implement the two last primitives. The first one, load(x, a, st) takes a value z
and a token st, and returns a potential holding-value bearing potential ¢(7), where ¢ is fresh,
and a token where those (7) resources are now allocated. On the other side, unload(x, a, st)

releases all the potential held in x to the token, and returns both to a:
load(z,a,st) : (O =T) > (az cA(P), st SHT" T Eoa: Pot(A, p, T) @ Sgﬂ)m)

unload(z,a,st) : (@ = T) > (:c : Pot(A,p, 7), st : Sty Fa: A7) @ Sgw(ﬂ)

U+p

This concludes our presentation of the resource manipulation constructs in programs. Remains
to show how data structures and computations are extended with parameters to create

shape-aware types, and how those newly-introduced parameters are handled.

7.5 Soundness

Consider a closed program c : (- % : f1). After token explicitation, it becomes

d:(O©FC)> (st:ShEFNSH®1)).
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If the head-reduction of ¢ has a cost profile with a prefix (k;)i<n, then this (k;)i<n is also
a prefix of the token trace of ¢ under reduction-under-context. Therefore, if (© + C) is
satisfiable, then, in any model © = C, the sum U + F is larger than ¥;<nk;. As such, F +U
is larger than the maximum prefix of the trace held in the token, and finally larger than the

token footprint of the original command c.

This can be proved by induction on the size of the prefix, and using the soundness theorem of
the previous chapter. During the induction step, a case analysis on the reduction rule applied
last allows us to reason case-wise. In each case, this one reduction step before translation
corresponds to one-or-many steps in the translated command, which, by construction of our
translation, pushes the right cost onto the token, plus some eventual slack. Therefore, by
definition of the token trace, and thanks to the soundness theorem, the compile-time constraint
C; at step ¢ provides, if it has any model at all, a sound upper bounds for the cost at step .
And since we have C; = C;41 for all 4, if the the original constraint Cy = C' has any model, it

provides a sound upper bound for the costs at each step.

7.6 Generating analyzable datatypes

In this section, we use the resource manipulation setup we developed to implement AARA for
simply-typed algebraic data-types. We do so by giving a relevant parameterization to each
ADT which recovers the enumerative combinatorics that AARA used its indices for. Namely,
given an ADT definition as the first one below, we transform it into the second one below.
Note that while data types may be recursive, the only kind of recursion supported by AARA is
the one presented below. For example, the data type T(A) = k of List(T'(A)) is not recursive

as far as AARA is concerned, as T'(A) only appears under other type constructors.

The new parameters & count the number of some predefined patterns in values of that type,
and those counts are kept accurate as the ADT is inductively built through the use of algebraic

relations.

data K(A:m) =
| k1 of By «x K(Z) x «- % K(A) (* ny terms x)

| km of Bp K(Z) * - % K(A) (* n, terms x)
end
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!

—

data K(A:m)( a:na
| k1 of By * K(

-+

lu

)

|

- x K(A) (B1,n,) where m,...,ﬁlynl with £

)

—~
=S
“I—‘
—_
~—
*

) * - x K(A) (Bn,n,) where 3, 1,..., Bm, n, with E,,

7

| km of By * K(A) (
end

Linear AARA In linear AARA, indices count the number of each constructor ki, ...,k
in a value V of type K(Z) For a given value V' = k;(W, V'), this is the sum of the number of
constructor in each V', plus one for the constructor k; to account for the top-level constructor.

Note that it excludes the constructors held “indirectly” through the value W of type B;.

Formally, the vector « is composed m natural integers, and the value of the i*" component
«; denotes the number of constructors k; in V, excluding those within the non-recursive

arguments of type B;.

For a given constructor k;, the equation £ enforces that the sum of the numbers of constructors
k; in the recursive arguments is equal to the total number of k; constructors in V' (possibly

h

decreased by one if i = j). That is, with d; the vector whose i*" is one if ¢ = j and zero

otherwise,
n;
— —
Ej = (az > Bia +5j> .
=1
For a typical example, binary trees would end up bearing to parameters, one counting the
number of leaves (), and one counting the number of inner nodes (v). This would give the

overall parameterized type declaration:

data BT(A,B:+) (\,v:nat) =
| Leaf of A where (A\=1)A (v=0)
| Node of B x BT(A,B)(A,v) * BT(A,B) (A ,v)
where )\, )\, nat
with A=A\ +\)A(v=y +v,+1)
end

Multivariate AARA A finer parameterization of binary trees consists in counting not

only the number of nodes, but also the number of chains of nodes up to a certain length. For
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example, the number of (leaf, ancestor) pairs that the tree holds, or the number of triplets of

inner nodes (z1, 9, x3) in which z; is an ancestor of z;;1.

For example, when counting chains of two nodes, there are four possible patterns to look for:
inner/inner, inner/leaf, leaf/leaf, and leaf/inner. Those last two can obviously never occur, so
let us focus on the inner/inner and inner/leaf pairs. To count them, one must also count the
number of leafs and inner nodes as previously done.

NN NL

This gives four parameters in total, A and v again, and two new parameters « and «
for inner/inner and inner/leaf pairs respectively. When a tree consists of a single leaf, all the
parameters are zero expect A, and when two trees are packed in an inner node, each leaf of
those two trees creates an inner/leaf pair, and each inner node an inner/inner pair. This leads

to the following parameterization:

data BT(A,B:+)(A,v, a™N,aNF :nat) =

| Leaf of A where A=1)A(rv=0) Al =0)A (L =0)

| Node of B x BT(A,B) (N, v, afN,al"E) x BT(A,B) (A v, oV alNE )
where A\ )\, v, v, alNN,ai\[N,afVL,ozi\’L
with A=XN+XN)A(v=v+v+1)

AN = oV 4+ olNN ) + 1)

:nat

ANaVE = oL + ol + X+ Ap)

end

In the general case, the parameterization induced by multivariate AARA is based on strings
of constructors. For a given ADT T defined as having constructors k1, ..., kj,, such a string
denotes a pattern in values of type T" made of a chain of constructors. Fix a maximum length
L for those strings, and write I the set of all (possibly empty) strings of length at most L
with symbols kq, ..., k,n. The parameters of T are then a family («o;);cr. Each constructor

definition is parameterized as follows:
data K (4) ((a)er ) =
'|. % of B K(A) (Biier) * -+ % K(A) ((Boa)ier) where (Bj1)i<n,ier with E
end
The parameter o; counts of the number of string of constructors [ in a value, and 3; 7 counts

the number of strings of constructors I’ present in the i*" recursive argument. Finally, the
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equation F relates the two. Formally, F is the conjunction, for each string [ € L, of:

1 if |l =0
o= i, Biat By f0O<|| <N andl =kl
2j<n Bii ifll]=N

That is, the number of strings [ in the value is the sum of the number of strings [ in each
argument, but also, if [ begins with the current constructor k (that is, I = kl’), of the number
of strings I’ in each argument. That is, are counted not only the strings in each argument, but

also the strings completed by the current constructor.

In all encoding of multivariate AARA as above, the equations added during parameterization
are all substitutions (that is, of the form o = 7 for some variable @ and term 7). Furthermore,
they are together acyclic (parameters counting strings of length n are substituted for terms
with parameters for strings of length n — 1). This will be important during implementation,

as we’ll see in section B.7]

Potential Now that we can endow ADTs with parameters according to the AARA method-
ology, we can define AARA potential as a linear combination of the indices. Consider a ADT
K(Z)(a’) with AARA parameters as above, and its potential-bearing version Pot(K(Z), ©, Q).
The potential function ¢ for AARA is a linear combination of the @, with coefficients E
Those E are declared at top-level, and are subject to a linear optimization problem providing

their values. Namely, the full AARA encoding KAARA(Z) of K(A) is:

Kaara(A) = 3@.Pot(K (A), ¢, @), where o(a) = Z/Biai

This encoding is applied recursively to all non-recursive arguments of each type to endow
each value with potential. Note that the location of potential and resource information differs
between standard AARA implementation and ours. In the former, potential and resource
info is held in the local scope, within each variables. In our system, resources are held in the
resource token, which is unique, and resource information and potential is held within values,

possibly deep in their type.

Iterators Finally, our potential formalism can be used to create iterators that imitate

RAML’s support for structural recursion. While RAML synthesizes those structural recursions
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from let rec defined function, we only present here the structural iterators themselves, leaving

the compilation of the former to the latter for future work.

Recall that, given an ADT definition as seen below, an isomorphism between the ADT and its

unfolded form as:

K(A) ~ é (BZ- ® K(Z)mi> .

i=1
Using the properties of parameterized negation in intuitionistic logic and linear logic, a function

of type K (Z) —o (' can be equivalently represented as a computation of type

K(A) =1 (& (B; — (10)™ —o C)>

i=1

For example, for linked list, such an universal destructor will take the form of the well-know
fold combinator. Namely, a fold for a list of type !List(A) computing a C' is defined by an
initial computation of type W C and an iteration step (A — (JC) — ). This matches

precisely our definition:
—List(A) ~ ! ((1 — C) &(A — |JC — ()
~ (1C) @ (A — |JC — C)
Performing the same operation on the parameter aware encoding of an ADT !K(A)(Q)

provides the AARA destructor on the nose. An iteration takes as arguments an data structure
35. IK(A)(B) and a fold -Ja. IK(A)(B)) = Va.—K(A)(d) as arguments, and therefore has

type

{

Making this iteration resource-aware requires only making the computation C(«) pass resources

liees

(Va Bis. By = B; —o UC(Bi1) —o ... —o YC(Bim) 40(8))>
o V&, K(A)(®) — 0(@)

along. This means setting, for some linear functions p, ¢ and return type D(«):

C( ) VFUSF+11 —o'ﬂ ( )®SF+qa

U +q(q) U + p(

This choice of computation with cost allows us to recover the waterline and final resource

usage from the before and after tokens. To do so, set U = F = 0. In this case, the before
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5
@

token has type SZZEZ:)) and the after token has type SZ(@;. This shows that the total amount of

—

resources in the system is (p + ¢)(@) and that the change in used resources is (p — q)(@).

For brevity, we do not spell out the full general type, but give an example for lists. We

take for our example a degree two AARA analysis. This means the type L(A) of lists of

¢ a®C denoting, respectively, the number of

type A is parameterized with three integers o, a
empty lists of constructors (always one), the number of nil constructor N, the number of cons
constructor C, and the number of ordered pairs of two lists elements (strings CC'). Note that

we have a¢% = 2a%(a® —1) and af =1

With this parameterization of lists, the cost of a computation is determined by two tuples
P and ¢, which determine, together a with a parameterization @, a resource amount given
by the dot product 7- @ = pfas + p€a’ + p©CaC. Each step of the list fold then takes a

. F+7-@ . F+7-a
resource token having S;, | % % for some P, ¢, @ and returns a token having S;, | % % resources.

Wy, g, a. For all costs p, ¢ and params. @,
(VE,U. S 1% — 1 (D(0) ® S;1%)) Turn an initial value,
—o (! lLVB}, 7. and iterator turning...
(B° =" AB+1=7ABC+ 57 =7 =
A an element...
— | (VF, U. Sfigé —f (D(E) ® Sgi;’; :;)) and the previous value...
— (VF, U. Sgigg —o ﬂ(D(ﬁ’) ® Sgi%j I{))) into the net one,
—o L(A)(@) take a list of lentgh @,
—VFU.S;TES — ﬂ(D(BZ) ® sf,i%) into the final value.

With this type, the initial value provided by argument sets the value of p* and ¢%, and the
iterator provides the rest of the coefficients of 7 and ¢. Finally, the values of af, o© and a®“

are related by the equations of = 1 and a%“ = %ac(ac —1).

Putting all of this together, the waterline cost C'(n) of the processing of a list is of length n

is the value of the polynomial p 4+ ¢ evaluated at the values of « for a list of length n is a
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polynomial C(n) = can? + c1n + co. Indeed,

Cln)=(F+7q)-a
= (09 +¢99)a + (p + ) + (° + ¢°)a

1
5@+ =1) + (% +¢n + 0"+ ¢°)

2
1 1 1
= 57T+ + (0 + 7 = 5 = S+ (07 + )

= 02n2 +cin—+cy

We can compare this result with the similar one obtained in paragraph to check the
validity of the approach. Indeed, using the AARA formalism, the complexity of the insert

sort function defined as a fold is estimated as:

1

9 3
502" + (g1 — 5612)” + qo

We can then match the coefficients as:

g2 = p°C +¢°C = &
g1 =7 +¢° +p°C +¢°C =c1 + e

Go=p"+q¢ =co

We can see that the parameters (cg, ¢1,cp) we assigned to the fold with our paramterization,
and the parameters (g2, q1,qo) derived for that same fold by the original AARA method, are
merely a linear transformation away from each other. We therefore implemented AARA using

another base for the linear space of potential function, which achieves the same results.

7.7 Closing words

Using the parameter system we added to L, we were able to develop, in this section, an
automated resource analysis. Using an automatic rewrite phase to-and-from the machine, we
can automatically enrich CBPV programs with resource-passing. This requires no extension
to the general-purpose parameter system. Resource-passing is implemented as a call-by-push-
value effect, in which focusing was essential to respect the ordering of resource manipulation.

The case of non-linear constructs required special care as to recover the potential formalism
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of amortized analysis. Finally, we showed how it was possible to link resource usage to the

structure of algebraic datatypes d la multivariate AARA.

This ends the second part of this thesis focused on the machine, its enrichment with parameters
and the implementation of resource analysis with those parameters. Thanks to its operational
precision and flexibility provided by CBPV, it can be used as a target for resource analysis for
a variety of functional languages, and cover features such as monadic effect systems in source
languages. The rest of this thesis is dedicated to presenting our implementation of L, and

comparing our method with other formalisms in the state of the art.
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Implementation

System-L, its abstract machine and parameterized type systems are not merely theoretical
objects, but are implementable and can interface with solvers and proof assistants. This
is what we show with our implementation, AutoBill. In this section, we first present the
AutoBill compilation and analysis pipeline in section [8.1] and give a first example of input in
machine language and output in section [8:2 Then, we describe its type inference procedure in
section [8:3] and its parameter and constraint inference procedure in section [8.4] This will be
the occasion to see some first results from solvers. Section [ is dedicated to a discussion
about the theoretical complexity of parameter inference. Finally, we discuss how AutoBill
transforms constraints into optimization problems in section [8.6] and provide an example of

those optimization capabilities in section

8.1 Presentation

AutoBill is an open-source compiler and type-checker for parameterized System-L, written in
OCaml and licensed under the GNU Public License version 3. It provides a command-line
interface and a web interface, with both a server-and-client architecture and a fully client-side
architecture that includes an embedded solver. Its public repository can be found at the
following linkﬂ

"https://gitlab.lip6.fr /suzanneh /autobill has the freshest code, but may expire in 2026, https://github.com/
Polybulle/Autobill is currently a mirror and will host long-term development.
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In its standalone command-line executable form, it can compile and typecheck the three
languages present in the frontend: an ML-like language with monadic effects, a CBPV-ML
A-calculus, and a continuation-passing term language mapping directly to System-L. From
nay of those inputs, a type-elaborated and optimized System-L program can be obtained.
Furthermore, a first-order parameter constraint can be obtained (under several formats), whose
satisfiability suffices to guarantee the program’s well-typedness in the presence of parameters.
Finally, in the case of polynomial indices, a linear integer programming problem can be
generated, from which a closed form can be derived for an arbitrary “objective” polynomial.
We strove to not make AutoBill rely on large software dependency: compilation only requires
the Dune build system and the Merlin parser generator, relying otherwise on the OCaml

standard library.

The web interface wraps around this command-line tool to provide easy iterative development.
It has been built by Brahima Dibassi, Zeid Fazazi, and Yukai Luo as part of a project course
during their first year of Master’s at Sorbonne Université. It is built with React.js, with
AutoBill and solvers running on a distant server, or with AutoBill and the MiniZinc solver

and optimizer running directly client-side.

Pipeline The compilation pipeline of AutoBill is presented in figure This figure contains
the main data structures, simplified compilation steps, and annotations denoting input, output,

and tracing capabilities.

The AutoBill frontend can input and output untyped code written in either the effectful
ML-style language, the pure CBPV-ML language, and System-L code. The compilation of
imperative blocks into monadic primitive was implemented by Noé Weeks as part of a summer
internship. Hard-coded implementations of those primitives in CBPV-ML are embedded in the
frontend. The rest of the ML language is translated according the CBV embedding into CBPV.
The CBPV-ML language is then compiled to the linear, continuation-passing System-L.

Once this frontend pipeline is completed and the untyped L code has been generated, the
analysis proper can begin. First, the code is internalized, i.e. each variable is checked for
scope and given a globally unique name. Then, sort-checking occurs. Prelude definitions

and declarations are checked for validity, and in the program itself, the polarity of variables
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Figure 8.1: Compilation pipeline of AutoBill
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and sort of type annotations is checked. This produces an interned L program and a cached

prelude for the next steps.

AutoBill the proceeds with type and parameter inference. This will produce a type-checked
program with elaborated type information on each expression, and produces a first-order
constraint on the parameter involved in the program. To do this, a typing constraint is
generated from the program, whose satisfiability implies the well-typedness of the program,
and whose models provide elaborated parameters. We will look more closely at this process
in the next section. The typing constraint is not fully solved by this step, as it contains
parameters of arbitrary first-order sorts, whose corresponding theory is not known by AutoBill.
As such, the typing constraint is solved up to a first order parameter constraint, and the
parameter variables used in this constraint also occur in the elaborated program’s types. As
such, once the constraint is generated, it is solved externally and independently of the program

to assess its satisfiability and eventually produce models.

Once the typed program and parameter constraint are generated, they can be process separately.
The program itself can be evaluated, which reduces it to weak-head normal form if possible
(the program’s evaluation may not terminate due to the presence of fixpoints). It can also be
optimized through normalization-by-evaluation: some of the reduction rules under contexts
are used to safely create a normal form without risk of divergence or code size increase. To do
this, all rules are iterated, except the fixpoint we only apply once per fixpoint in the original

program, and the structural rule, which is triggered only when it would not cause copying.

Separately, the first-order parameter constraint generated from the typing constraint is
processed. First, it is compacted using rules such as 3z, y.32.C ~ Jz,y,2.P and C A T ~ C.
It can then be exported to either a custom S-expression encoding, or as a standalone Coq
proposition, or, if it only contains parameters of nat sort, simplified to a conjunction of
polynomial (in)equations, and turned into a linear programming problem over the rationals.
The processing of the first-order constraint will also be explored further in the remainder of

the chapter.

The nature of AutoBill as an workbench to validate and experiment on methods for resource
analysis means it deviates from and sometimes lags behind the theory we developed. We
wish to highlight the following differences, which we find significant enough to be worthy of

mention. This also serves as a short “future work” section about the implementation:
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e First is the effect system for call-by-value ML and its interaction the linearization
procedure. As it stands, it is only possible to translate ML programs into the machine

by ignoring the linearity conditions.

e Second, the inference of general monotypes of sorts p — =+ is not yet supported. Of
course, parameterized type constructors, are fully supported and can take parameter
arguments. But inference of arbitrary monotypes is more subtle. Indeed, given two types
of sort p — =, determining whether they are unifiable, and under which conditions,
requires at least a form of higher-order unification, and possibly knowledge of the theories
the sorts p used to interpret them. This limits the expressiveness of the automated

parameter inference.

e For similar reasons, the placeholders V7 and 7 is currently not sufficiently expressive as
implemented. This is due to the difficulty of extracting which parameter information
held under the placeholder can be lifted above it. This difficulty is of the same nature
are those met in the implementations of generalized algebraic datatypes. See [66] and

[68] for more details on how Haskell and OCaml respectively handle the same problem.

e We also have gone further than the core language presented in this manuscript. For
example, the languages implemented by AutoBill contain many quality-of-life improve-
ment and syntactic sugar that simplify writing programs. This includes many ways to
write commands that resemble let-bindings for values and continuation, and the ability

to write expressions of the form k() as opposed to merely values k(V)

e Furthermore, the parameter constraint used by Autobill also support higher-order logic,
that is, parameters of non-base sorts. This includes multivariate polynomials, which are

parameters of sort (nat, ..., nat) — nat.

8.2 A first example
To introduce the System-Lsyntax used for in Autobill, let us present the code of a simple swap

function that take two arguments x,y and returns the tuple (y,z). The listing of the source

program, the typechecker output, and the evaluated program, are presented in figure [8.2
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decl type A :

decl type B :

decl val x0 :

decl val yO :
cmd ret a =
val swap =

match this.call(x,y).ret(b) ->

cmd

val

stk

W=+ +

match this.thunk().ret(c) -> tuple(y,x).ret(c)
this.ret(b)

in
swap.call(x0,y0) .thunk() .ret(a)

(a) Input program (swap.bill)
decl type A_21 : +
decl type B_22 : +
decl val+ x0_37 : A_21
decl val+ y0_39 : B_22
cmd+ anon_43 ret a_42 : (B_22 * A_21) =
cmd- : (Fun A_21 B_22 -> (Thunk (B_22 * A_21))) val =
match this.call(x_46 : A_21, y_48 : B_22).ret(b_50 : (Thunk (B_22 * A_21))) ->
cmd- : (Thunk (B_22 * A_21)) val =
match this.thunk() .ret(c_57 : (B_22 *x A_21)) ->
cmd+ : (B_22 * A_21) val =
tuple(y_48, x_46)
stk =
this.ret(c_57)
stk =
this.ret(b_50)
stk =
this.bind- swap_76 : (Fun A_21 B_22 -> (Thunk (B_22 * A_21))) ->
cmd- : (Fun A_21 B_22 -> (Thunk (B_22 * A_21))) val =
swap_76
stk =
this.call(x0_37, y0_39).thunk() .ret(a_42)

(b) After typechecking (autobill -L swap.bill -t)

decl type A_21 : +

decl type B_22 : +

decl val+ x0_37 : A_21

decl val+ y0_39 : B_22

cmd+ anon_43 ret a_42 : (B_22 * A_21) =
tuple(y0_39, x0_37).ret(a_42)

(c) After evaluation (autobill -L swap.bill -r)

Figure 8.2: The swap function in Autobill
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Lines 1-4 in the input program declare two fresh types and variables of those types. In general,
new sorts, parameters, types, and values can be declared. The rest of the program, from line
5 onward, is made of a command returning its result to a free continuation variable a. This
command has syntax val = = V in ¢, which is a convenient shorthand for (V' || ux.c). The
value defined here is the swap function, which is defined by case analysis on the stack on line
7. All stack pattern start with the this keyword, followed by a stack constructor (here, call),
and terminated by a continuation variable (here, a in ret(a)). The body of the function is
a command spanning lines 7-10. It is a command written in long form (the syntax is cmd
val = t stk = e, standing for (¢ || €)). The term used in this command is the thunk that,
when forced with a continuation c, returns the tuple to ¢ (syntax tuple(y,x) .ret(c)). The
continuation stack in the commands body immediately returns the thunk when the function
is called. Finally, on line 12, the function is called with the declared variables as arguments.
This is once again a command, this time with syntax V.S, using the swap function as value,
and the sequence of constructors call and thunk as stack, terminated by the free continuation

variable a to return the result as the end value of the program.

The second listing is the output of type inference on this file. We note the following changes.
First, each identifier is suffixed with a globally unique, auto-incremented counter added during
internalization to prevent scoping issues when rewriting syntax trees during processing. For
example, the declared variable x0 of type A in line 3 has become, in line 15, the variable x0 37
of type A_21. Secondly, some keywords, such as cmd and bind, have been annotated with
a sign symbol giving their polarity. Also, all commands have been converted to long form.
Finally, the type of all commands, variables, and stack variables have been annotated. It is
now possible to see that the inferred type of the swap function is, as expected, (Fun A_21
B_22 -> (Thunk (B_22 * A_21))). The last listing is the same file again, this time after
evaluation. All declarations are preserved, and the local function swap is now absent, having
been substituted. The end result is a command that, as expected, returns the tuple with the

swapped variables.

After this first presentation of Autobill, we can focus our attention to the inference algorithms

that underlie its features. Let us start now with type inference.
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8.3 Type inference

The type inference algorithm we implemented is an extension of Pottier & Remy’s constraint-
based implementation of Hindley-Milner type inference (HM) described in their monograph
published in [67]. We deviate from this specification by adding type variables interpreted in
arbitrary first-order theories, as opposed to having only variables interpreted in the theory of
“uninterpreted terms” as is traditional HM type inference. Which theory is used is fixed by
the sort of the variables. Types with positive and negative polarities are uninterpreted terms,

and parameters have some unknown theory (unknown at type inference time, that is).

This addition of unspecified theories for some sorts impedes type inference in the following
three ways: first, without a specified theory, unification of two parameter expressions is not
possible. Second is determination: given a unification problem u = e[v] between a variable
u and a type-level term e involving other variables v, is there a subset w0 of ¥ that, for any
assignment wy, there is a single assighment of ¥\ @ ? solution ? In that case, W determines U
and u. With uninterpreted terms, the determination problem is readily solvable. But it needs
not be solvable for a given first-order theory, and is absolutely undoable in without knowing
the theory in which the variables are interpreted. Third is the lifting problem. Namely, given

a constraint

—> \—> -
Jug V1. Jwe =€ = C,

is it sound to lift w over the universal quantifier into the vy ? In other words, does a fixed
assignment of the existential variables ) determines a single assignment of w ? In that
case, we say w is dominated by the variables 9. Once again, algorithms exist to solve the
domination problem in constant amortized times for uninterpreted terms, but no such solution

is available in general.

Those problems are solved by delegating the work of treating the parameters to a second
constraint, the parameter constraint. With this setup, solving the typing constraint doesn’t
completely guarantee correctness, but only does so relatively to the parameter constraint. It is
obtained using standard type inference algorithms, but stopping when unifying, establishing
determination, and lifting variable with parameter sorts. This eliminates the type variables
with base sort as would a normal HM type inference algorithm, but leaves a remainder in the
form of the parameter constraint. In that sense, ours is a partial type inference procedure.

Thankfully, this remaining parameter constraint is expressible in first-order logic as opposed to
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the full typing constraint. A possible avenue for improvement would be to run an SMT solver
alongside the type inference procedure, as to provide inferred terms for the parameters at the
same time as the type-level terms of base sorts. This appears to be doable by instrumenting

the Z3 solver.

Furthermore, this partial type inference procedure does allow for the elaboration of types in
the original program, once again up to parameters. This means the types of all expressions
and variables can be computed up to the values of parameters. The parameters appearing
in those types are replaced with placeholder variables that also appear in the parameter
constraint, and sound assignment of parameters in the constraint gives sound assignments
in the type annotations. Therefore, while full type inference is not possible in the presence
of arbitrary parameters, it does lead to a partially elaborated program and corresponding
parameter constraint, which we argue is an optimal situation given the presence of arbitrary
first-order theories in the parameter language. Nevertheless, this issue does not occur when
the constraints involved are generated by AARA-parameterized programs, which admit solving

procedures.

8.4 Resources and bounding

Before moving on to the handling of parameters within Autobill, it is worth spending some
time with a minimal example in which resources are modeled and bounded. Figure [8.3|shows
a program defining a resource token, the output constraint Autobill produces on such a file,
and the output of an external solver on this constraint producing a bound on the footprint
described

The first listing shows the content of the input Autobill file. It begins with the definition of
the token parameterized datatype, Token F U. The parameters F' and U represent the integral
amount of free and used resources respectively. This type possesses a single constructor cost
encoding a manipulation of resources. It takes as argument another token of type Token F2
U2, moves A resources from free to used, and B resources from used to free. Note the syntax
cost<...> to specify parameters introduced by the constructors, while the with ... used in

the formal calculus is used to specify equations using a comma-separated list.
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data Token (F:nat) (U:nat) =
| cost<A:nat, B:nat, F2:nat, U2:nat>(Token F2 U2)
with (Add F A) = (Add F2 B), (Add U B) = (Add U2 A)
decl type N : nat
goal N degree O
decl val token : Token N Z
cmd ret a = cost<One,Z>(token).ret(a)
(a) Input file (token.bill)
(declare-const T_286 Int) (assert (<= 0 T_286))
(declare-const T_285 Int) (assert (<= 0 T_285))

(declare-const T_284 Int) (assert (<= 0 T_284))

(assert (= 0 (+ (+ T_285 1) (x -1 T_284))))
(assert (= 0 (+ T_286 -1)))

(assert (<= 0 T_284)) (minimize T_284)
(check-sat)

(echo "Goal is N() = T_284")
(get-objectives)

(b) Optimization constraint (autobill -L token.bill -o token.smt2 -lpsmt)

sat
Goal is N() = T_284
(objectives
(T_284 1)
)

(c) Result of the optimization (z3 -smt2 token.smt2)

Figure 8.3: An initial example of resource bounding
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Once this token type is defined, an objective amount of resource to minimize is defined. It is
declared as an integer parameter N, and set as the objective using the goal directive. This
directive can occur at most once per program, and has syntax goal ...degree .... It takes
as argument the name of a type constructor taking parameters of sort nat as argument
and returning a nat, understood as a polynomial. Here, using N:nat as an argument, it is
understood as a polynomial with zero argument. The degree directive sets the maximal

degree this polynomial is assumed to have, and must be a positive-or-null integer.

Finally, with this objective set, an initial token value of type Token N Z is declared. It then
has N free initial resources and zero initial used ones (Z is the Autobill syntax for the type-level
integer zero). This token is used by the command terminating the file, which manipulates
resources by applying the cost<0One,Z>(...) constructor to the token. The two parameter
constants One and Z are annotated to specify the amount of resource moved. Namely, one
resource is freed and none are allocated. Note that only two parameters are passed to the
constructor, but that it is defined to take four parameter arguments. When such partial
application of parameter is used, Autobill generates placeholders parameters for the missing
arguments. Given that initial token has N free resources and zero used, and that one is

allocated and none freed, valid assignment for N are those with N > 1.

The second listing is the constraint generated by Autobill as a file in the SMT-LIB 2 format. It
is expressed in the quantifier-free fragment of first-order logic, with conjunctions, implications,
and the integers with signature (0,1, 4+, —, x,=<). In lines 1-3, the variables of the constraints
are defined and asserted to all be non-negative. This manual assertion is required since most
solvers implement solving for Z but not N. Then, in lines 5-6, the constraint itself is encoded as
a sequence of two linear expressions which must be null. In line 8, the optimization problem is
defined by asserting that the variable T_284 representing N be minimized. The rest of the file
starts the optimization process and sets up its output. The result of the optimization is shown
on the last listing of the figure. Its first line, whose content is always sat or unsat, describes
whether an assignment of the program’s parameter N exists, i.e. whether the program is
well-typed in the parameterized type system. In this case, it is. The second line gives the
formula for the goal polynomial N to be found. Here, it is of degree zero, i.e. a constant.
Finally, the rest of the output gives the value of the coefficients that provides a minimal valid

polynomial that fits the program, here N = 1.
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With this first example in tow, let us now explore how Autobill handles parameters, how

constraints are generated, and how they are solved.

8.5 Parameter inference

The compilation scheme we introduced in chapter |7} which bridges the simply typed machine
with a resource metric and the parameterized machine with a token, is implemented on top
of the Hindley-Milner type system. Recall that we introduce placeholders V7(A) and 3+(B),
which need to be filled with some Va.(E = A) and 3d.(F A B) respectively to make programs

parameter-aware.

Making programs parameter-aware can vastly increase its order of polymorphism. Even func-
tions which are fully monomorphic in ML languages often may be parameter-polymorphic. For
example, the monomorphic ML function sum : List(Int) — Int should become a polymorphic
System-L function of type

sum : ¥Yn.List(Int,n) — Int

Otherwise, it could only be called with lists of a fixed size. Should we want to give ML values
parameterized types while preserving their ability to be reused on argument of varying sizes,
we must quantify their parameters. This means polymorphism is ubiquitous in type system

with parameters.

Placing inference point During the type checking, placeholders V; and 37 were inserted to
collect those quantified parameters, and the constraints that specify them. The question then
becomes, where should those placeholders be inserted ? And, to which placeholder should free

parameters variables and equations be assigned 7

The grammar of types with placeholders allows V7 to be placed above any negative type, and
J» over any positive one. But in the compilation scheme, they were only ever used below shifts

I, I, fix, and under sum types ® and &. The question is then, why 7

Focusing provides an answer to this question, by giving a normal form to types in which
quantifiers can be given a canonical position. This property can be formalized as such: consider
a positive type AT or a negative type A~ defined by the following two grammars, where

BT and B~ are well-sorted applications of parameters to a monotype, and F are well-sorted
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simple constraints:

AT BT =BT |!B” |KT(@) | AT @ AT | AT @ AT |0 |1 | EAAT | Fa.AT
A" B" =BT | K (d)|B" - A" |A&A | T|E= A" |Va.A™

Then, there exists types isomorphic to AT and A~ respectively, of with the following prenez
form (this which obtained by inductively lifting quantifiers, then sums). In this decomposition,
the basic blocks BT are either closures, exponentials, fixpoint, or type constructors, and B~

are thunks or type constructors.

n m;
AT zaa’.EA@(gB;j

i=1 j=1
m;
A- ~Va.E = 3 ®B+ — B~
~ VYa. i i
=1 j=1

Those prenex forms allow quantifiers and logical manipulation of simple constraints to be lifted
across types, and accumulate them under |}, 1, ! and fix. Those fours types corresponds both
to changes in polarity and breaks in normal control flow (closures and thunks are delocalized,
exponentials are shared, and fixpoint loops). Finally, the placeholders can be lowered through
the additive connectives @ and & without loss of generality, to create types matching the
parameterized data/computation types we already defined. This means that, overall, any

positive type AT (resp. negative type A7) is isomorphic to some normal form:

n

i=1 j=1

n m;
A—:& va.E= (B | - B |,
= j=1

where the types Bjj (resp. B;) are either units, predefined data constructors, a closure,
exponential, or fixpoint (resp. a unit, predefined computation type, or a thunk). This normal
form enables us to lift quantifier as much as possible without risk of invalidating them through
branching where they don’t apply, or of lifting them past a shift, i.e. from a call site to a

definition site.
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This will nevertheless not completely solve the problem of quantification of parameters in
resource analysis. Indeed, nested quantification, as required for higher-order programs with

parameters, does not allow for all-encompassing solutions.

The problem with parameter polymorphism The need to quantify over parameters
causes a problem in the case of types involving both constraint-manipulating types and
shifts (|, 1}, or fix), such as higher-order functions or locally defined functions. Indeed, the
parameters created in those cases could be quantified either on the type of the inner function,
or be lifted to be quantified in the type of the outer expression. This will have consequences
in terms of typability, as not quantifying parameters that vary at call sites may cause the
parameterized program to fail typechecking. Unfortunately, this problem of deciding, in the
context of nested quantifiers, where should type variables be bound, is undecidable. This was
shown by Wells [80]in the context of type inference of System F, a A-calculus with higher-order
polymorphism discovered independently by Girard [28] and Reynolds [70].

The design of statically-typed functional languages must deal with this impossibility in their
treatment of polymorphism (universal quantification) and we should mention two approaches as
to illuminate our treatment of automated parameterization, its rationale, and limitations. First,
in the Hindley-Milner type system (HM)[32,|61], values themselves may not have a quantified
type, only variables. Only binders such as let = e in €’ may produce quantifiers. Namely,
the inferred, quantifier-free type A of e produces the inferred type VE. A for x, whereB = fv(A).

Any subsequent use of = in €’ is then unified with A[B’/ E], for some fresh type variables A’.

The second approach, taken by Haskell, allows higher-ranked types, that is to say types with
quantifier which cannot be simplified to type schemes, such as functions with polymorphic
arguments. This is based on a system of required annotations on bound variables and some
sub-expressions, and locally uses type inference to reduce the quantity of annotations required,
as explained in detail in [42]. Despite the added type-level expressiveness, the demands made

on the user are significant.

Indeed, while we are sympathetic to the trade-off proposed by this method in the case where
types are annotated, we cannot demand it of users of a resource analyser, on which parameters

would have to be annotated. Nevertheless, on the practical side, the all-important case where
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parameters are polynomials with integer coefficients, those limitations can be partially worked

around using quantifier elimination, which we shall do here.

Utility of higher-ranked types Higher-rank types do appear to boost expressiveness in
machine code, allowing, for example, iteration primitives to be implemented with an annotated,
resource-aware type. For example, a map function on lists, whose mapping function takes an
element A(k) at index k, returns a new element B(k), while moving p(k) from free to used

and ¢(k) resources from used to free, would have the overall type:

. (Vk.A(kz) —o 8P oS @ (k’)) —o IList(A,n) — S 11"
— ﬂsgmg ® IList(B,n)

In this type, A and B both have sort nat — +, the (yet impossible) indexed list IList has
sort (nat — +) — nat — +, and the polynomial p’ (resp. ¢') is defined as the function
An. > Op( ) (resp. q(k)), using a “sum” type constructor of sort (nat — nat) — (nat —
nat). Higher-ranked types are here used to defined the indexed element types A and B, the
data type IList, and the “sum” constructor, and enable building an arguably natural type to

the map function when the cost of mapping each element depends on its position in the list.

Since higher-ranked types do allow for increased expressivity, but require a much more involved
treatment of parameter inference, there is an obvious point of tension, which, once again, does
not allow for fully-satisfying solution. It is our opinion that, nevertheless, their implementation

in AutoBill could power novel and finer-grained approaches to AARA analyses in the future.

8.6 Constraint solving

Once the type inference procedure is complete, an elaborated program and a first-order
parameter constraint are generated. The program’s well-typedness is relative to the satisfiability
of this constraint, and its models provide assignments to the program’s parameters. Autobill
relies on external solvers to find those models and generate optimal assignments for the
parameters, the same way RAML uses a linear programming library to derive its bounds. We

now discuss the processing of this constraint and our use of external solvers.
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General case The grammar of parameters constraints is given by the following fragment
of multi-sorted first-order logic. The actual implementation differs through the use of n-ary

conjunctions in constraint C' and removing the binary conjunction in F.

(EY = T |t=t|R(})| EANE

(C) = T|L|CAC|3G. ENC|VEIG. E=EAC

Before doing serious work on the constraint, some prepossessing is done to reduce its size
without changing its semantics (satisfiability and models). In short, this is done by lifting
existential quantifier until they meet a universal one (which absorbs them, as occurs HM type
inference, see |67]), or reach the top-level (at which point they accumulate there). Conjunctions
are also compacted using their associative, unit, and absorption law. Note that it is not sound
to fuse universal quantifier in this grammar of first-order logic, as it might move some part of

the consequence of an implication out of scope from its hypothesis.

At this point, in the presence of user-defined sorts or unknown theories, no more progress
can be made. The first-order constraint can nevertheless be exported. We support export to
the Coq proof assistant, which can be used to prove satisfiabilty, but not optimize a resource
bound. Just as well, the constraint can be exported in the SMT-LIB 2 format to use any
off-the-shelf SMT solver to check satisfiability, and, in the positive case, obtain non-optimized

bounds.

Programs with quantified parameters We exemplify this by checking a parameterized-
program, in the number of iteration of an iterator is checked for correctness without any

annotations in its implementation. This is shown in figure [8.4]

In this program, a parameterized list datatype (List) is defined together with its formal dual
(CoList). Each value of that dual type defines and “step” computation which consumes and
element of the list (called coCons), and a “finalize” computation that produces a final return
value from the iterator’s hidden state (called coNil). Together with a list, this defines a fold.
A recursive function called fold combines the list and iterator, the same way the well-known
fold_left function combines a list, initial value, and accumulation function to produce a

final result.
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data List (A : +) (N : nat) =
| nil() with N = Z
| cons<M : nat>(A, List A M) with N = (Add M One)

comput CoList (A : +) (B : -) (N : nat) =
| this.coNil() .ret(B) with N = Z
| this.coCons<M:nat>(A).ret(Fold A B M) with N = (Add M One)

© 0w N O O R W N

comput Fold (A:+) (B:-) =
// Replace this 'N' with a 'Z' to break typecheck ----{
this.fold_it<N:nat>(List A N, Closure Lin (CoList A B N)).ret(B)

= e
N = O

val fold = match this.fix().ret(a) ->
14 self.bind fold ->

=
w

15 cmd

16 stk = this.ret(a)

17 val = match this.fold_it(1,f).ret(b) ->

18 1.match

19 | nil() -> f.unbox(Lin).coNil().ret(b)

20 | cons(h,t) ->

21 val f = box(Lin) ¢ -> f.unbox(Lin).coCons(h).ret(c) in
22 fold.fix().fold_it(t,f) .ret(b)

23 end

Figure 8.4: Safe resource-aware iterators
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At the beginning of the program, line 1-7, we declare the parameterized list type and its dual
CoList. Each method in CoList is the dual of a constructor in the original List type. The
parameterization bears implies that one can only call the coNil method on a value of type
ColList A B Z (once again, Z is zero), and only call coCons on those of type CoList A B N
with N > 1. As such, to process a list of type List A N with a fold of type CoList A B N: not
only must the type A of the elements match, but their numbers as well. In that sense, is it a

minimal example of parameter-awareness and parameter-quantification.

The relation between the length of the list and iteration count is set through a type constructor
defined lines 9-11, that acts as parameter-polymorphic type declaration for fold. This
introduction of a new type constructor is used only to set a point at which to quantify
parameters. Indeed, the type defined therein, Fold, is merely a computation that, given a
list and iterator with the same parameter, returns the same result. The raison d’étre of this
type constructor is the fresh parameter variable IV in scope within its constructor, which is
the common parameter of the two argument. This introduction is governed by the use of the

fold_it constructor the Fold type defines.

The rest of the file hosts the definition of the polymorphic computation that, given a list and
iterator of the same “size”’, combines them to produce the result, on lines 13-23. From this
point onward, no more type and parameter annotations are required. The fold is defined by
induction on the list, as one would expect a fold_left function to be in a functional language.
Lines 13-16 merely set up the recursion using a fixpoint and continuation passing. The
“blackboard” syntax pufix(a).(self || S) used to define fixpoint is translated in textual syntax

as this.fix() .ret(a) -> self.some_stack, where some_stack is the aforementioned S.

On line 17, the fold_it constructor is matched on, which introduces the parameter N in its
definition universally, and binds the list [ and fold f, both of length N. On line 18, the list is
matched on, in which introduces another parameter N’ universally, under the assumption that
N = N’ due to the type of lists. The two clauses of that match introduce either the hypothesis
N =0 or N =M+ 1, for another universally quantified M to which the hypothesis apply.
The same process continues for the rest of the code, introducing parameters universally (resp.
existentially) and equations as hypotheses (resp. proof obligations) when constructors are

matched (resp. used to build a value or stack).
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// generated by: autobill -L fold.bill -z

(assert
(forall ((T_75 Int) (T_76 Int) (T_240 Int) (T_241 Int))
(exists ((T_283 Int))
(=> (and (= T_75 T_241) (= T_76 T_240))
(and
(and
(= T_240 T_283))
(and
(forall ((T_100 Int) (T_284 Int) (T_555 Int) (T_556 Int))
(exists ((T_116 Int) (T_134 Int) (T_135 Int) (T_345 Int) (T_346 Int)
(T_388 Int) (T_389 Int) (T_550 Int) (T_551 Int) (T_552 Int)
(T_553 Int) (T_554 Int))
(=> (and (= T_100 T_284) (= T_283 (+ T_284 1)) (= T_555 (+ T_284 1))
(= T_556 1))
(and
(and
(= T_241 T_345)
(= T_345 (+ T_346 1))

(...lines elided here...)

(check-sat)
(get-model)

Figure 8.5: Safe resource aware iterator: output

SMT solving 73|22 is an open-source solver developed by MicroSoft research. It supports
a combination of various theories, notably (for our purposes) first-order linear arithmetic.
While it cannot optimize models of formulas in this theory, it still can be used for verification

by proving that a parameter constraint is satisfiable or not.

The constraint generated by that program is shown in figure [8.5] The quantifier (forall
...(T_240) ...) on line 2 introduces N, which is unified with the variable T_283 representing
N’ on line 7. Then, The next quantifier on line 9 introduces M, under the hypothesis (=
T_283 (+ T_284 1)) specified on line 13. Likewise, all other variables or equations of the
original programs are incorporated into the constraint. When this constraint is fed into the

738 solver, it validates the program’s parameterization with a laconic sat. On the other hand,
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if the length of the fold is changed to no longer match the length of the list, then the solving
will fail. For example, replacing the length with Z as suggested by the comment on line 10 of

the listing will cause Z3 to reject the constraint with an equally laconic unsat.

As this shows, the parameterized system of the L-machine, as implemented in Autobill, can
be used to prove the well-typedness of parameter-aware programs through the use of SMT
solving. To obtain resource bounds on the other hand, another post-processing is required.
Indeed, to our knowledge, finding optimal models of constraints such as the one we above
cannot be done by readily available solvers due to the presence of universal quantifiers. As
such, in order to implement AARA analyses in Autobill, more processing of constraints is

required.

8.7 Optimizing parameters

When implementing AARA, going from a parameter constraint to a closed-form bound
can be fully automated. To obtain a constraint amenable to optimization, we shall use
some simplifying assumptions and normalization algorithms. First, some logically irrelevant
simplifications are used to reduce the size of the constraint, such as removing unused variables
and compacting n-ary conjunctions. Those operations are performed as routine during the
processing as to obtain human-readable output constraints. First, the constraint is simplified
by identifying some equalities to use as substitutions. This will lead either to a constraint
which can be made into an equivalent linear programming problem, or one which cannot be

processed further.

To determine which equalities are amenable to this transformation, we define the rank of a
variable to be the number of alternations of V and 3 binders from the root of the formula up
to and including the quantifier binding it. The rank of term is then the minimum of the ranks
of its free variables, or 400 otherwise. This determines whether an equality can be made into
a substitution: ¢ = ¢’ can become a substitution iff ¢ equals some variable  whose rank is
smaller or equal to that of ¢/, at which point it generates the substitution [z — ¢']. If the case
of an equality x = y with both variables of the same rank, we choose witch one to substitute

arbitrarily.
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If an equality in an implication is of the form ¢ = ¢ for non-variable terms ¢ and ', then we
should decide whether to give up on processing it further. The criterion we choose for this
is that, to obtain a LP problem, none of the free variables in either ¢ or ¢’ should be bound
by an universal quantifier. The presence of universal variables does not mean the constraint
overall isn’t equivalent to an LP problem, but our choice of test was a compromise between
success rate and simplicity of implementation. We shall explain this later once the rest of the

processing is introduced.

Skolemisation The next step of processing (see fig. is to remove the formula’s quantifiers
to obtain one in which all variables are parameters are declared globally. The first step is to
remove existential quantifiers through skolemisation, that is, replacing all existential variables

with calls to a fresh function.

Formally, in a top-down fashion, every existential variable « is transformed into a term fa(g),
where f, is a fresh function symbol, and the B) are all variable in scope at the point of the
existential binder Ja., which, by hypothesis, must all be universal variables. This is done
recursively over all existential binders, and the fresh function symbols are introduced to global
scope. After skolemisation, the first-order constraint now fits the following grammar, where

the only free variables are the new function symbols f, and the universal variables .

(C) = If.VB. C'
(CYu= E|L|C'NC"|E=C

(By o= T lt=t|t<t

Instantiating functions Then, we remove the function symbols from the constraint by
instantiating them. Doing so is sound but not complete. Indeed, we shall instantiate them with
a polynomial term of fixed degree, but function symbols may be modeled by a higher-degree
polynomial, or even a non-polynomial function such as a logarithm or exponential. In such
cases, our solving procedure may fail to satisfy a constraint, or over-approximate the functions.
Nevertheless, it can be pragmatically argued that the costs, sizes, and potentials involved in
an algorithm have a tendency not use high-degree terms (for example, it is quite rare to see

algorithms with complexities ©(n'%?)). Let us therefore pick a maximal degree N. Given a,
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function symbol f,, of arity n, we assign to it the free polynomial on n variables and degree N.

This polynomial is defined in the standard manner, which we recall here.

Let X = (X1,...,X,) be a family of n variables and a sequence i = (i1, ...,i5,) a sequence
of n natural integers, which we call a multi-index. We define the degree deg(i) of i is the
sum 41 + - - - + ip, and the monomial X! as the product Xfl ... Xin_ Finally, let (ai)deg(iy<N
be a family of integer variables indexed by all multi-indices of degree at most N. The free

polynomial on variables X of degree n is the sum Zdeg(i)gn a; X1

Having assigned to each function symbol f, a free polynomial P,(X), its fresh scalars (a;)
are introduced into the global scope, and we substitute each call fa(ﬁ) with the body of the

polynomial P, (). This gives us a constraint satisfying the following grammar, where all free

variables are either held in global scope or scoped by a universal quantifier.

(C) == VE. c’
(C) = E|L|C'NC'"|E=C

(By o= T lt=t|t<t

Removing universals The last step of processing required to obtain a constraint compatible
with solvers is removing the universal variables. Doing so will remove the last of the binders,
and in the process. This is where comes in play our refusal to process implications whose

hypothesis are term-term equalities involving universal variables.

This is done thanks to the following property of polynomials as vector spaces: the family of
monomials (X'); over all multi-indices forms a base. Since all our polynomials have degree at
most N, we can restrict ourselves to monomials (Xi)deg(i)g ~- Then, given an equality t = ¢/,
we transform it into ¢ — ¢ = 0. Now, note that, since our term language is (0,1, +, —, %), the
term ¢ — ¢’ is a polynomial P;,_y(X) = Zdeg(i)g v aiX! evaluated at some tuple B) of universal
variables. Such a polynomial is a vector on the basis (X>deg(i)§ ~, and therefore, the equation
t —t' = 0 is equivalent to the conjunction Ndeg(i)<N@i = 0. This last conjunction no longer
involves the universal variables. By performing the same transformation over all (in)equalities
in the constraints, the universal variables are redundant and can be elided. The only free
variables in the constraint are now the scalar parameters introduced when instantiating the

functions created during skolemisation.
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Note that this method for removing universal variables is not sound in the presence of
implications (¢ = t’) = C when the term ¢ or ¢’ contains free universal variables. Indeed,
consider the constraint V3. (8% = 9) = C. With this method, the hypotheses becomes
2 —9=0, then 182+ 08 —-9=0, and finally 1 =0A 0 =0A —9 = 0, which is absurd. The
full constraint would then be equivalent to V3.1 = C which is trivially true.

On the other hand, the initial hypothesis is trivially equivalent to x = 3V x = —3, making
the initial constraint equivalent to C[3/x] A C[—3/z], which is not trivially true. Forbidding
term-term equalities involving universal variables in implications, as we did previously, prevents
this situation from occurring, and suffices to recover the soundness of the method. A general
solution may be out of reach, as such implication may occur under an arbitrary context, which

might be relevant to processing it.

While our outright rejection of some hypotheses on grounds of their free variables fails to
account for some cases obvious to the human eye (as the previous example shows), it remains
quite easy to implement. Furthermore, in the case of AARA, term-term (in)equalities with
universals do not appear, as we explained in section [7.6] Indeed, the hypotheses involving

universals are always of the form x =t where x is universally bound.

With this caveat in mind, the constraints are now free of quantifiers, and only involve free
variables bound in global scope. In this form, the constraint is amendable to integer linear
programming. Furthermore, if one or many objectives for optimizations are specified together

with the constraint, it forms a classic optimization problem.

Linear programming for closed-form bounds Once the parameter constraint generated
by a program with AARA parameters is reduced to a linear programming problem, a closed-
form bound on complexity can be given. The objectives of the optimizations are given by
the goal directive. Recall that it declares a multi-variate polynomial P which we seek to

minimize. Just as before, we instantiate this polynomial as some P(X) = 3_jeq )<y @iX i

The scalars a; are the building blocks of the objectives, but cannot serve as objectives
themselves. Indeed, one has to set priorities between those scalars: highest degree scalars
should be smaller, even if it makes a small-degree one larger. But in a multi-variate polynomials,
many scalars may have the same degree. Furthermore, there is no natural total order on

multi-indices that we could use to discriminate between scalars. For example, in the polynomial
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aXY +bX +cY +d, should the objectives be ordered as (a, b, ¢, d) or (a,c,b,d) ? For simplicity,
we choose to optimize not over the scalars, but over sums of scalars of constant degrees. This
means that, in the previous example, we shall optimize for (a,b + ¢, d), and in general, for the
values (sn,...,S0), where s; = Zdeg(i):j aj. With the parameters, constraints, and objectives

set, an integer programming problem is now well-defined.

Example Let us present this optimization feature with the file fold.bill previously studied.
The corresponding code is shown in figure [8.6] The first listing show modifications made to
the type definitions in the file fold.bill (in figure that enable optimization. With this
definition, the length of the CoList computation that consumes a list of length N is now (P
N), an unknown quantity. This P is defined as a polynomial to be optimized, with degree at

most two.

Without making any other changes to the code, Autobill can minimize P. To do so, it suffices
to call it with the -skolemsmt option to print a quantifier-free optimization problem in
the SMT-LIB 2 format. The result is shown in the second listing. In lines 1-5, the global
parameters are defined, each as an integer equal or larger than zero (some lines were elided
for typesetting). Then, the constraint itself is printed, on lines 6-20. Each linear combination
of scalars appearing in equalities ¢ = 0 asserted to be indeed null. Finally, on lines 21-13, each
of the three coefficients of the degree two polynomial P(X) is minimized in turn. Priority
is given to the targets of the first minimize directives over the last ones. On line 24, the
formula for P is printed as to allow the results to be interpreted. The last two lines start the

optimization and prints the results.

Those results are shown in the last listing. The first line gives the formula of the polynomial
to be minimized, here P. The second one expresses that Z3 found a satisfying assignment, and
the last five lines gives the minimal values that were found. All put together, they specify a

minimal polynomial of P(X) = 0X? +1X + 0 = X, which is indeed correct.

8.8 Closing words
AutoBill is a prototype implementation of our resource analysis method and implementation of

parameterized System-L. It implements type-checking, evaluation, and normalization of System-

L programs using the simple type system. Furthermore, AutoBill support parameterized
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(nat -> nat)

comput Fold (A:+) (B:-) =
this.fold_it<N:nat>(List A N, Closure Lin (CoList A B (P N) )).ret(B)

(a) Modifications to file fold.bill

(declare-const T_552 Int) (assert (<= 0 T_552))
(declare-const T_551 Int) (assert (<= 0 T_551))

. lines elided here ...

(declare-const T_541 Int) (assert (<= 0 T_541))
(declare-const T_540 Int) (assert (<= 0 T_540))

(assert

(and

I
o

~
Il
O OO OO OO OOoOOoOOo

=0

T_550)

(+
(+
(+
(+
(+
(+
(+
(+
(+
(+
(+
(+

(minimize
(minimize
(minimize
(echo "P(X) = T_550 +
(check-sat)
(get-objectives)

sat

T_546 (* -1
T_547 (* -1
T_548 (* -1
T_543 (*x -1
T_544 (* -1
T_545 (* -1
T_550 (* -1
T_551 (* -1
T_552 (* -1
(+ (+ T_550
(+ T_551 (*
T_552 (* -1
T_552)

T_551)

T_550)

(+ T_550 1))))

T_551)))

T_552)))

T_550)))

T_551)))

T_552)))

T_540)))

T_541)))

T_542)))

T_551) T_552) (* -1 (+ T_550 1))))
T_552 2)) (* -1 T_551)))
T_552)))))

T_551 = [X] + T_552 % [X~2]")

(b) Resulting constraint fold.smt2 (after autobill -L fold.bill -skolemsmt)
P(X) = T_550 + T_551 * [X] + T_552 * [X~2]

(objectives

(T_552 0)
(T_551 1)
(T_550 0)

)

(c) Output of optimization process (z3 -smt2 fold.smt2)

Figure 8.6: An optimization example in Autobill
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types with parameters of base sorts. The sort, operations, and relations for parameters can be
user-provided, and the ring of natural integers is predefined. Parameterized datatypes and
computation types that use those parameters can be defined. Type-checking also support
those parameters, even for user-defined sorts. AutoBill then produces, for a given program, a
first-order constraint using the signature it defines, exported into the standard SMT-LIB2
format or as a goal in the Coq proof assistant. Normalization of first-order constraints into a

compact form is also implemented.

When the input program uses only the predefined natural integer sort for its parameters, the
user can also declare a type constructor as a multivariate polynomial to be optimized. In this
case, the program’s parameter constraint can be translated into a quantifier-free formula over
the integer coefficients of the target polynomial by applying a sound simplification algorithm.
This simplification relies on the instantiation of unknowns as multivariate polynomials of
bounded degree. As the user can provide this degree bound, knowledge by the user of an
upper degree bound for their chosen polynomial (i.e. their program’s complexity) is enough to

obtain solutions in practical cases.

AutoBill is also a collaborative project. It received several contributions from students who
implemented a frontend to an ML-style language with call-by-value operational semantics, an
imperative fragment for that ML language backed by monadic effects, and a web user-interface
in which allows users to interact with an instance of AutoBill ran locally through the browser’s

Javascript environment or on a distant server.

AutoBill is still a moving target. Some bugs remain in the interaction between linearity
and the ML frontend, which causes ML programs compiled to machine code to fail polarity
analysis. It would also benefit from a more sophisticated implementation of its type system
which would fully cover parameterized System-L. This would allow users to define higher-order
parameterized data/computation types, that is, type constructors taking parameterized type
as arguments. Support of higher-order parameters would also be welcomed, as it would allow
polynomials, or even larger classes of functions, to be natively handled in the future. This
would in turn unlock the possibility of turning user-provided, un-parameterized programs
into parameterized ones for immediate analysis. We plan to implement those features in the
future, and some are in already in the works. This would lift a block of the treatment of

dependency injection, when a programmer uses a high-order argument in their own functions.
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Lastly, deeper integration with SMT solver may allow parameters to be directly instantiated
by AutoBill. This may be implemented depending on the success of future experiments in

that direction.

Those improvements would provide a streamlined account of parameterized data structures
in which the structure of the type is given by its parameterization, such as the list of list
I, [1],12,3],[3,4,5],...], whose inner list at index i is of length ¢, and contains at position j
the integer 7 + j. The type of those integers could be, for example, given by the higher-kinked
type Ai.\j.Int(i + 7).

Through our implementation of parameterized System-L, its frontend, and its constraint
post-processing, we have demonstrated the feasibility of splitting of resource analysis into a set
of steps, that we believe will help the development of future tools. Thanks for the separation
of the analyses into a compilation phase to an amendable intermediate representation, a
type-checking phase that elaborates parameter information, and a constraint solving phase
that re-uses state-of-the-art tools and standard formats, we believe that future additions of
new languages, finer notions of dependency expressed in parameter systems, and new solving
techniques can incrementally improve the precision and scope of resource analyses for pure and
locally-effectful programs. Resource-aware global effects, such as mutable state and exceptions,

remain out of scope.
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CHAPTER 9

Related work

The work presented in this manuscript as had as a goal to create original resource analysis
systems for A-calculus based languages. Our approach was to use the formalism of System-L,
as to factorize the analysis, create interfaces onto which new tooling could be applied, and
support more high-level constructs. In this section, we compare our approach to the state
of the art by focusing on four specific aspects of resource analysis. First, we focus on the
theoretical implications of using small-step v. big-step operational semantics for resource-aware
semantics. Then, we shall focus on the advantages brought-on by explicit evaluation contexts
for the analysis of typed functional languages. We also will comment the novel design and
implementation of a CBPV analyzer along the lines of the AARA method. Finally, we compare
the methods chosen by different resource analyzers to compute closed-form bounds from the

local information obtained from source code.

9.1 Small-step v. Big-step resource semantics

The resource analysis formalism we introduced in this manuscript is, to our knowledge, the
first AARA toolkit implemented over Call-by-push-value semantics of functional programs.
This extends the practicality of AARA methods since it doesn’t require instrumenting big-step

semantics with resources, as must be done with previous techniques.

Recoupable costs In the absence of recoupable resources (i.e. in the case of a monotonic

cost), knowledge of the relative ordering of ticks is not required to obtain a sound bound. If
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two sub-expressions e; and ey (inducing costs k1 and ko respectively) are evaluated as part of

a larger program, it will never matter which is run first: both “e; then es” and “es then ey’

yield the same cost k1 + ko = ko + k1.

On the other hand, if resources are recoupable, the relative ordering between the evaluation of
e1 and eg matter: take, for example, suppose that ko = —k; (that is, ey frees the resources
allocated by e;). Suppose as well that, before the sequence is evaluated, K > kj resources
are allocated. Then, evaluating “e; then es” will have a maximum footprint of K + k1, but
evaluating “eg then e;” will yield a footprint of merely K. Permuting the relative evaluation

order of sub-expressions changed the footprint.

Small-step semantics This ordering-sensitivity influences the amount of work required
to make operational semantics resource-aware. When program reduction is expressed in
small-steps semantics, and resource information are added step-wise with a resource metric
or ticks, the footprints of programs are never ambiguous: individual costs borne by single
reduction steps immediately come together into a resource profile, from which a unique, well-
defined footprint is computable (see section . As such, adding local resource information

to small-step semantics suffice to define a consistent notion of footprint.

Big-step semantics As opposed to small-step semantics, big-step semantics may not
upgrade to resource-aware big-step semantics when ticks are added to programs, requiring

some instrumentation. Indeed, consider the following big-step semantics for CBV A-calculus:

e1 | Az.es e2 | Va e3[Va/z] | V3
61(62) l V3

When adding resources along the line of RAML, the reduction relation e | V' is annotated
with a watermark (k, k'), whose intended semantics is: “if | resources are used at the beginning
of reduction, then the mazimum footprint during the reduction is | + k, and | + k' resources
are still used at the end of reduction”. Those watermarks are endowed with an associative

concatenation operation written ";" with unit (0,0), defined as:

(kla k/l)v (k27 ké) = (ma‘x<k17 kll + k2)7 kll + ké)
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Using this annotation scheme, the rule above for function application is enriched as follows,

where the watermark (k, k") of the full program is ambiguous.

e1 l(kl’kll) AT.e3 €2 l(kz’ké) %) es[Va/x] l(k‘"”ké) Vs
e1(ez) l(k’k/) V3

indeed, the watermark (k, k') cannot be fully determined from the three watermarks in the
premises. While the evaluation eg[Va/x] | V3 must occur after both e; and e are reduced to
values, which of them is reduced first is irrelevant to the big-step semantics. As such, two

valid assignment of (k, k') are possible, namely:

(B, k') = (ky, K)); (R, Kh); (s, k)
(k7 k,) = (k27 ké)v (kla ki)a (k‘g, ké)

This apparent ambiguity is not a problem when one is concerned with the structural safety of
programs: no matter which of e; or eg is ran first, the normal form of e;(e2) is unchanged, and
whether such normal form even exists in CBV semantics is as well independent of this choice.
But as we’ve seen, the maximum usage of recoupable resource is not a structural artifact of

programs: two expressions may reduce to the same value without incurring the same usage.

Consequences for analysis Since resource usage is not a structural invariant, analysis
systems based on big-step semantics must enrich those semantics, not only with resource usage
(such as the watermarks used in RAML), but also with a choice of which sub-expressions are
evaluated first. We consider this is evidence of the relative unfitness of big-step semantics for

resource analysis when compared to small-step semantics.

This being said, it can be argued that big-steps semantics retain advantages. Indeed, big-step
semantics can be produced from small-step ones by defining e | V iff e =* V and V is a
normal-form, thereby eliding intermediate steps. This suggests big-step semantics are simpler
than small-step ones, and this simplification can be welcome. Furthermore, the formal issue of
having to choose an ordering within premises of big-step rules doesn’t pose a problem when
one builds an analysis with an implementation in mind. Indeed, such an implementation does
provide an ordering of sub-expression evaluation (assuming a single-threaded, non-distributed
implementation). Those rebuttals do not come as a surprise, as big-steps semantics have been

at the core of contemporary AARA systems such as RAML.
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Nevertheless, the simplification induced by using non-ambiguous big-step semantics may come
at the cost of changing those semantics away from their conventional forms, such as in the
aforementioned case of the CBV A-calculus. Also, different implementations based on the
same formalism may require incompatible choices. For example, RAML is tailored for the
evaluation model of OCaml, and provides resource bounds relative to implementation details

such as the evaluation order of fields in a record literal.

Lastly, we note that when implementations provide disambiguation to the big-steps semantics,
those are in most cases informed by the small-step semantics of some underlying abstract-
machine/assembly language/LLVM code/etc... Enriching those small-steps semantics with a
cost immediately provides resource-aware semantics. This approach is also chosen for time
and memory analysis within the Costa termination and resource analyzer|l, 6, 7, 8|, which
primarily targets bytecode languages Java and C# through their intermediate representations

in the JVM and Common Language Runtime respectively.

The use of small-steps semantics with ticks, as opposed to manually-enriched big-steps
semantics, shows its advantages in the presence of language extensions such as the imperative
blocks we introduced in section [5.6] Using the small-step semantics of imperative ML with
ticks coming from our references|78, |77, a resource-aware semantics is automatically achieved

with ticks, without needing any manual adjustment.

9.2 First-class evaluation contexts

Our presentation of AARA within an abstract machine also enables a simplification of AARA-
style type system, bringing them more in line with standard type systems for functional
languages and their abstract machines. Indeed, abstract machines such as System-L offer
first-class, defunctionalized evaluation contexts in the form of stack constructors mimicking

the usual data constructors of ADTs.

In order to explain this simplification, it is worth noting two axioms of resource-awareness
within AARA systems. First, partial application of functions does not incur a cost due to the
body of the function running. That is, all functions of n arguments are values of the form
AZ1....\Tpn.e, and never of the form Azi....\z,.€’ for k < n and e a reducible expression

eventually producing the rest of the function. The second axiom is a form of quantifier
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elimination (which is valid for polynomial, as we’ve seen in section [8.4)), which we formalize in
our system as the fact that all constraints © - C' are in practice safely reducible to an equation

©’ + E. Those things in mind, let us explain how AARA deals with evaluation context.

RAML evaluation contexts Recall that in AARA, datatypes are enriched with combina-
torial indices denoting positions at which potential is held (our system is similar, and employs
numerical parameters as variables to compute total potential). Each datatype constructor
is enriched to update those indices when the constructor is introduced and eliminated. This
suffices to cover tree-like data structures in purely-functional programming languages with
CBYV semantics, but only when paired with specific treatment for functions. In RAML, this is
handled with a type-level stack, which associates to each argument in a call site a type with

indices.

This is exemplified by the following resource-aware RAML typing judgment, which serves as
a representative of the phenomenon at large. Herein, ¥ is an ordered list of types denoting
the arguments of the current call site, I' is the usual unordered environment of local typed
variables, @ is an index for the (X,T") pair. The, e is an expression of type A A annotated by
Q'

STQFe: (A,Q)

The presence of the indices @, )’ is not a significant deviation from mainline type systems which
strictly follow the Curry-Howard correspondence: they merely are centralized annotations
denoting the amount and location of potential before and after evaluation. Those annotations
may be dispatched within the relevant type expressions without changes to the underlying
reasoning. The presence of those annotations only at the root of judgments nevertheless
provides a simple erasure procedure for the resource-aware type system: removing the indices

in judgments reduces the type-system to a simply-typed type A-calculus with an explicit stack.

This explicit stack is used to carry resource information from call sites to function literals in
the presence of partial applications: curried functions can extract potential from their first
arguments, have their type refined with those arguments’ indices, and be returned without
their body being evaluated. This allows the information in the current scope to not be blindly
copied into the type produced by the partial application, but only the relevant information

from the arguments. This added information refines the index of the partially applied function.
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If the resulting function is passed as a higher-order argument to another one, those added
annotations are instantiated at the relevant call-site. Therefore, even if the value of this
function is dynamically determined, some information can flow from partial call sites to
complete ones. Nevertheless, this instrumentation of function literals and call sites does not
function when the body of the functional argument is not known in advance, or when the

annotation cannot be successfully passed from the function literal to its distant call site.

This scheme is an AARA specificity, which does depart from the well-beaten path of the
Curry-Howard correspondence, and may cause problems when such type system is modified to
account for new programming constructs, such as polymorphism or potential held in closed-over

values.

Abstract machines This departure from more standard type systems can be regularized
when using virtual machines. First, the move from A-calculi to virtual machines that explicitly
represent continuations is not a big departure from the valuable Curry-Howard correspondence,
as it lines up exactly with a similar move on the logical side: from natural deduction to sequent
calculus|15]. While it remains close to standard A-calculus in that sense, it does resolve the
problem of propagating shape and resource information from arguments to call sites, even in

the presence of partial applications.

To see this, consider a CBV function type Ay — Ay — --- — A, — B, which is translated
into CBPV as:
JA; = MNJA2 — ... o A, —= B

The presence of the |} constructors between the arguments guarantees the possibility of
partially applying the function, the result simply being a closure over the provided argument
that holds the rest of the computation. Assume this function is partially applied with n — 1

arguments (this is enough for our demonstration). The resulting type is:
JA; — Ay — ... — A, - 1B
The partial call to the function (let’s call it f) proceeds by opening the closure, providing the

n — 1 arguments (let’s call them x1,...,2,-1), and forcing the resulting thunk, giving the

term:

:U’a<f || NU’f/<f/ || X1 Tp—1 ﬂa>> lLAn — B
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When adding AARA parameters to the function f along its CBV semantics, it can be assumed
that the function does not perform work when partially applied, i.e. the arguments of the
partial application are merely added to the closure it returns. In that case, the quantifiers
adjoined to the intermediate closures and thunks are all empty. This yields the following

parameterized type before and after the partial application:

Before:  Theore = V@ Ein= A; — MAs — - = A, — 135, By A B
After:  Taper = Vo El, = Ap = 13B. By A B

The question then becomes, how does one produce the quantifier V&'.E], occurring after
the partial application? This is immediately resolved by the stack that holds the arguments.
Indeed, consider the call site for f as before, now in the parameterized type systenﬂ

OFC) > T | plbf' (f lzr- - n 1 a) : Thotore - (@t Ay — 135. Egu A B)

From this call site, it is possible to produce the desired closure of type Tyfer, simply by setting

o/ = © and E! the equation equivalent to C, no further work being required.

In conclusion, the fact that call sites are first-class data structure in System-L allows the
type system to build the CBV functions calls without any special case being required, even
for partial applications. When CBPV semantics are added (which RAML doesn’t support),

computation and data being on equal footing all the more welcome.

9.3 First implemented CBPV AARA

There was, to our knowledge, no previously developed AARA formalism over CBPV semantics
for functional languages. Nevertheless, resource analyses at large are not limited to CBV

semantics.

Semantics for AARA The first instance of an AARA formalism, according to Hoffman
et al. in their retrospective |34], was due to Martin Hofmann. In this first paper, a linear,
simply-typed A-calculus was endowed with a time and space semantics for which programs

were non size-increasing and ran in polynomial time|35} |39} |37]. This complexity result held in

!Note that here, we take © to be the smallest parameter context that puts all required parameter variables
in scope
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the purest sense: programs were compiled to the BC' (Bellantoni-Cook, [14]) class of recursive
functions, on which “size” and “time” complexities can be given their standard meaning. This
allowed computing the asymptotic complexity of the considered A-terms using the same scale
as used in mainstream complexity theory, but also supporting higher-order functions in the

analysed language.

Operational complexity, as opposed to asymptotic complexity in Turing machine, was also
an early topic of research for that program. A heap-bounded functional language was also
created by Hofmann which compiled to C without using dynamic allocation [36]. This
gave a qualitative space guarantee (all allocations are static for closed programs), but not a
quantitative bound. Bounding of time and space complexity in realistic evaluation models

required new methods.

This started with a linear, CBV, first-order functional language with booleans, products, sums,
and lists introduced by Hofmann and his student Jost [40]. The heap-space usage of function
evaluation was here bounded by a linear expression derived from type-level annotations.
We recognize here the core of modern AARA systems: type-level potential annotations
induce algebraic inequalities through combinatorial laws, which are then accumulated during

type-inference and solved by an off-the-shelf solver.

This was followed three years later with and analysis of a subset of Java, again by the same
authors, which required explicit deallocation, but covered essential features for object-oriented
programming such as inheritance, coercion down to sub-classes, mutable update, and aliasing.
Jost continued the work of extending the features supported by AARA, notably authoring
(in collaboration with others) support for algebraic data types and recursion|44], for higher-
order functions and polymorphism|43|, and for call-by-need semantics in 2017[45]. Mutable
arrays and reference with null potential were added by Litchman & Hoffmann|56|, and ideal
garbage collection by Niu & Hoffmann in [65]. This is nevertheless far from exhaustive, and
we recommend the interested reader to peruse one of the review paper dedicated to the

technique[50, 38, 34].

The main field of application of AARA remain anchored in the typed-functional family of
languages. This should not be unexpected, as AARA consists of a type system enriched
with reasoning capabilities sound with regard to rewriting-based semantics, in line with the

Curry-Howard correspondence. This does not mean that programming paradigms not falling
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under that description lack resource analyses, or that those analyses cannot be inspiration
for resource analysis of functional languages. Let us quickly mention amongst those methods

based on abstract interpretation and those based on the extraction of recurrence relations.

Typing and constraint solving The main principles of our type system are inspired
by Dal Lago’s work exploiting the relation between type inference and constraint solving
to derive complexity results. In collaboration with Petit, PCF was endowed with a linear,
dependent type system, in which the number of substitutions required to evaluate a program
was embedded in typing judgments|21]. Their main result is an inference procedure which
reduces type inference for this high-order, typed language to a constraint solving problem in
first-order arithmetic. Later works generalized this approach by parameterizing the language
of constraints and the solver attached to them, making the system more usable and paving
the road for the use of practical solving procedures|20|. Finally, Rajani et al. introduced
abstract notions of resources and cost through the use of a monad/comonad pair graded by
the amount of resources held /spent|[69]. We consider this reduction in order is a key idea to
building resource analyzers for typed functional programs, as it enables a welcome separation
of concerns between the specifications of resource semantics, size-and-cost-aware typing, and

constraint solving to obtain closed-form bounds.

AutoBill AutoBill was developed as a static analysis framework for statically-typed func-
tional programs, which bounds it range of application. But as we’ll see, it extends the range
of applications of previous AARA analyzers by integrating core ideas of d/PCFand Aap0r, and

recovering parts the modular nature of CiaoPP, and the symbolic reasoning of Costa.

Call-by-push-value semantics strictly extend the call-by-value semantics which were the main
point of focus of previous AARA work. In that sense, while CBV semantics only allow for the
“function” computation, our thunks, closures, and stack constructors open a whole universe
of computation types with varying calling conventions. But this point of view is reductive,
as linear call-by-push-value enable an expressive interleaving between manipulation of data

through positive types, and specification of computations through negative types.

CBPYV semantics have a close relation to the (co)monadic semantics of d/PCFand Ay Indeed,
CBPYV is built on an adjunction between positive and negative types, and all such adjunctions

define a monad/comonad pair. This process isn’t one-to-one, as different adjunctions can
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derive the same (co)monad. In the field of resource analysis, this has large effects on resource
semantics: our system involves explicit resources, whose usage is well-defined at each step of
computation. Resources cannot enjoy the same status in (co)monadic semantics, they only
exists as cost or potential associated to a value or computation. To our knowledge, this work
constitutes the first AARA resource semantics built on top of this strong basis. AutoBill
incorporates both the high-level aspect of state-of-the-art AARA analyses (with resources held
as potential within scope), but also an operational, small-step, low-level formalism (where
resources are first-class and changes in state across time can be accounted for as atomic

transitions).

Finally, CBPV semantics enable encapsulation of data, computation, and specification akin to
the object-level specification of Costa. Indeed, some object-oriented paradigms are expressible,
namely (immutable) objects and inheritance of interfaces. This can be achieved by defining a

type T satisfying the following equation:
T~J((A —=1BioT)&...& (A, = 1B, ®T))

This type then represents an object with n methods, each taking an argument A; and returning
a B; together with a modified object. The closure holds the reference to the instance variables
of the object. This encapsulation also functions at the resource-level. Consider now the same

equation, now enriched with parameters:

T(@) ~3B.CN ] ((Wl.c; = Ay — 35.C/ ABy ® T(OZ)) &...
& ((W;.c; = Ap —o 136,.C ABp ® T(J;:)))

In this parameterization of the object type T' as T'(@), its behavior is specified by public
parameters o, and private parameters Ewho are only partially specified by C', which represent
the encapsulated state admitting an invariant C. Then, each method specifies the parameters
of its argument A; with the quantifier ¥4;.C/, and returns some result B; whose parameters
5; are introduced by EI(Z.CZ{’ , as do normal functions. Finally, the modified object T(c;g) is
returned, with a new parameterization that still satisfies the invariant. As such, this type
can indeed represent object-level specification of resources and sizes, while guaranteeing safe
operation through encapsulation in an abstract type. The type T only specifies an interface,
which can be used as part of another object extending its interface, or shimmed to implement

only a subset of its features.
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By using linear call-by-push-value semantics, and implementing a types-and-constraints
formalism for resource analysis, AutoBill marries a low-level operational semantics, which
allows for fine ordering of evaluation steps and backs resource bounds, together with a

high-level, component-based interface with behavioral specification.

9.4 Constraint programming

The final step of our resource analysis is a constraint solving step which transforms an implicit
complexity bound into a closed-form expression. In currently implemented AutoBill, this is a
two steps process. First, the first-order constraint over polynomials with integer coefficients is
transformed into a linear integer optimization problem those coeflicient, and the second is
a call to a readily available solver to instantiate them. While the later step is standard in
AARA implementation, the use of a syntactic constraint in the former is a departure from

RAML. We now compare this approach and its trade-offs with other techniques.

9.4.1 Constraint programming for AARA

AARA systems emphasize type systems and related techniques as opposed to constraint
programming. A goal of this section is to relate AARA techniques and constraint solving. To

begin with, let us review some AARA formalisms.

Linear AARA The index system associates to each variable in scope not only a type, but
a sum of potentials whose locations are given by an index. The location the index points
to should be understood as one or many nodes in a tree-shaped data structure. This gives
a bound to the range of application of AARA: index systems only functions on algebraic
datatypes, and fail on cyclic structures and cyclic heaps. But the syntax of indices also

determines the reasoning power of an AARA system.

For example, linear AARA does not place potential deep within a data structures. Namely,

the types and indices of linear AARA are (isomorphic to the following grammar, where B is a
base type)ﬂ

2As to accommodate the simultaneous description of many AARA index systems, changes have been made
to some of them to unify their notation and representations.
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Type Indices

T == B I == =« (base types)
| (T1,...,T,) | m(Ir) (tuples)
| T+ +T, | u(lr) (sum types)
L) L) (ists)

Each It defines a set of positions within the tree realized by a value of type T. The index *
denotes the root node, the projection (7;(I)) denotes positions I of the i** component of a
tuple, the injection ¢;(I) denotes positions I in the i** argument of a sum type (and the empty
set if the value uses another constructor), and L(I) denotes the positions I for all elements of

a list.

When introducing or eliminating a constructor, the indices of its arguments are modified, and
their coefficient are constrained as to preserve the overall potential in programs. For example,
given a list [ : (L(T),p- L(x) + q - %), each cons node is assigned p potential and the nil node ¢
potential. Then, adding another another element will cost p resources, and pattern-matching
on | will release either p resources if the list isn’t empty, or g if it is. The coefficients p, g, . ..

are not constants, but variables bound in constraints.

The form those constraints take is determined by the need to express conservation of potential
(or its relaxation, non-increasing potential) within typing rules. Since conservation of potential
for introduction and elimination only involves constant amounts of potentials, which means
the preserved quantity is a sum of the unknown p,q, ..., i.e. a linear combination. Likewise,
AARA functions types(A4,Q4) Iig (B, @p) state the conservation of potential between the
p-* + Q4 potential when entering a call, and the ¢ - * + Q p potential as it returns, once again

a linear combination. Therefore, the only constraints generated on the coefficients are linear.

p
If one types a closed program F e : (T, Q7) and seeks to minimize the starting potential p, it
q

suffices to collect linear (in)equations E during typing, and use a solver for linear optimization
to find a small p € Q4 such that E. The same procedure can be used for functions. For

example, consider the following function taking lists of lists as arguments:
e (LL(B)), q1 - * + a2 L(x) + g5 - L(L(x)) "4 B

Once the coefficients are solved for, the cost of the program can be estimated by counting
the number of locations that each index points to. The base index * accounts for a unit cost,

L(x) for the length of the outer list, and L(L(x)) for the sum of the lengths of each of the
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inner list. Should we assume a outer length of n, and inner lengths of (m;);<n, the total cost

is q1 + gon + q;»,(zimi).

Linear AARA is not suitable to derive general polynomial bounds. For example, [34] deter-
mines that it cannot derive the complexity of Az, y.quicksort(append(z,y)) as O((|x| + |y|)?).
Therefore, a finer index system is needed to account of cost involving polynomials, but also

logarithms, exponentials, etc.

Multivariate polynomial AARA The linear potential invariants created by the typing
rules of linear AARA can be replaced to derive polynomial bounds for a wider class of
algorithms, while keeping intact the linear optimization that obtains fine bounds. Namely,
indices no longer point at the locations of nodes in structures, but in the locations of patterns

within those structures consisting of many nodes. This is the system described in section [2.5]

The multivariate polynomials used in this case are not only closed under addition and n-ary
composition, but also under multiplication. This makes the representation of indices non-trivial:
given two linear combinations of monomials, their product might be a linear combination with
a quadratic number of monomials. As annotations are multiplied, this can quickly get out of
hand. To keep the size of the data structures involved in the analysis manageable, RAML
implements a limitation in the degree of polynomials, nullifying higher-degree terms when

they occur. This bound is set by the user of the tool.

A similar issue is at the heart of the support of linear structures (linked list & arrays) in
RAML. As to simplify the expressions involved in the analysis of linear structures, the RAML

contributors observe in|34] that:

“Typical polynomial computations operating on a list v = [a1,...,a,] consist of

operations that are evecuted for every k-tuple (a;;)j<p with 1 <iy <--- <ip <n.”

This motivates the use of a specific base of polynomials, namely the binomial coefficients. A
computation that performs a operation of polynomial cost C(Z) on all k-tuples of a list of

length [(Z) will then have a total cost C/(7) (l(?).

Thanks to this, it is possible to unify the potential before and after the introduction/elimina-
tion rules without solving generating polynomial constraints. Indeed, when introducing or

eliminating a constructor C for an algebraic datatype, k-tuples inside the arguments of the
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constructors are related to the (k + 1)-tuples sitting inside the larger value that start with C.
The combinatorics used to count those tuple are naturally described as binomials. To apply

this, consider a constructor K for an ADT T defined by:

y:(A,Q),z;: (B,Q;)F K(y,7;) : (B,Q")

Each annotation @; and ) assigns to each index of B a rational variable. Furthermore, those
indices are sequences [(K1,11), ... (Kp, Ip)] denoting the number of p-tuples of nodes in a value

of type T in which the i*" term as root constructor Kj;.

To easily compute the coefficient of @’ at an arbitrary index I = [(K7, I1), ... (K}, I,)], check if
K is the constructor is the used constructor K. If it isn’t, just add together the contribution
of each Q; at I. Otherwise, let ¢; the coefficient of Q; at I' = [(K2, I2), ... (K, I)], and ¢
(resp. ¢') the coefficient of @’ (resp. I'). The (k — 1)-tuples at I’ in the argument x; remain
at I’ in K(y,x;), but also make a k-tuple at I. As such, their coefficients are described by
the constraint g + p’ = 0;q;. This is the basis of the potential unfolding transform in AARA,

which generates the constraints generated when introducing and eliminating constructors.

Compared to polynomials expressed using the standard basis, the unfolding generates a
significantly reduced number of linear constraints, and does not require conversion to-and-from
the binomial basis to exploit combinatorial properties for resource analysis. As a result,
unification of resource annotations during type inference can proceed while only generating

linear constraints, even with polynomial potential.

Extension to index systems Since the system of indices determines the kind of algorithms
and complexities an AARA system can handle, a question arises: can it be extended to support
more than uniform iterations on algebraic datatypes ? Further work has indeed provided such
extensions. While they have yet to be implemented, and may therefore involve non-trivial
practical difficulties, they do extend the range of application of AARA in theory. Three main
examples are, in our opinion, quite relevant: exponential complexity, logarithmic complexity,

and general recursion over ADTs.

Exponential indices, introduced in [46] are built in the exact same way as polynomial indices,
but changing their semantics from binomial numbers to Stirling’s numbers of the second kind.

Those numbers {7 } (for n,k € N and k£ < n) enumerate the number may to partition a
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n-element set into k partitions. They can be explicitly computed as:

Note that {}} € ©(k+ 1)", and that therefore Stirling’s numbers of the second kind are
suitable to encode a base of exponential functionsﬂ. Furthermore, just like the binomials

before them, they are subject to simple linear relations, of which:
(P =G+ G0+ {0
k+1 k+1 kS

This expression can naturally relate the cost of a computation on a patterns of size k + 1
in a structure of n + 1 elements, in terms of the cost of the same computation on a smaller

structure done over patterns of size k and k + 1.

This has applications for the analysis of NP-complete problems, such as the SUBSETSUM
problem, which seeks to know, given a list of integers and a fixed target, whether some
sub-list sums to the target. For example, consider the following OCaml algorithm that solves

SUBSETSUM:

let subset_sum (1: int list) (target : int) : bool =
function
| [1 -> target = 0

| h :: tl -> (subset_sum tl target) || (subset_sum tl (target - hd))

AARA can bound the number of calls to = and || as 1 +3{"3*} =3-2" — 2, which in this
case is tight. Furthermore, the exponential and polynomial indices can be combined using
as a basis for potential the functions p(n, k,m) = (Z) { ;fbfl , which satisfy sufficiently good
combinatorial properties: ¢ marginalizes to binomial and Stirling numbers, and potential can
be transferred to-and-from polynomial and exponential indices by way of using the identity:

" /n

r5y-2-1=3 ().

i=1

Since exponentials and polynomials can be combined, one can wonder if polynomials and

logarithms can receive the same treatment. Hoffmann, Leutgeb, et al. introduced in [41] the

3As in, a base of their asymptotic behavior as arguments go to infinity.
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potential functions rank and p for a binary tree datatype:

rank(Leaf()) =1

)
rank(Node(l, z,r)) = rank(l) + rank(r) + log |I| + log |r|

Pap(t) =log(a - |t| +b)

The corresponding indices are then * for rank, and (a,b) € N? for Pa,p- This allows, for example,
to derive a tight logarithmic bound for the lookup operation on splay trees. Splay trees are
an amortized data structure featuring O(logn) insertion, lookup, and deletion of elements in
the worst case scenario, but provides fast access to the most-recently accessed elements (|74}
64]). They are built from a constant-cost function called splay, which recursively rotates the
tree as to bring a target element to the root (or the closest element smaller than the target).
Using those indices, it is possible to derive a cost of 3log |t| + 1 iterations to splay a tree ¢.
Note that in this case, finding normal form for cost is a non-trivial matter, as simplifying the
cost may worsen the bound. Indeed, since log(a + b) < loga + logb, finding a closed form as a
polynomial of logarithms from an expression with nested logarithms and sums is a non-trivial

martter.

Finally, more general indices have been developed to exploit the tree-like nature of algebraic
data types, allowing for much finer bounds than the multi-variate indices we presented
earlier[29]. The latter only support enumeration of sequences of nodes in structures, but some
bounds can only be derived when enumerating arbitrary sub-trees instead. To this end, an
index system for reqular recursive types is defined. Recall that those regular recursive types
are either a unit or base type, product or sum type, or a fixpoint ua.t, where t is a regular
recursive type and « a type variable in scope in t. For example, linked lists can be defined a
the type l(a) = ut.1 + a X t, binary trees as ut.1 4+t x t, and arbitrary trees (where each node
has a list of children), as pt.1 4+ (ul.1 +¢ x I). This is an extension of the multi-variate index
system of RAML. In now includes an index fold[ for fixpoint types pc.t, which represents an
index I being placed at all occurrences of « in ¢. Iterating this constructs allows indices to
“dig” inside tree structures, representing, for example, all pairs of ancestor and descendant
nodes in a tree of arbitrary shape. Practical applications involve traversal and accumulations
on arbitrary trees. The authors of [29] provide as example a function that, given a filesystem,
returns the list of all (file, folder) pairs where file can be accessed by descending from folder,

whose potential annotation detects correctly the quadratic time cost.
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Conclusion As we showed in this whirlwind tour of AARA index system, a main char-
acteristic of AARA index system is their lack of direct constraint manipulations. Apart
from generating linear equations, no “solving” actually occurs. Instead, indices are directly
“computed”. But this apparent lack of constraint solving in AARA implementation hides a
deeper insight regarding those indices: they are compact, combinatorial encodings of functions

in N¥ — N tailored to the operations of folding/unfolding that occur in an AARA analysis.

More specifically, for a fixed type T, indices represent functions p € Pr from values of that
type to integers that are partially ordered, can be linearly combined with coefficients in N,
include constants, have a folding relation p < p’ between Pr and P4, 7%, and an unfolding
relation p'>p in the other direction, all such that p<p’ and p’ <p” implies p > p” (folding then
unfolding decreases potential). Instead of working in a logical theory for those sets of functions
Pr, RAML and other AARA systems directly work with indices, in which the folding and
unfolding are implemented as functions which turn the two relations deterministic, as would
a proof assistant executing a fixed strategy to find a witness of Jp’.p <p’. As such, RAML
can be seen as an ad-hoc solver for some theory of functions, which relies and standard linear

programming toolkits for reasoning on Q to find witnesses for coefficients.

It is therefore notable that this solving-adjacent technique is not implemented using standard
tooling. Given that different index system can be implemented on top of the same language,
representing the potential functions of AARA abstractly in the type system and delegating
their resolution to dedicated tools would simply implementations. It would furthermore not

impede the use of ad-hoc solvers with current indices systems.

9.4.2 Constraint solving & Costa

The Costa analyser for JVM bytecode proceeds through this (simplified) pipeline. First,
the control-flow graph of a program is determined, and its loops are extracted into distinct
subgraphs. Then, this control flow graph is compiled into a set of Horn clauses relating the
value of variables in and out of the basic blocks of the graph, which is called a Rule-Based
Representation, and is specifically implemented as Cioa Prolog programs. Auxiliary steps
promote the stack offsets of the JVM into variables and transform block into their single static

assignment form.
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From then on, Costa proceeds by steps of abstract interpretation, first by nullity and sign
analysis, and then by a more complex size analysis. This is provided by the Ciao Prolog
toolkit for abstract interpretation. This, in our opinion, constitutes another analysis phase

related to constraint solving.

Once those analysis phases are done, a system of mutually-recursive recurrence relations is
derived from the rule-based representation, each of them guarded by a predicate on sizes and
iteration counts. The last step of the analysis is a derivation of a closed-form upper bound
for the total cost of the program from those recurrence relations. Finding this bound is done
through a bespoke solving procedure which forms the second constraint solving step of the

analysis.

It is important to note that the resource analyses built upon CiaoPP are but a part of a larger
analysis/optimization framework, itself made of a pipeline of analyses and transformations
for logic programs. We wish therefore to highlight the possibility of combining abstract

interpretation and other techniques for resource analysis.

Recurrence relations Costa factors its cost analysis through the use of recurrence relations
(RR)E|: once those are generated from a program, the problem of cost bounding reduces to
one of bounding a particular function in the RR. Recall that those recurrence relations are a
finite family of mutually recursive equations guarded by some relations obtained through size
analysis. We can represent such a family for relations/multi-valued functions (f;); C P(Z™ xR)
as a list of Horn clauses Cj:

Cj = V2GR (Z DA - Rin(Z.9) = £1,(T) = o[ T. T, f]
Those relations exhibit non-trivial behavior which are worth mentioning. First, the guards in
each Cj need not be mutually-exclusive, even when they both guard an equation for the same
function. In this case, the overlapping relations must be satisfied simultaneously. Second, in
each Cj, the value of f;, (7) is defined in terms variables 7 and %, but the later need not have
a single value: they may only be partially specified by the guard. Lastly, the well-foundedness
of the recurrence is not obvious, and in fact not assumed. A computation of a value for a

function may involve a non-trivial sequence of recursive calls, and may not even terminate.

“The authors of Costa differentiate between non-deterministic, multi-ary RR, which they call “cost relations”,
reserving the term RR for deterministic, one-argument recurrence relations. We believe the term RR is more
explicit even in the former case.
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As such, solvers for those RR also double as explicit termination analyzers: if a closed-form is
found, then the recurrence is well-founded, and in the case of time cost, the evaluation of a

program is guaranteed to terminate.

Solving CR  The solving of the recurrence relation then corresponds to finding an expression
e giving a closed-form upper bound of a previously selected function f, in the relation, that

is, to satisfy the constraint:

VI CLA- ACy= (VT.fu(D) < e.[T))

This solving step is handled by a separate component of the resource analyzer: the Practical
Upper Bounds Solver (PUBS), described in [5|. PUBS is independent of the Costa analyzers,
and may be reused in other analyses or for purposes outside of resource analysis. PUBS
handles linear, logarithmic, and exponential complexities simultaneously. It proceeds by first
choosing functions that, given arguments 7, bounds the number of internal nodes and leaves
of the call tree generated by the evaluation of f.(7). This is done through the technique of
ranking functions, which assigns to each 7 an element in a well-founded partial order. Then,
for each cycle occurring in the RR, a linear invariant is determined over its arguments through
abstract interpretation in the polyhedral domain. Unfolding relations to obtain only direct
recursions simplifies the problem, which the authors claim is feasible in RR occurring in the

wild.

Finally, those invariants are then used to bound the immediate (i.e. non-recursive) part of
each f; by individually bounding each “basic” linear expression occurring at the leaf of its
syntax tree. Note that the language of expressions in RR is designed as to guarantee that this
is a sound way of finding a global bound. This, together with the bounds on the call trees,
suffices to generate a closed form bound. In practice, bounding the cost of each level of the
call tree (nodes at constant depth from the root) is more precise than bounding individual

nodes separately. This helps when divide-and-conquer algorithms are used in source programs.

Conclusion Costa, as well as other analyses not listed here (such as [57] and [72]) combine
abstract interpretation and recurrence relation solving to obtain resource bounds. This
approach shows the usefulness of other static analyses, such as size analysis and invariant

generation, to resource analysis. Indeed, this can enrich the intermediate representation of
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source programs with essential information which may be difficult to obtain in parallel to a
resource bound. For example, understanding the memory footprint of a data structure implies
inferring its size, and likewise, understanding the time complexity of an algorithm relies on

understanding its invariants.

Here, the reusable tools (abstract interpreter, size and invariant analyses) are combined with
an ad-hoc solver (PUBS for recurrence relations). Compared to AARA, this approach is more
modular, and provides more explainable bounds and intermediate results compared to AARA
indices. Nevertheless, it should be mentioned that the source languages targeted by Costa
and Ciao in general are first-order languages in the imperative family (Java bytecode and
LLVM-IR) and logical programming (a subset of Prolog). On the other hand, AARA systems
scale better in the presence of higher order programs: while the cost of high-order argument is
not taken into account, its effect on the indices are inferable and are transferred to the call

site, leading to finer bounds.

9.4.3 Solving Modulo Theory and program synthesis

Liquid resource types AutoBill is not novel in its use of a combined SMT solver and
type system to derive resource bounds for functional programs. Indeed, Liquid Resource
Types|48| may be used for the same purposes. Those are based on Liquid Types|71} 79| a type
system which combines refinement types with SMT solvers to prove non-trivial properties
of programs. Liquid Hask:ellﬂ is an implementation of such a system, in which annotations
combining types and predicates can be used to create types of values satisfying some invariant.
For example, Liquid Haskell can represent non-empty lists as {v:[a] | 0 < len v}, where
len is the usual list length function, as opposed to a type-level primitive. This is a form
of dependent typing with implicit witnesses, that is without manipulation of values with
proposition types. Nevertheless, types may require naming variables in predicate, as in a
function type in which the name of the argument is used in the return type. Furthermore,
explicit proofs may be needed to guide the solver through some reasoning. Liquid Haskell
makes use of an SMT solver to simplify typechecking/proving, and allows lightweight metric

annotations to automate the proofs of terminations of recursive computations.

Shttps:/ /ucsd-progsys.github.io/liquidhaskell /
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Liquid resource types extend the syntax of liquid types only by letting types bear an annotation
of type Int representing potential that they must hold, written aP for a type a and potential
p. For example, the function insert on sorted linked lists can be given any of the three types

annotations below.

insert : a — [d] —  [a]
insert : a — la'] —  d]
insert : (x . a) N [aite()\v.v<az,1,0)] N [a]

In the second type annotation, the a' annotation specifies that each element of the list
argument must hold at least one unit of potential which is no longer present in the output,
giving a linear cost estimate to the insertion. In the third one on the other hand, the annotation
ite(Av.v < x,1,0) uses a conditional ite to specify that a generic elements v holds a potential
of 1 when it is smaller that x and 0 otherwise. Still still gives a linear bound in the general
case, but allows for finer bounding when the type a is instantiated with a refined type which

determines the condition: this is a value-dependent bound on the function.

The usual potential annotations may be, in a sense, recovered with liquid resource types. For
example, a type of lists carrying potential quadratic in its length can be created by specifying
that the cons constructor takes an element z : a and a tail ¢ : [a'] of elements holding one

2, a3,etc.

more unit of potential. This means that lists hold elements of type a°, then a', a
This is quite similar to the AARA index 1 - [(cons, %), (cons, x)] which specifies that each
element one unit of potential per element after of it. But Liquid resource types also extend
this inductive potential scheme with abstract potential, that is, by replacing the unit cost
increment in the tail (the 1 in the type [a']) by a generic function ¢ taking the head and
tail of the list as arguments. Type-checking will then use an external solver to instantiate a
value of ¢ that preserves the potential rule. This will require a solver supporting Second-Order

Conditional Linear Arithmetic, which is done using the ReSyn solver.

Constraints and program synthesis The use of second-order constraints is only required
in the case of dependent potential annotations. When potential annotations are all constant,
typechecking reduces to mere first-order conditional linear arithmetic, for which SMT solvers
can be used. Namely, one can instantiate function templates whose “holes” are integers
variables, which reduces the problem to a first-order one. Complexities other than polynomials

can also be verified through a “savant” choice of data structures. For example, the exponential
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complexity of a SubsetSum algorithm can be verified by using a binary tree whose leaves

correspond to all possible selections of elements in the sum.

In the high-order case, the use of more involved techniques are required to obtain bounds
through program synthesis techniques. ReSyn uses counterezample-guided inductive synthe-
sis|12] to iteratively generate and test syntax trees that could stand for potential functions.
This proceeds starting from a dummy candidate, then uses an SMT solver on the first-order
problem resulting from the candidate. If the solver answers favorably, synthesis as succeeded.
Otherwise, the solver produces a counter-example. A new candidate is then generated that
satisfies this counter-example, and the process begins anew. All counter-examples are kept in
memory, and all new candidates must satisfy them simultaneously. The choice of candidates
is dependent on the underlying theory the problem is stated in, and randomized or heuristic

methods may be required.

Conclusion Liquid resource types combine general-purpose liquid types backed by an SMT
solver with program synthesis techniques to instantiate AARA index coefficients. This is in
turn used to verify cost bounds for functional programs where full inference fails, for example in
the case where value-dependent potential annotations are needed. In our eyes, this constitutes
a combination of the approaches used in AARA and Costa: costs are express using potential
annotations on types, whose closed-form is synthesized rather than set on stone through the

use of base index system as RAML does.

9.4.4 AutoBill

Autobill doesn’t implement a fixed resource analysis procedure, but instead can be used to
encode many of them to obtain a first-order constraint, which in the case of AARA can be
processed further to eliminate quantifiers. Furthermore, Autobill’s intermediate representation
of programs using System-L can be used to implement many different programming languages.
By separating analysis into a compilation into a linear, polarized, continuation-passing machine,
a pass of size-and-resource aware typing, and a constraint solving phase, Autobill splits the
resource analysis problem into smaller, more manageable pieces. This opens the door to

several independent avenues to improving resource analysis systems in the future.
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By allowing CBV and CBN semantics to co-exist, Autobill’s moves away from the particular
semantics of a given programming language, unlike RAML and Liquid Haskell. As we have
shown in this manuscript, there is no need to tightly couple a source language and a constraint
solving algorithm to obtain bounds, as Costa has done with a separate solver for its cost
relations. On the other hand, Costa is tailored for processing imperative programming
through reasoning on pointer arithmetic. System-L (as we used it) is not a low-level program
representation, and allows for treating high-order values and computations without having to
first compile them away. We believe this has advantages in the support of pure functional
programming, as it stays closer to the algorithms intended by the programmer, and supports
size-and-resources annotations, which said programmer could not, in general, be able to assign

to low-level bytecode.

From this base, Autobill produces not a closed-form complexity bound as RAML would, but
an implicit complexity bound in the form of a first-order constraint with a distinguished
function symbol standing for a complexity function. This is once again closer to the methods
Costa and Liquid Haskell use to elaborate closed-form bounds and type-level programs. This
is a further decomposition which we believe is an improvement over more tightly-coupled
methods of bound elaboration. Indeed, given a fixed language and resource metric, the kind of
constraint reasoning required to obtain a bound can vary widely depending on the algorithm
at hand. Adding support for the relevant reasoning should, ideally, have as little impact on
the parts of the analysis dedicated to the operational and resource-aware semantics of the

source language.

The constraint language used in this situation is of critical importance. Indeed, it determines
which external tools can be used to validate or elaborate an implicit resource bound. Costa
uses a purpose built solver for its resource recurrences, Liquid Haskell either an SMT solver or
the ReSyn second-order-arithmetic solver, and we interface with the Z3 solver. This choice
in turn dictates whether some property of the program’s complexity can be asserted. For
example, Costa can export closed-form logarithmic bounds, while RAML and ReSyn fail to
derive O(nlogn) bounds for implementation of merge sort. In this case, for example, the
Liquid Resource Type method implements merge sort using a balanced merge tree containing
n leaves, and therefore O(nlogn) nodes. The fact that the merge tree is indeed balanced
requires manual proof, as does the fact that the modified algorithm matches the original merge

sort implementation. As such, the choice of solver influences not only which kind of complexity
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can a resource analyzer reason about, but also how automated it can be. Our choice of
solver (the Z3 SMT solver) was then informed by its support of full first-order constraints for
verification, its support of multi-objective optimization for quantifier-free constraint, its use in

industry settings, and support of the SMT-LIB file standard.

9.5 Conclusion

We claim that the decomposition of resource analyzers into, first, a pre-processing phase which
explicits operational semantics, then the elaboration of a constraint, and finally a resolution
stage is beneficial. It enables new possibilities of improvements through collaborations between
the different fields of computer science involved (semantics, type system implementations,
and constraint solving). Nevertheless, the difficulties inherent in automated resource analyses
remain. It is still, in general, Turning-complete to compute a resource bound for a program,

and more pragmatically, to derive such a bound for a program found in the wild.

Where the latter limitations are met, compromises must be made between the programmer
and the resource analysis system. For example, algorithms which are “correct by construction”,
such as a tree-backed merge sort, are easier to bound since important invariants about the
algorithm are tracked in the additional data structures. This implies that, in fine, more
information in given to the analyzer by the programmer, which may not be a worthy tradeoff
in practice. A more reasonable expectation is to ask the programmer to annotate problematic
implementation with an annotation to be verified, or even taken at face value, by the analyzer.
In the struggle to find acceptable compromises to ensure bounds are found, we find that our
questions now meet the concerns of software engineering with static typing and the design of
semi-automated proof assistants, which features elaboration of implicit types and value and the

guiding of the assistant through a large search space through (ideally minimal) annotations.
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Conclusion

In this manuscript, we asked the general question of how to predict the resource footprint of a
program, considering that a tension was evident between the extent and precision of those
predictions and the compromises programmers would have to make to obtain them. Given the
diversity of systems created to perform resource analysis, each with its own specialization and
strong points, we considered that it was not judicious to add another redundant tool to the
toolbox, but to design a novel tool capable of iteratively implement many analyses on many

different languages.

This required not reusing a specific source language, already subject to its own compromises
and design choices, but finding a neutral ground on which many languages and analyses
could function. We decided to use a term-level language for linear, polarized, intuitionistic
logic taking the form of an abstract machine. The linear aspect of this machine enabled a
native treatment of resources within a type system, as opposed to adding resource-awareness
ad-hoc to already established ones. The polarized aspect allowed programs to carry over the
operational semantics of their source languages into the machine through the paradigm of
Call-by-Push-Value. Finally, the abstract-machine-as-a-term-language paradigm at the core
of our method put us in an excellent position to embed logical reasoning within programs,
as mainstream logic could be used at type-level to statically reasons about the invariants of

programs.

This choice was made in light of the fact that studying code is the only possible source
of bounds over all possible runs of a program, and that the Curry-Howard correspondence

describes the representations of programs most able to incorporate the logical reasoning
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backing the corpus of algorithm analysis. This did center our work onto a particular paradigm
for source languages, namely typed functional programming. But his was not unfortunate, as
providing all-encompassing compatibility with most existing programming paradigms would
be a babelian endeavor. Armed with this basis, our research shed light on some aspects of the

problem that we would now like to recount.

10.1 Insights

First and foremost, the use of the polarized abstract machine enabled a formalization of
resource footprint as a runtime invariant, namely the total amount of resource available to the
program. A well-typed program is then one which is endowed with enough resources. In an
analogy to physics (in a closed system, energy is preserved), the amount of resources held by
a program is always constant, and therefore an invariant. Furthermore, the use of a small-step
semantics, in which each command determines an atomic evaluation step, reduces the problem
to one of resource preservation at each command. We have shown that as programs run, the
approximate, statically-determined models to the constraints they generate becomes more and
more precise, as more and more possible assignments of type-level parameters are replaced by

assignments determined by what occurred in actuality at runtime.

In the same vein, the use of linear types to encode resources enabled us not only to guarantee
the total amount doesn’t change at runtime, but also to centralize them in a unique token.
The preservation and non-duplication of resources is then dependent only on that one token,
and it is easier to prove that resources are preserved at runtime than with a non-linear system
in which resources may furthermore be spread around. This allowed for a simpler proof of

resource preservation.

Lastly, the use of an explicit continuation stack and shifts allows programs to embed their
own evaluation contexts and control flow. This means a syntax-directed approach suffices
to understand when control-flow boundaries are passed and to yield resources accordingly.
Explicit stacks can be manipulated the same way data structures are, offering a uniform
treatment of potential and information flow through data and computations alike. Those three
ingredients are the essence of the resource-passing-as-an-parameterized-effect transformation

that enriches program with resource manipulations.
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Moving on from the machine, the Call-by-Push-Value formalism was found to be well-suited
for resource analysis, as the explicit thunks and closures act as natural control-and-resource
flow boundaries within programs. This allows for an automated translation of programming
languages whose operational semantics are based on term rewriting. Furthermore, the place-
ment of thunks and closures suffices to further elaborate resource-aware semantics. This eases
the formulation of resource analyses for those languages, which is a further benefit as it allows

many languages to use the same implementation of the analyzer.

On the other side of the analysis, we have split the type-and-resources analysis common to
AARA into the collection of local information and the exploitation of that data through
constraint solving. To do so, we relied on first-order logic as a logical neutral ground. This
allowed to export resource constraint to SMT solvers and proof assistants. The ability to
separate solvers and typecheckers allows reasoning on constraints to be reusable across type
systems. We have provided such constraint post-processing to check programs for a given
bound, and to solve the specific polynomial optimizations problems used by RAML. The
ability to switch solvers depending on the kind of analysis being undertaken opens avenues for
new complexity classes to be analysed, while keeping the infrastructure creating the constraint

unchanged. This would enable more analyses to be preformed without changing frontends.

10.2 Further work

As we mentioned in the previous section, having a reusable, modular framework for resource
analysis of typed functional languages opens up new avenues of work, extending the range of

its application and increasing its precision.

We first intend to finish the development of our prototype analyzer AutoBill, and extend it
with feature capable of making it a fully automated resource analyzer. Implementing a more
powerful type system in a standard manner will, we believe, lead a more straightforward a
resilient implementation than one starting from a Hindley-Milner type system and then adding

parameters.

There are, of course, some theoretical avenues as well. First of which, is the upgrade of the
intermediate representation used from the abstract machine, a term-language for intuitionistic

linear logic, what we called the to one for full linear logic. This corresponds, on the operational
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level, to the addition of multiple continuations to the term language. The full power of multiple
continuations does allow for the implementation of the call/cc function from scheme, but
reductions of that full power are also of interest. For example, the use of affine continuations
(i.e. which cannot be shared), allows for so-called “multi-barreled functions”, which can return
to many possible continuations, and way be used to implement exceptions. Furthermore, if
those affine continuations can be used in data structures and stack constructors, effect handler
systems such as the one implemented in OCaml can be implemented and analysed. This
could open the way for resource analysis in the presence of effects handlers, and may open the
possibility of analysis in the presence of user-defined effects. Currently, supporting user-defined
effects would require analyzing monadic primitives, which suffers from the high-order argument

issue mentioned in chapter 8.

Lastly, we would like to mention the possibility of extending the constraint solving system
used in AutoBill. A first direction for that extension would be to allow for the establishment
of poly-logarithmic bounds on complexity. This would have an obvious and welcome impact
to our results, as it would allow for a wide class of efficient data structures and algorithms to
be tested. As we mentioned in this manuscript, an AARA indexing scheme was presented by
Hoffmann for this purpose, but remains unimplemented in the literature. Another, related
direction, would be the addition of reasoning capabilities on trees. This is currently a thorny
point for analysis, as such reasoning does not fit within the finite-size patterns framework
employed by AARA. As such, bounding the height of a tree, for example, is not possible
when said tree grown above a hard-coded height. This is of course related to the topic
of poly-logarithmic complexity, and the inference of finer invariants at type level. A tree
maintaining an optimal height through self-balancing would maintain a logarithmic height
relative to its size, and seeing this at compile-time will require new form of invariant encoding

out of reach of current methods.

10.3 Final words

As our work was undergoing, we often reflected on the fact that static memory bounds for
programs relied on a wide range of information, which in turn relied on a diverse corpus of
analyses. In an efficient data structure, sizes and shapes are heavily dependent on subtle

invariants, which are often tailored to the structure itself. Likewise, sophisticated control
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flow is also common to make code more efficient, which creates other difficulties. Obtaining
a resource bound therefore requires reconstructing invariants along data and computations,
without which no memory bound can be created. In that sense, memory bounding is a “cherry
on the cake” that can only be obtained after comprehensive knowledge of a program is achieved.

As simple as the problem is to state is its solution complex.

It was never an option to obtain bounds on arbitrary programs, but we have strained to
demand, as have others before us, as little efforts of our potential users as would be feasible.
The maximal empowerment of programmers remains the cardinal virtue of those creating
development tools and static analyses. Paradoxically, it is that very freedom which, structurally,
puts results out of reach. While we do affirm that any and all shortcoming in our work is our
responsibility alone, as we close this manuscript, we would like to take a step back on this

virtue and the “social contract” it creates between us and programmers.

The freedom of programmer to write the program they wish to write is in obvious tension with
any ability to provide guarantees that would satisfy them. On the one hand, more work is
required to obtain tooling that will, one day, provide those bounds. On the other hand, asking
little of programmers, who are the most knowledgeable about their program, is to the analysis
designer, a strange form of self-denial. This is especially true as the situations where those
bounds matter most are exactly those we might hope to encounter principled approaches to

programming.

When operational safety is required — when those bounds are more desirable — it could very
well be the case that the freedom of programmers to create is not constrained, but enabled by
the ability to obtain finer guarantees through more explicit information. The same processes
that cause some programmer to choose typed approaches when no such obligations is put on
them, for both cultural and pragmatic reasons, might also enable a wider success of resource

analysis in the future.
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A.1 Mini-ML
A.1.1 Syntax

(program) — (toplevel) ... | let rec x = (val) [ and ...]| in (expr)
| tick (intlitt) in (expr)
(toplevel) = (def) | (expr)
(clause) == | k |Cx , ...0] -> (expr)
(def) ::== type ([A ,...]) K= (consdef) |...]
(expr’) = (expr) (without stmt sub-terms)
| let x = (expr)
| letrec fx...= (expr)|and...| (stmt) ::= return (expr’)
(consdef) ::= | k |of (type) * ...| | Lot @ <= (stmi) 5 {stmt)
| let x = (expr’) ; (stmt)
(type) == A | let mut z := (expr’) ; (stmt)
| (type) = (type) |
|

| K [C(type) 5 -]

(val) ::= (intlitt) end ; (stmt)
| =

k[C{val) , ...)]

|
| fun x -> (expr)
|

x = (expr’) ; (stmt)
if (expr’) then (stmt) | else (stmt) |

| for x in (expr’) do (stmt) done ; (stmt)
| return! (ezpr’)

| continue!
|

rec z = (val) | and ...]| in (val) break!

(intlitt) == 0| 1]2]...
(intop) ::= add | sub | eq | le | ...

(expr) == x

| (intlitt)

| (intop)

| (eapr) = (type)

| do (stmt)

| k[C(expr), ...) ]
| match (val) with (clause) |...] end
| funz -> (expr’)

| {eapr) {eapr)

| let z = (expr) in (expr)
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A.2 CBPV-ML
A.2.1 Syntax

k([{val),...])

closure (expr)

(program) ::= (toplevel). .. (expr)

|
(toplevel) = |
| rec z = (expr)
| data K[(A:=£,...)| = [(consdef)...]
| exp (expr)
comput K|[(A:+£ , ...)| = |(methdef)...]|

|
: type K [(A: £, ...0] = (type) (expr) == (intop)

let z = (expr) {expr) : (type)

(consdef) ::== | k|((type),...)] get {(clause) ...end
(methdef) ::= | k|({type),...)| -> (type) (expr) . k([(val),...])

match (val) with (clause) ...end
(type) == A | K[((type),.. )] | ! (type) let 7 = (val) in (ezpr)

(intop) ::= add | sub | eq | le | ... thunk (val)

force x = (expr) in (expr)
(clause) == | k ([z,...]) -> (expr) open (val)

(val) == (intlitt)

|
|
|
|
|
(intlitt) == 0| 1]2]... | tick (intlitt) in (expr)
|
|
|
| unfold (val)
|

| = unexp (val)
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A.2.2 Reduction

letz=Vine —q e[V/x]

open closure(e) —q €

unfold recy=e — e[(recy=e)/y]

forcex=eine’ —; forcex=¢’ in ¢’

forcex = thunk V ine — e[V/x]
unexp expe — €

tickkine — e
matchk (Vi , ..., V,) with

|k($l: ’xn) ->e
| ...

end

—0 e[Vl/xl,. ..

e k(Vi, .., V) — € k(W
primop .call(n,m,...) —>¢ thunkp
(get
|k (Cxy, ... ,2n) ->€
...
end) . k(Vi, ..., V)

—0 e[Vl/xl, ..
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A.2.3 Embedding of Mini-ML

(Al =14
[x@)], =K ([T

[[Tl - T2]]type :!‘U'([[A]]type - ﬂ[[B]]type)

fun-decl = comput (A:+) — (B:—)= call(!A) —» B
HCEZ; eﬂ = fun-decl; [[declﬂtoplevel; [e]
prog

—

[[type K(A) = k(?)ﬂ — data K(A:+) = k([T],,,.)

toplevel

[letz = e€];ppiepes = letz = (lety = force[e] in expy)

[V] = thunk exp [V],,
[letz =eine'] = letx = force [e] in [¢]

[tickkine] = tickkin[e]

[k(€7)] = forcex; = [e;] in thunk exp [k(Z;)],y
[[matchewith k(Z) — e'ﬂ = forcey = [e] in
force z = unexp [y] in

match z withk(Z) — [€]
[e1 e2] = forcex; = [e;] in
forcexs = [ea] in

(unexpxy). call (x2)

tevy = (recy = got (10 = [el [z /1))
let x; = get;(y)
lety = <recy = get (kz() — [ei] {geti(y) /xJ)) in
let x; = get;(y) in
[¢]

gety(y) = exp ((untoldy) ki())
rec-decl(z]) = comput K(A; : —) = ki() — A;

i ———
[let recz; = ei]]tople’uel =

[[let recxiTe;ine’]] =
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A.3 System-L

A.3.1 Expression-level Syntax

Sort-level
b ::= pos | neg (base type sorts)
m:=b|s—>m (monotypes sorts)
k:=(mp, - ,m,) > m (type constructors sorts)

Parameter-level
s (parameter sort variables)
R (relation variables)
¢ (operator variables)
Tu=ale(7) (parameters)
E:=T|r=7ANE|R(T)NE (equations)
C:=T|L|EAC|E=C|Y(a:8).C|Ia:s).C

Type-level
T (monotype variables)
K (type constructor variables including fix, !, |, 1)

Au=T | KA)(7) | Ma:s).A| A7) (monotypes)

Expression-level

x (value variables)
a (stack variables)
k (constructor variables)
ou=c|[/z]e | [x/yle (substitutions)
Fu=e|a: AT (value scopes)
Auz=a:A (stack scopes)
co=@T | ST | (VT |le™) | {o;¢) | ($n; c) (commands)
ttu=pat.c| VT (terms)
e n=pux .c| ST (environments)
Vtia=at | k:?(F) [Op | 4(V7) | pla™.c (pos. values)
E——
Stu=at | px~.c| pkz(z™).c| uOra | plla”.c |- S~ (pos. stacks)
EE—e—
V™ u=a |pa.c|pkz(zTa).c| uT | ph(a).c (neg. values)
| p fix(a™).(self || S7) (neg. values, cont.)
S~u=a |k2(VT)-S | Tral|f-ST|fix S~ (neg. stacks)
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A.3.2 Type definitions syntax

type K(A;:my, ..., A,:my) (o181, ..., @miSm) : b =B
newtype K(A; m;, ..., A, my) (01381, ..., @nSm) : b =%k of B
where 518, ..., ﬁp:s; with £

data K(A:m) (a:5) =

| k1 of By, ®---®By ),  where B s with B

| km of By, 1®---®@By, 1, where B—,;sTm) with E,,
end

comput K(A:m) (a:8) =

‘ k1 of Bl,l ®"'®Bl,k1 — D1 where E):;/;With Eq

/

km of Bp1®---®B —o Dy, where ,,:s
) m, km
end

with E,,

m

e Parameters sorts, relations, and operators are implicitly in scope in all definitions.

e Type constructor definitions are mutually recursive: all type constructors are implicitly

in scope with their declared sort in all type-level definition, including their own.

A type definition is valid whenever A : m,a: s+ B : b.

A newtype definition is valid whenever A: m,a:s,8:s'F B:band a:s,3:s' F E.

A data or comput definition in valid whenever ©; - B; ; : pos and ©; - D; : neg for all

i<mandj<k,and ©;, =A:m,a:s,0;:s;

e For each type constructor K ,the judgment % — K is valid whenever the family of

—
constructors k contains all constructors used in the definition of K, without duplicates.

For each constructor & (resp. k) of a data (resp. computation) type K, the judgment
k:35.EAB — K(A)(Q)

k:36.EAB — D — K(A)(@)
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is valid for the variables in the definitions of k£ in K and every instantiation thereof of

the variables A as monotypes and « as parameters.
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A.3.3 Type-level Sorting

Generalities All parameters sort, relation, and operator definitions are implicitly in scope

—

in all sorting rules. The scope used is ® = A : m, . s.

Parameters (O 7:s and O E)

- OFT:s :S—¢
O,a:ska:s (param-var) T@ - 80(?;0 7 (param-op)
- . FE : s o+ T; - S OFF
OF7:s o R(??) e R:s (param-rel) Y E—— (param-eq)

orT (param-top)

Constraints (0 F ()

(constr-top) (constr-top)

orT or L

®@|_’ 3(:: ::)? c (constr-forall) @@I—g (:as :l—s)(_j c (constr-exists)
O-rE __ ercC ©erE _ erc

or ErC (constr-and) BrE=C (constr-arrow)

Monotypes (O + A : m)

6.7 mF T m (YPevar)

OFA:m OF7T1:s K:-mxs—b
OF K(A)(?) :b

OFA:S—b OFT1:s
OFA(T):b

(type-cons)

0,a:3FA:b
OF Na: 8)A:5—

- (type-abs) (type-app)
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A.3.4 Simple Type System

Generalities

e Parameter-level terms are not allowed in the simple type system. Parameters, simple
constraints and constraints are to be considered erased from type constructor definitions.
The parameter-level 7 and @ in constructor applications and pattern matching are

likewise erase. The type-level terms Aa.A and A(71) are forbidden.

e The sorting of type variables in the simple type system is determined by polarity

annotations: every type annotated (—)* (resp. (—)7) is of sort pos (resp. neg).

e In the command (o; ¢) and the (struct) rule, the application I'c of the variable-for-
variable substitution o to a value scope I' is defined by the following equations, and

undefined otherwise:

I'e=T
(T,z 1A)([/z]o) =To

(T, z 1A)([y/z]o) =y !A,(To) if x doesnt appear in o.

Judgments Judgments use a value-variable scope I' associates to value-variables = a type of
sort pos or neg. It is linear, of arbitrary size, and always taken up to permutation of bindings.
There also is a stack-variable scope A that associates to a single stack variable a a type of

sort pos of neg. Linearity doesn’t apply to this one-variable context.

Commands c¢: (T FA )
Terms r Ft - A
Values r FV:A
Right clauses r Fk(7).c: Acl.
Environments I'le tAFA
Stacks r|s AFA
Left clauses | k(Z;a).c: AFA
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Commands and binders
DHt:A* I"|e: AYEA
(tlle)*: (DI A)
c: (T'FA) neZz (cost) c: (Tok A)
($n; ) : (T F A) (o5 ¢) : (TF A)
c:([,w: AT+ A) c:(T'ka:AF)
I | pw.c: AT FA Ik pa.c: AT

(cut)

(struct)

(bind-V)

(bind-S)

Values

id-R
Io: A*Fa: A* @ )

I'+V:B* k:B— K(A)*

Trk(V): K(A) (data-R)

—

T'Fk(Fa).c: K(A)~ el k— K
Tk uk(Zia).c) : K(A)~

(comput-R)

e

c:(T,z: BT FA) k:ﬁ—>K(A+)+
T | k(D).c: K(AN)* F Al

(clause-L)

No rule for 0

TF e 7o CoPR)
v (“}4_)+ (closure-R)
e (o)

(*:ruflarj '(zAj—Ll )+) (exp-R)

c: (TS :fixA Fa:A7)
I'F ufix(a).(self || S) : (fix A7)

— (fix-R)
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Stacks

I'la: AT Fa: AT (id-L)

T | k(D).c: K(Z)J’l—Acl kK
T | u(k(@).c) : K(A)F FA

(data-L)

¢:(0,z:BYFa:D) k:l?*}—oD*—>K(A+)*
Ik k(Za).c: K(AT)™ cl.

(clause-R)

TFV:AT I'|S:D FA  k:(AT; D) = K(B*)~
T, | k(V)-S:K(BT)"FA

(comput-L)

-L
T 0rat A (zero-L)

No rule for T

c:(Tz: A”FA)
| plzc: J(A)TEA

(closure-L)

r AT EA
|5 - (thunk-L)
Clf-S:HAT) " FA
'S:A"FA
-L
Tl 5. (A ) Fa ePD
T|S:A FA (L)
X—
I'fix-S:(fixA7)"FA
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A.3.5 Parameterized Type System

Generalities Sorting annotations are omitted from the rules for legibility. The polarity
of types remain unchanged from the simple type system. Readers may refer to its rules to
see polarity annotations. As for parameter sorts, they are fixed by the sorting judgment of

constructors k and the sorting rule of the equality constraint 7 = 7/.

Judgements Judgments use a parameter scope © assigning to parameter variables a a
parameter-level sort s, a constraint C' such that © - C, and value and stack scopes I and A

as above, whose assigned types A satisfy © - A : b.

Commands ¢:(0 =C)p> (T FA )
Terms OEFC)>T Ft 1 A
Values Ch= C’)> FV:A
Right clauses OEFEO> Fk(Z).c: Acl
Environments OFO>T \ e tAFA
Stacks OFEC)>T|S tAFA
Left clauses OEQC)> T |k(#Fa).c: AFAcl.

Parameter-level rules The rules are expressed once for a generic sequent (0 = C)»> (I' F A)

as opposed many times, once for each specific typing judgment above.

OEC)> TFA) ([, A,C) € ©

0,0 EC) 5 (TFA) (fol-weak)
OEC)> (T'FA) OEC=C
(@ ): C’) > (F - A) (f01-sub)
©OFCra=a)> TFA) (fol-refl)

OEC)> (TFA)
(O CO) > (TOF Af) 6 = mgu(r = 7)

fol-unif;
O,z,yECAT="7)1> (I'FA) (fol-unify)

Rules from the simple type system Most rules in the parameterized type system are
transparent at sequent-level. For those rules, a generic translation scheme is applied to the

corresponding simply-typed rule. This scheme adds a fixed parameter-level fragment (O = C)
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to each sequent in a rule. This expressed below for a generic rule between generic sequents
(@ EC) > (I'F A) as opposed specific typing judgments. Those generic sequents are then

instantiated for each syntactic sort of expression in a given simply-typed rule.

(T1FA) ... (TpFA,) (side rules)
(I = A)

OFEC)> (I''F A OFC)> I'hF Ay (side rules)
OEC) > (I A)

This is used to defined the parameterized versions of the left and right rules (id), (closure),

(thunk), (exp), (fix), and (bind), and well as of the (cut), (cost), and (struct) rules.

Values (new rules)

OEC)sTFV:B Fk:3@.EAB - K(A)(7)
Vi

=g - —
BEITEACAB=7) > T+ ka(V): KA)(T)

(data-R)

FE:33EAB oD K(A)(?)  ¢:(0,8=C)> (N,z:BFa:D) (clause.R)
(O =Va.E=C) > T+ ka(Tia).c: K(A)(F) cl.
FE—> K O C) > T | ka(Fra).c: K(A)(7) cl.
e — —s (comput-R)
(6 C) b Tk ulkz(T;a).c) : K(A)(7)
©F T sTr T PR g u o0 o)
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Stacks (new rules)

-k 3BEAB 5 KA)D) e (0.8E0) b (T,z:BFA) (clause.L)
(O EVa.E=C) > T |kg(D).c: K(A) () F Acl

F ko K O C) > T | ka(D).c: K(A)(F) F A cl.

EreE— — — (data-L)
(O C) e T | pka(@).c): K(A)(T)FA
OEFEC)>THV:B
O©EC)>I"|S:DFA k:3d.EANB— D — K(A)(1) (comput-L)

(6,0 =CAC Aa=7)b T,T" [k=5(V)- S : K(A)(7) F A

(zero-L) (top-L)

OF T) > T [4Ora:0F A OF L)»T | Tra:TFA
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A.3.6 Reduction

(uat.c | S b c[S/al
(V|| pat.c) o o[V/a]

($k;c) by, c
(o;¢) > co
L —_
V) || o (&).c)) > Vi wi, 78]

(ks ).3) | WAV - 87)7 o (V. S/, 7/B)
Or || pOr' AT > ¢, for anyc: (D, T A)
(WTr |l Tra)” >
WV | plw.c) o c[V/a]
(@) | 4-5) > c[S/al
(pla.c||!-8)T > z[S/a]
(ufix(a) (self || S) || fix- )~ > (ufix(a).(self || ) || S[S'/a])~

T >¢ e

pa® . (tF || a)E bt

i.<$i H e:i:>:|:

u(k%j»(@).(k%(@?) [et)) ot et

(R (T a0) [ () - ay) ot £
pOr A ¢ e for anyT | e:0F A
puTr ol t=, foranyTHt:T
plz. (b || ) be et
phha.(t || f-a) ot t~
wa. @t || 1-a)T ot ¢
fic(a){self || . (/a]; (¢ | fix-a)) vt -
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(bind-S)
(bind-V')
(cost)
(struct)

(data)

(comput)
(zero)
(top)
(closure)
(thunk)

(exp)
(fix)

(eta-bind-V)
(eta-bind-S)

(eta-data)

(eta-comput)
(eta-zero)
(eta-top)
(eta-closure)
(eta-thunk)
(eta-exp)
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A.3.7 Embedding of CBPV-ML

CBPV-ML Values V — System-L values [V]
[2]ya = 2
[n]yar =7
], -0
[closuree],,, = |[e]
[recx =e],, = p(self - a).(self || px.([e] || a))
[expV],q = pla(IV] | @)

CBPV-ML expressions ¢ — System-L terms™ [e]
[1eta =V ine] = pa([V] | pa.([e] | a))
[tickk ine] = pa.($k; ([e] || a))
[ thunk V] = pfra{[V] | a)
[forcex =eine']| = pa.([e] || - pa.([¢] || a))
[open V] = pa([V] || pda-(z | a))
[unfold V] = pa.([V] || fix - a)
[unexp V] = pa.([V] || ! - a)
lopl,u, = op
VI = [Vl
[ get k(@) = cend | = u(k(@a)-(] T a))
lek(V)] = wa.(lel Il (IVT) - a)
[maten Vuien k() = ¢ = pa (V1 || (b(@-([T T a)))

*Compiling CBPV-ML expression also involves adding an explicit sharing
(o5 -++) to each newly created term, which is elided here for simplicity.
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