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• Continuous discrete representation of a space
•Finite set of samples

• Positional information in an embedding space

• Attributes 
•Connectivity of the samples

• Continuity of the domain

• Cellular elements (dimension of     )
•Cell interpolation scheme
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Example

• Domain
•2-manifold 

• Embedding space
•

• Cellular elements
•Triangles
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• d-manifold with boundary
•Topological space such that:

• Any point has a neighborhood 
homeomorphic to a neighborhood of 

or its half space

• Boundary: closed (d-1)-manifold
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• Tangent space
•Localized Euclidean approximation

• Localized Euclidean geometry

– Inner products

– Distances, angles, areas, …

– Gradient, Laplace operator, etc.

• Discrete surface in 
•Triangular (planar) cells
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Summary

• Euclidean representations

• Non-euclidean representations

• Dimension-specific data-structures

• Dimension-specific interpolants

• Implementation examples
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Euclidean spaces

• Named after Greek mathematician Euclid
•325 BC, 265 BC

• “Elements” (300 BC)
•First systematic math book

• Definitions, axioms, demonstrations

• 5 axioms (first tome)
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• Given a unit cell of 
•  What's the minimum number of samples 
necessary to describe its convex hull?

•  

• Arbitrary closed and bounded subsets of 
•Collection of unit cells
•By construction

• Unit translations on the unit vectors of the 
orthonormal basis
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• Same problem
•Computer memory is one-dimensional!
•Same solutions

• One dimension at a time

• Peano's curves

• Hilbert's curves, ...

• Lebesgue's curves (z-order)

• Generalizes to higher dimensions

 
[Wikipedia]
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• Notion of regular grid
•  Set of vertices (samples) in

• With embedding functions to 
•  Connectivity

• Unit cells (pixels, voxels)

• Implicitly encoded by the samples (space fill)
•What's missing?

• The interpolation scheme
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•Computed on demand

• Examples

• Piecewise constant

– 

• Piecewise linear

–

• Piecewise polynomials, etc.
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• Problem

• Critical points in the interior

• Source of many ambiguities in 
visualization
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•  Set of vertices (samples) in

• With embedding functions to 
•  Connectivity

• Unit cells (pixels, voxels)

• Implicitly encoded by the samples (space fill)
• Interpolant

• Computed on demand per cell

• Usually linear functions



In practice

 



In practice

• Paraview
•Open-source, interactive visualization platform 



In practice

• Paraview
•Open-source, interactive visualization platform 
•User interface front-end for the Visualization 
Tool Kit (VTK) C++ library (open-source)



In practice

• Paraview
•Open-source, interactive visualization platform 
•User interface front-end for the Visualization 
Tool Kit (VTK) C++ library (open-source)

•Started in 1993

• Initially General Electric, then Kitware (1998)



In practice

• Paraview
•Open-source, interactive visualization platform 
•User interface front-end for the Visualization 
Tool Kit (VTK) C++ library (open-source)

•Started in 1993

• Initially General Electric, then Kitware (1998)

• Many institutional contributors (companies, 
national labs, universities)



In practice

• Paraview
•Open-source, interactive visualization platform 
•User interface front-end for the Visualization 
Tool Kit (VTK) C++ library (open-source)

•Started in 1993

• Initially General Electric, then Kitware (1998)

• Many institutional contributors (companies, 
national labs, universities)

• Over a million lines of code

• Tens of thousands of users worldwide



In practice



In practice



In practice



In practice



In practice



In practice



In practice



In practice



In practice



Recap

• Euclidean domains



Recap

• Euclidean domains
•Easily represented with regular grids



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•5th axiom of the Elements:

• Through a point not on a given straight 
line, at most one line can be drawn that 
never meets the given line



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•5th axiom of the Elements:

• Through a point not on a given straight 
line, at most one line can be drawn that 
never meets the given line



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•5th axiom of the Elements:

• Through a point not on a given straight 
line, at most one line can be drawn that 
never meets the given line

•What if this axiom was not true?



Recap

• Euclidean domains
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• What about other spaces?
•5th axiom of the Elements:

• Through a point not on a given straight 
line, at most one line can be drawn that 
never meets the given line

•What if this axiom was not true?
•What would geometry look like?



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•Riemannian geometry

 



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•Riemannian geometry
•19th century

 



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•Riemannian geometry
•19th century
•Gauss, Lobachevsky, Poincaré, Beltrami, 
etc...

 



Recap

• Euclidean domains
•Easily represented with regular grids

• What about other spaces?
•Riemannian geometry
•19th century
•Gauss, Lobachevsky, Poincaré, Beltrami, 
etc...

•General notion of manifold
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affinely independent points of an euclidean 
space 

•  
•0-simplex: vertex
•1-simplex: edge
•2-simplex: triangle
•3-simplex: tetrahedron
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• Notion of face
•  A face    of a d-simplex     is the simplex defined 
by a non-empty subset of the d+1 points of

•  Noted 

• Recursive construction!
•A 3-simplex has 4 2-simplices as faces
•A 2-simplex has 3 1-simplices as faces
•A 1-simplex has 2 0-simplices as faces
•How many faces in a 3-simplex (total)? 15
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Manifolds on a computer

• Notion of triangulation
•  The triangulation of a d-manifold       is a 
simplicial complex      such that

• The union                        of the simplices of      
is homeomorphic to 

•  Any open set of       is homeomorphic to  

• 2-triangulation: triangle mesh

• 3-triangulation: tetrahedral mesh
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• How to represent that in memory?
•  Much trickier (arbitrary valence of the vertices)
•  The connectivity cannot be inferred by the geometry
•  It has to be explicitly stored



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)



Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)



Manifolds on a computer

• General d-triangulation
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Manifolds on a computer

• General d-triangulation
•  List of d-simplices, (d-1)-simplices, … 0-simplices

•  Attributes: 

• Assigned to the vertices

•  Each d-simplex stores 
pointers to its (d+1) faces of 
dimension (d-1)

•  Navigation with bi-directional 
pointers
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Manifold spaces on a computer

• Notion of triangulation
•  Set of vertices (samples)

• With embedding functions to 
•  Connectivity

• Explicitly represented

• Enumeration of simplices and their faces
•What's missing?

• The interpolation scheme
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• In particular
•  It must also hold for the embedding functions
•
•
•
•

• 3 linear equations with 3 unknowns
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Barycentric coordinates

•
•
•
•

• Automatically interpolates on the edges

• Similar reasoning for d-simplex

• Can be used to determine if a point lies within a 
simplex

• No critical point in the interior!
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Are we done?

• Nearly
•  What about these objects?

• Other manifold representations
•Closure-finite Weak-topology (CW) complex

• Arbitrary number of samples per cell

• Similar implementation (vtkUnstructuredGrid)

• Special cases with      samples per cell

– Quad mesh 

– Hexahedral mesh  … intriguing properties
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In conclusion

• Now you know
•A classification of possible domains
•How to implement representations for euclidean spaces
•How to implement representations for manifold spaces
•How to interpolate numerical values all over these domains
•Example of available implementations
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